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1. Öåëü ðàáîòû

Èçó÷åíèå áèôóðêàöèé ñåäëî-óçåë, óäâîåíèÿ ïåðèîäà è Íåéìàðêà-
Ñàêêåðà â äâóìåðíûõ îòîáðàæåíèÿõ.

2. Äâóìåðíûå îòîáðàæåíèÿ

• 1. Ðàññìîòðèì äâóìåðíîå îòîáðàæåíèå, çàâèñÿùåå îò ïàðàìåòðà

x 7→ F (α ,x), x = (x, y) ∈ R2, α ∈ R1. (1)

Çäåñü x = (x, y) � âåêòîð ïåðåìåííûõ ñîñòîÿíèÿ è α � ïàðàìåòð; F =
(F1, F2) � ãëàäêîå îòîáðàæåíèå êëàññà Cr, r > 1.

• 2. Íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ óäîâëåòâîðÿþò ñèñòåìå äâóõ óðàâ-
íåíèé{

F1(α, x, y) = x,

F2(α, x, y) = y
(2)

êîòîðóþ ìîæíî çàïèñàòü â ìàòðè÷íîé ôîðìå

F (α ,x) = x.

• 3. Ïóñòü x0 � íåïîäâèæíàÿ òî÷êà

x0 = F (α, x0).

Ëîêàëüíàÿ (ëèíåéíàÿ) óñòîé÷èâîñòü x0 îïðåäåëÿåòñÿ ïîñðåäñòâîì ëèíå-
àðèçàöèè F â îêðåñòíîñòè íåïîäâèæíîé òî÷êè, àíàëîãè÷íî òîìó, êàê ýòî
äåëàëîñü â îäíîìåðíûõ îòîáðàæåíèÿõ.

Â ðåçóëüòàòå ïîëó÷àåì ëèíåéíîå îòîáðàæåíèå:

ε 7→ Aε, ε = x− x0.

Çäåñü A � ìàòðèöà ßêîáè, âû÷èñëåííàÿ â íåïîäâèæíîé òî÷êå x0:

A =
∂F (α,x)

∂x

∣∣∣∣
x=x0

=


∂F1

∂x

∂F1

∂y
∂F2

∂x

∂F2

∂y


∣∣∣∣∣∣∣∣
x=x0
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• 4. Ëîêàëüíàÿ óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè x0 îïðåäåëÿåòñÿ ñîá-
ñòâåííûìè çíà÷åíèÿìè ρ1, ρ2 ìàòðèöû ßêîáè A, ò.å. êîðíÿìè õàðàêòå-
ðèñòè÷åñêîãî óïàâíåíèÿ

χ(ρ) = det(A− ρI) = ρ2 − τ · ρ+ δ = 0,

ãäå I � åäèíè÷íàÿ 2 × 2 ìàòðèöà; τ =
(
∂F1

∂x + ∂F2

∂y

)∣∣∣
x=x0

è δ =(
∂F1

∂x
∂F2

∂y −
∂F1

∂y
∂F2

∂x

)∣∣∣
x=x0

� ñëåä è îïðåäåëèòåëü ìàòðèöû A, ñîîòâåòñòâåí-
íî.

• 5. Ñîáñòâåííûå ÷èñëà ρ1, ρ2 ìàòðèöû A, ò.å. êîðíè õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ ρ2 − τ · ρ+ δ = 0:

ρ1,2 =
1

2
(τ ±

√
τ 2 − 4δ)

íàçûâàþòñÿ ìóëüòïëèêàòîðàìè íåïîäâèæíîé òî÷êè.

• 6. Íåïîäâèæíàÿ òî÷êà x0 ëîêàëüíî óñòîé÷èâà, åñëè |ρ1,2| < 1, ò.å., îáà
ìóëüòèïëèêàòîðà íàõîäÿòñÿ âíóòðè åäèíè÷íîãî êðóãà â êîìïëåêñíîé
ïëîñêîñòè {ρ ∈ C1 : |ρ| = 1}. Åñëè õîòÿ áû îäèí èç ìóëüòïëèêàòîðîâ
îêàæåòñÿ çà ãðàíèöåé åäèíè÷íîãî êðóãà, òî íåïîäâèæíàÿ òî÷êà íåóñòîé-
÷èâà (ñì. ðèñ. 1).

• 7. Ðå÷ü èäåò îá óñòîé÷èâîñòè ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê!!!

3. Òðåóãîëüíèê óñòîé÷èâîñòè

• Ãðàíèöà îáëàñòè óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè çàäàåòñÿ óñëîâèÿìè

ρ = +1; ρ = −1; e±iθ0 = 1.

Çäåñü ρ � íàèáîëüøèé ïî ìîäóëþ äåéñòâèòåëüíûé ìóëüòèïëèêàòîð, íà-
ïðèìåð ρ1; e

±iθ0=1 � êîìïëåêñíî - ñîïðÿæåííàÿ ïàðà ìóëüòèïëèêàòîðîâ
ρ1,2 = µ± iω = re±iθ, ëåæàùàÿ íà ãðàíèöå åäèíè÷íîãî êðóãà (r = 1), ãäå
r =

√
µ2 + ω2 è cos θ = µ/r, sin θ = ω/r (ðèñ. 2 ).

• Â ïåðâîì ñëó÷àå, êîãäà ρ = +1, èç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

χ(ρ) = ρ2 − τ · ρ+ δ = 0

ïîëó÷èì

χ(+1) = 1− τ + δ = 0.
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(à)

(á)

Ðèñ. 1. (à) Ðàñïîëîæåíèå ìóëüòèïëèêàòîðîâ â êîìïëåêñíîé ρ - ïëîñêîñòè äëÿ ñëó÷àÿ
óñòîé÷èâîñòè. (á) Ðàñïîëîæåíèå ìóëüòèïëèêàòîðîâ â êîìïëåêñíîé ρ - ïëîñêîñòè äëÿ

ñëó÷àÿ íåóñòîé÷èâîñòè

(à) (á) (â)

Ðèñ. 2. (à) ρ = +1. (á) ρ = −1. (â) e±iθ = 1

Âî âòîðîì ñëó÷àå, êîãäà ρ = −1, èìååì

χ(−1) = 1 + τ + δ = 0.

Â òðåòüåì:

χ(e±iθ0) = δ − 1 = 0.

• Êîðíè

ρ1,2 =
1

2
(τ ±

√
τ 2 − 4δ)

óðàâíåíèÿ

ρ2 − τ · ρ+ δ = 0
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êîìïëåêñíûå, åñëè

δ > τ 2/4.

Ñëåäîâàòåëüíî, ãðàíèöà êîìïëåêñíûõ ìóëüòèïëèêàòîðîâ

δ = τ 2/4.

• Íà ïëîñêîñòè (τ, δ) ïîëó÷åííûå ãðàíèöû îáðàçóþò òðåóãîëüíèê óñòîé-
÷èâîñòè. Ãðàíèöû òðåóãîëüíèêà îïðåäåëÿþòñÿ òðåìÿ ïðÿìûìè

χ(1) = 1− τ + δ = 0,

χ(−1) = 1 + τ + τ = 0,

χ(e±iθ) = δ = 1.

• Âíóòðåííÿÿ îáëàñòü òðåóãîëüíèêà

χ(1) = 1− τ + δ > 0,

χ(−1) = 1 + τ + δ < 0,

χ(e±iθ) = δ < 1

îáðàçóåò îáëàñòü óñòîé÷èâîñòè.

4. Ïðîñòåéøèå óñëîâèÿ ëîêàëüíûõ áèôóðêàöèé

Îáñóäèì ïîâåäåíèå ìóëüòèïëèêàòîðîâ íà ãðàíèöå òðåóãîëüíèêà è ïåðå-
÷èñëèì îñíîâíûå áèôóðêàöèè.

• Ïðè âàðèàöèè ïàðàìåòðîâ îäèí èç äåéñòâèòåëüíûõ ìóëüòèïëèêàòîðîâ
èëè êîìïëåêñíî-ñîïðÿæåííàÿ ïàðà ìóëüòèïëèêàòîðîâ ïîïàäàþò íà ãðà-
íèöó òðåóãîëüíèêà.

• A. Ñåäëî-óçëîâàÿ (fold), ρ = +1 (ðèñ. 3(à)). Ýòîé áèôóðêàöèè îòâå÷àåò
ïðàâàÿ ãðàíèöà òðåóãîëüíèêà óñòîé÷èâîñòè:

1− τ + δ = 0.

• B. Óäâîåíèå ïåðèîäà (�ip), ρ = −1 (ðèñ. 3(á)). Ýòîé áèôóðêàöèè îòâå÷àåò
ëåâàÿ ãðàíèöà òðåóãîëüíèêà óñòîé÷èâîñòè:

1 + τ + δ = 0.

6



(à) (á) (â) (ã)

Ðèñ. 3. (à) Äâèæåíèå ìóëüòèïëèêàòîðîâ ê ãðàíèöå åäèíè÷íîãî êðóãà ïðè âàðèàöèè
ïàðàìåòðîâ. (á) Ñåäëî-óçëîâàÿ áèôóðêàöèÿ, ρ = +1. (â) Áèôóðêàöèÿ óäâîåíèå - ïåðèîäà,

ρ = −1. (ã) Áèôóðêàöèÿ Íåéìàðêà-Ñàêåðà, e±iθ0 = 1

• Ã. Áèôóðêàöèÿ Íåéìàðêà-Ñàêåðà, e±iθ) = 1 (ðèñ. 3(â)). Ýòîé áèôóðêàöèè
îòâå÷àåò âåðõíÿÿ ãðàíèöà òðåóãîëüíèêà óñòîé÷èâîñòè:

δ = 1.

• Ä. Ðàññìîòðåííûå áèôóðêàöèè íàçûâàþòñÿ áèôóðàöèÿìè êîðàçìåðíî-
ñòè îäèí. Ìû èñêëþ÷èëè òî÷êè ïåðåñå÷åíèÿ ãðàíèö òðåóãîëüíèêà óñòîé-
÷èâîñòè (âåðøèíû òðåóãîëüíèêà). Â ýòèõ òî÷êàõ èìåþò ìåñòî áèôóðêà-
öèè êîðàçìåðíîñòè äâà.

5. Ïðèìåð

Ðàññìîòðèì îòîáðàæåíèå Õåíîíà

xk+1 = 1− αx2k − βyk; yk+1 = xk.

Ïåðåïèøåì â ýêâèâàëåíòíîé ôîðìå(
x
y

)
7→
(
1− α x2 − βy

x

)
≡
(
F1(x, y)
F2(x, y)

)
.

Çäåñü α � êîýôôèöèåíò íåëèíåéíîñòè; β (|β| < 1) � êîýôôèöèåíò äèññè-
ïàöèè.

• 1.Íåïîäâèæíûå òî÷êè óäîâëåòâîðÿþò óðàâíåíèþ{
x = F1(x, y)

y = F2(x, y)
⇒

{
x = 1− α x2 − βy,
y = x,

F1(x, y) = 1− α x2 − βy, F2(x, y) = x.
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Îòñþäà

x = 1− α x2 − βx
èëè

α x2 + (1 + β)x− 1 = 0.

Òàêèì îáðàçîì îòîáðàæåíèå èìååò äâå íåïîäâèæíûå òî÷êè:

x1,2 =
1

2α

(
−(β + 1)±

√
(1 + β)2 + 4α

)
;

y1,2 = x1,2

ïðè (1 + β)2 + 4α > 0.

• 2. Íàéäåì ìàòðèöó ßêîáè. Ñíà÷àëà íàéäåì ÷àñòíûå ïðîèçâîäíûå ïåð-
âîãî ïîðÿäêà ïî x è y:

∂F1(x, y)

∂x
= −2αx; ∂F1(x, y)

∂y
= −β;

∂F2(x, y)

∂x
= 1

∂F2(x, y)

∂y
= 0.

Íàïîìíèì, ÷òî äëÿ ðàññìàòðèâàåìîé çàäà÷è

F1(x, y) = 1− α x2 − βy, F2(x, y) = x.

Îòêóäà ìàòðèöà ßêîáè:

A =


∂F1

∂x

∂F1

∂y
∂F2

∂x

∂F2

∂y

 =

[
−2αx −β
1 0

]
.

• 3. Çàïèøåì óñëîâèå ñåäëî-óçëîâîé áèôóðêàöèè

det(A− ρI)|ρ=+1 = 0⇒ 1− τ + δ = 0, (3)

ãäå x, y � êîîðäèíàòû íåïîäâèæíîé òî÷êè;

τ =
∂F1(x, y)

∂x
+
∂F2(x, y)

∂y
= −2αx+ 0 = −2αx; (4)

δ =
∂F1(x, y)

∂x
· ∂F2(x, y)

∂y
− ∂F1(x, y)

∂y
· ∂F2(x, y)

∂x
= β.
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Ïîäñòàâèâ âûðàæåíèÿ (4) äëÿ ñëåäà τ è îïðåäåëèòåëÿ δ ìàòðèöû A â
1− τ + δ = 0, ïîëó÷èì

1− τ + δ = 1 + 2αx+ β = 0. (5)

Óðàâíåíèå (5) åñòü ïðîñòåéøåå óñëîâèå ñåäëî-óçëîâîé áóôóðêàöèè, åñ-
ëè x � êîîðäèíàòà íåïîäâèæíîé òî÷êè. Ñëåäîâàòåëüíî, ãðàíèöó ñåäëî-
óçëîâîé áóôóðêàöèè íà ïëîñêîñòè ïàðàìåòðîâ (β, α) ìîæíî íàéòè, äî-
áàâèâ óðàâíåíèå äëÿ íåïîâèæíîé òî÷êè

α x2 + (1 + β)x− 1 = 0,

ê óñëîâèþ ñåäëî-óçëîâîé áóôóðêàöèè (3):

1 + 2αx+ β = 0.

Òàêèì îáðàçîì, ïîëó÷àåì ñèñòåìó{
α x2 + (1 + β)x− 1 = 0,

1 + 2αx+ β = 0.

Âûðàçèâ x èç âòîðîãî óðàâíåíèÿ

x = −1 + β

2α

è, ïîäñòàâèâ â ïåðâîå óðàâíåíèå ñèñòåìû, ïîëó÷èì óðàâíåíèå áèôóðêà-
öèîííîé êðèâîé â ôîðìå ÿâíîé çàâèñèìîñòè îò ïàðàìåòðàâ α, β:

(1 + β)2

4α
− (1 + β) · 1 + β

2α
− 1 = 0⇒

−(1 + β)2 = 4α.

Îòñþäà

α = −(1 + β)2

4
. (6)

• 4. Àíàëîãè÷íî, óñëîâèå áèôóðêàöèè óäâîåíèÿ ïåðèîäà ìîæåò áûòü çàïè-
ñàíà êàê:

det(A+ I) = 1 + τ + δ = 0

èëè

1− 2αx+ β = 0.
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Äîáàâèâ ñþäà óðàâíåíèå äëÿ íåïîäâèæíîé òî÷êè, èìååì{
α x2 + (1 + β)x− 1 = 0,

1− 2αx+ β = 0.

Èñêëþ÷èâ x èç ýòîé ñèñòåìû, ïîëó÷èì óðàâíåíèå èñêîìîé áèôóðêàöè-
îííîé êðèâîé óäâîåíèÿ ïåðèîäà

α =
3(1 + β)2

4
. (7)

• 5. Â îòîáðàæåíèè Õåíîíà áèôóðêàöèÿ Íåéìàðêà-Ñàêåðà íåâîçìîæíà,
ò.ê. óñëîâèå äèññèïàòèâíîñòè îòîáðàæåíèÿ |β| < 1, ÷òî îçíà÷àåò −1 <
δ < +1. Ïîýòîìó â ýòîì îòîáðàæåíèè ðåàëèçóþòñÿ òîëüêî äâå áèôóðêà-
öèè � ñåäëî-óçëîâàÿ (fold) è áèôóðêàöèÿ óäâîåíèÿ ïåðèîäà (�ip).

(à)

(á) (â)

Ðèñ. 4. (a) Äâóïàðàìåòðè÷åñêàÿ äèàãðàììà îòîáðàæåíèÿ Õåíîíà. Êîýôôèöèíåíò
äèññèïàöèè ìåíÿåòñÿ â ïðåäåëàõ −1.0 < β < 1.0. Ãðàíèöà ñåäëî-óçëîâîé áèôóðêàöèè,

îïðåäåëÿåìàÿ ôóíêöèåé α = −(1 + β)2

4
, âûäåëåíà ìàëèíîâûì öâåòîì. Ãðàíèöà

áèôóðêàöèè óäâîåíèÿ ïåðèîäà, îïðåäåëÿåìàÿ ôóíêöèåé α =
3(1 + β)2

4
, îáîçíà÷åíà

çåëåíûì öâåòîì. Îáëàñòü, îãðàíè÷åííàÿ êðèâûìè α = −(1 + β)2

4
, α =

3(1 + β)2

4
è

β = +1.0 åñòü îáëàñòü óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè. (á) Ðàñïîëîæåíèå

ìóëüòèïëèêòîðîâ íåïîäâèæíîé òî÷êè íà ëèíèè α = −(1 + β)2

4
ñåäëî-óçëîâîé

áèôóðêàöèè. (â) Ðàñïîëîæåíèå ìóëüòèïëèêòîðîâ íåïîäâèæíîé òî÷êè íà ëèíèè

α =
3(1 + β)2

4
áèôóðêàöèè óäâîåíèÿ ïåðèîäà.
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• 6. Ïîñòðîèì ãðàôèêè ïîëó÷åííûõ ôóíêöèé (6) è (7), ò.å. áèôóðêàöè-
îííûõ ãðàíèö íà ïëîñêîñòè ïàðàìåòðîâ (β, α). Íà ðèñ. 4 èçîáðàæåíà
äâóïàðàìåòðè÷åñêàÿ äèàãðàììà îòîáðàæåíèÿ Õåíîíà, íà êîòîðóþ íàíå-
ñåíû ïîëó÷åííûå áèôóðêàöèîííûå ãðàíèöû. Çäåñü êîýôôèöèíåíò äèñ-
ñèïàöèè β ìåíÿåòñÿ â ïðåäåëàõ −1.0 < β < 1.0. Ãðàíèöà ñåäëî-óçëîâîé

áèôóðêàöèè (fold), îïðåäåëÿåìàÿ ôóíêöèåé α = −(1 + β)2

4
, âûäåëåíà

ìàëèíîâûì öâåòîì. Ãðàíèöà áèôóðêàöèè óäâîåíèÿ ïåðèîäà, îïðåäåëÿ-

åìàÿ ôóíêöèåé α =
3(1 + β)2

4
, îáîçíà÷åíà çåëåíûì öâåòîì. Îáëàñòü,

îãðàíè÷åííàÿ êðèâûìè α = −(1 + β)2

4
, α =

3(1 + β)2

4
è β = +1.0 åñòü

îáëàñòü óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè. Ïðÿìûå |β| = 1.0 � îïðåäå-
ëÿþò ãðàíèöû îáëàñòü äèññèïàòèâíîñòè îòîáðàæåíèÿ. Ïðè âûõîäå ÷å-

ðåç ãðàíèöû α = −(1 + β)2

4
è α =

3(1 + β)2

4
, íàáëþäàþòñÿ áèôóðêàöèè

ñåäëî-óçåë (fold) è áèôóðêàöèÿ óäâîåíèÿ ïåðèîäà, ñîîòâåòñòâåííî.

• 5. Çíàÿ äâóïàðàìåòðè÷åñêóþ äèàãðàììó (ðèñ. 4), âûïîëíèì îäíîïà-
ðàìåòðè÷åñêèé áèôóðêàöèîííûé àíàëèç. Íà ðèñ. 5 ïðèâåäåíû îäíî-
ïàðàìåòðè÷åñêèå áèôóðêàöèîííûå äèàãðàììû, ðàññ÷èòàííûå äëÿ ðàç-
íûõ çíà÷åíèé β. Íà ðèñ. 5(à) èçîáðàæåíà áèôóðêàöèîííàÿ äèàãðàììà
äëÿ β = −0.4. Êîýôôèöèåíò íåëèíåéíîñòè âàðüèðîâàëñÿ â äèàïàçîíå

−(1 + β)2

4
< α < 1.5. Êàê ìîæíî âèäåòü èç ýòîé äèàãðàììû, áèôóð-

êàöèÿ óäîåíèÿ ïåðèîäà ïðîèñõîäèò ïðè α =
3(1 + β)2

4
=

3(1− 0.4)2

4
=

3 · 0.36/4 = 0.09 · 3 = 0.27.

Íà ðèñ. 5(á) ïîêàçàíà áèôóðêàöèîííàÿ äèàãðàììà äëÿ β = 0.3. Çäåñü

êîýôôèöèåíò íåëèíåéíîñòè âàðüèðîâàëñÿ â äèàïàçîíå −(1 + β)2

4
< α <

2.5. Íåñëîæíî ðàññ÷èòàòü òî÷êó áèôóðêàöèè óäîåíèÿ ïåðèîäà, ïîäñòàâèâ

β = 0.3 â ôîðìóëó α =
3(1 + β)2

4
. Äèàãðàììà íà ðèñ. 5(â) èëëþñòðèðóåò

ñåäëî-óçëîâóþ (fold) áèôóðêàöèþ ïðè β = 0.3. Êîýôôèöèåíò íåëèíåé-
íîñòè âàðüèðîâàëñÿ â äèàïàçîíå −0.5225 < α < −0.25. Ñåäëî-óçëîâàÿ

(fold) áèôóðêàöèÿ ïðîèñõîäèò â òî÷êå α = −(1 + β)2

4
. Ïîäñòàâèâ êîí-

êðåòíîå çíà÷åíèå β = 0.3 â ôîðìóëó α = −(1 + β)2

4
, ïîëó÷èì òî÷êó èñêî-

ìîé áèôóðêàöèè. Çäåñü êðèâàÿ 1, âûäåëåííàÿ çåëåíûì öâåòîì îòâå÷àåò
ñåäîâîé íåïîäâèæíîé òî÷êå, à ñâåòëî-ãîëóáàÿ, îáîçíà÷åííàÿ öèôðîé 2, �
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(à) (á)

(â)

Ðèñ. 5. (à) Áèôóðêàöèîííàÿ äèàãðàììà ïðè β = −0.4. Êîýôôèöèåíò íåëèíåéíîñòè

âàðüèðîâàëñÿ â äèàïàçîíå −(1 + β)2

4
< α < 1.5. Áèôóðêàöèÿ óäîåíèÿ ïåðèîäà ïðîèñõîäèò

ïðè α =
3(1 + β)2

4
=

3(1− 0.4)2

4
= 3 · 0.36/4 = 0.09 · 3 = 0.27. (á) Áèôóðêàöèîííàÿ

äèàãðàììà ïðè β = 0.3. Êîýôôèöèåíò íåëèíåéíîñòè âàðüèðîâàëñÿ â äèàïàçîíå

−(1 + β)2

4
< α < 2.5. Íåñëîæíî ðàññ÷èòàòü òî÷êó áèôóðêàöèè óäîåíèÿ, ïîäñòàâèâ

β = 0.3 â ôîðìóëó α =
3(1 + β)2

4
. (â) Áèôóðêàöèîííàÿ äèàãðàììà ïðè β = 0.3,

èëëþñòðèðóþùàÿ ñåäëî-óçëîâóþ (fold) áèôóðêàöèþ. Êîýôôèöèåíò íåëèíåéíîñòè
âàðüèðîâàëñÿ â äèàïàçîíå −0.5225 < α < −0.25. Ñåäëî-óçëîâàÿ (fold) áèôóðêàöèÿ

ïðîèñõîäèò â òî÷êå α = −(1 + β)2

4
. Ïîäñòàâèâ êîíêðåòíîå çíà÷åíèå β = 0.3 â ôîðìóëó

α = −(1 + β)2

4
, ïîëó÷èì òî÷êó èñêîìîé áèôóðêàöèè.

óñòîé÷èâîé íåïîäâèæíîé òî÷êå. Êàê ìîæíî âèäåòü èç ýòîé äèàãðàììû,
ïðè óìåøüøåíèè α ñåäëîâàÿ íåïîäâèæíàÿ òî÷êà ñëèâàåòñÿ ñ óñòîé÷èâîé

ïðè α = −(1 + β)2

4
è îáå òî÷êè èñ÷åçàþò, åñëè (1 + β)2 + 4α < 0. Ïðè

çíà÷åíèÿõ ïàðàìåòðîâ α è β, óäîâëåòâîðÿþùèõ (1 + β)2 + 4α = 0 (ò.å. â
òî÷êå áèôóðêàöèè), ñóùåñòâóåò íåãèïåðáîëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà,
îäèí èç ìóëüòïëèêàòîðîâ êîòîðîãî ðàâåí +1.
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6. Ïîðÿäîê âûïîëíåíèÿ ðàáîòû

• 1. Èçó÷èòå òåîðåòè÷åñêèé ìàòåðèàë.

• 2. Ðåøèòå çàäà÷ó, ñëåäóÿ ìàòåðèàëàì ëåêöèè, ìåòîäè÷åñêèõ óêàçàíèé è
ïðèâåäåííîìó ïðèìåðó.

• 3. Ñôîðìóëèðóéòå âûâîäû.

• 4. Îôîðìèòå îò÷åò ïî ëàáîðàòîðíîé ðàáîòå.

7. Çàäàíèå íà ëàáîðàòîðíóþ ðàáîòó

Çàäà÷à 1

Äëÿ îòîáðàæåíèÿ

xk+1 = α− x2k + βyk; yk+1 = xk

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê;

◦ ìàòðèöó ßêîáè;

◦ ñëåä τ ìàòðèöû ßêîáè;

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè.

Îïðåäåëèòå

◦ ëèíèþ ñåäëî-óçëîâîé (saddle-node, fold) áèôóðêàöèè;

◦ ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà (period-doubling, �ip);

• Íàïèøèòå ïðîãðàììó ïîñòðîåíèÿ áèôóðêàöèîííûõ ãðàíèö è ïîñòðîéòå
ãðàôèêè ëèíèé.

• Ïîñòðîéòå áèôóðêàöèîííûå äèàãðàììû äëÿ β = −0.5; β = −0.25; β =
0.5; β = 0.75 ïðè âàðèàöèè α. Íàéäèòå òî÷êè áèôóðêàöèè óäâîåíèÿ
ïåðèîäà è ñåäëî-óçëîâîé áèôóðêàöèè.

Çàäà÷à 2

13



Äëÿ îòîáðàæåíèÿ

xk+1 = yk; yk+1 = βyk − αxk + x2k.

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê;

◦ ìàòðèöó ßêîáè;

◦ ñëåä τ ìàòðèöû ßêîáè;

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè.

Îïðåäåëèòå

◦ ëèíèþ ñåäëî-óçëîâîé (saddle-node, fold) áèôóðêàöèè;

◦ ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà (period-doubling, �ip);

• Íàïèøèòå ïðîãðàììó ïîñòðîåíèÿ áèôóðêàöèîííûõ ãðàíèö è ïîñòðîéòå
ãðàôèêè ëèíèé.

• Ïîñòðîéòå áèôóðêàöèîííûå äèàãðàììû äëÿ β = 0.525 ïðè âàðèàöèè α
â äèàïàçîíå 0.98 < α < 1.45.

• Íàéäèòå òî÷êó áèôóðêàöèè Íåéìàðêà -Ñàêåðà.

Çàäà÷à 3

Äëÿ îòîáðàæåíèÿ

xk+1 = αxk + yk; yk+1 = βxk + x3k.

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê;

◦ íåïîäâèæíûå òî÷êè êàê ôóíêöèè ïàðàìåòðîâ α, β;

◦ ìàòðèöó ßêîáè;

◦ ñëåä τ ìàòðèöû ßêîáè;

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè.

◦ ìóëüòïëèêàòîðû êàê ôóíêöèè ïàðàìåòðîâ α, β;
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Îïðåäåëèòå

◦ ëèíèþ ñåäëî-óçëîâîé (saddle-node, fold) áèôóðêàöèè;

◦ ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà (period-doubling, �ip);

• Íàïèøèòå ïðîãðàììó ïîñòðîåíèÿ áèôóðêàöèîííûõ ãðàíèö è ïîñòðîéòå
ãðàôèêè ëèíèé.

• Ïîñòðîéòå áèôóðêàöèîííûå äèàãðàììû äëÿ α = 0.6 ïðè âàðèàöèè β â
äèàïàçîíå −1.25 < β < 0.75.

• Íàéäèòå òî÷êó áèôóðêàöèè Íåéìàðêà -Ñàêåðà.
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