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1. Öåëü ðàáîòû

Èçó÷åíèå ÷èñëåííûõ ìåòîäîâ ìíîãîìåðíîé áåçóñëîâíîé ìèíèìèçà-
öèè ìåòîäàìè âòîðîãî ïîðÿäêà � àëãîðèòìîâ ìåòîäîâ Íüþòîíà è Íüþòîíà -
Ðàôñîíà.

2. Ïîñòàíîâêà çàäà÷è

Ïóñòü äàíà ôóíêöèÿ ìíîãèõ ïåðåìåííûõ f(x), f ∈ R, x ∈ Rn, êîòîðàÿ
èìååò íàïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå âî âñåõ åãî òî÷êàõ.

Òðåáóåòñÿ íàéòè ëîêàëüíûé ìèíèìóì ôóíêöèè f(x), ò.å. òàêóþ òî÷êó
x∗ ∈ Rn, â êîòîðîé îíà ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå

x∗ = min
x∈Rn

f(x).

3. Ìåòîä Íüþòîíà

Èäåÿ ìåòîäà Íüþòîíà, êàê è ìåòîäîâ ïåðâîãî ïîðÿäêà, ñîñòîèò â ïîñòðî-
åíèè ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé x(0), x(1), x(3), .... òî÷êè x∗, òàêèõ ÷òî
f(xk+1) < f(xk), k = 0, 1, 2, .... (ò.å. â âûïîëíÿåòñÿ óñëîâèå óáûâàíèÿ).

Òàêàÿ ïîñëåäîâàòåëüíîñòü âû÷èñëÿåòñÿ

x(k+1) = x(k) + αk p
(k), , k = 0, 1, 2, ..., (1)

ãäå íàïðàâëåíèå ñïóñêà p(k) îïðåäåëÿåòñÿ ïî ôîðìóëå

p(k) = −G−1 (x(k)) · ∇f(xk). (2)

Çäåñü G−1 (x(k)) � ìàòðèöà Ãåññå. Åñëè G−1 (x(k)) > 0 (ïîëîæèòåëüíî-
îïðåäåëåíà), òî p(k), âûáðàííîå òàêèì îáðàçîì, ãàðàíòèðóåò óñëîâèå óáû-
âàíèÿ ôóíêöèè f(xk+1) < f(xk).

Ôîðìóëà ïîëó÷åíà èç ñëåäóþùèõ ñîîáðàæåíèé:
1. Ìèíèìèçèðóåìàÿ ôóíêöèÿ f(x) àïïðîêñèìèðóåòñÿ â êàæäîé òî÷êå

ïîñëåäîâàòåëüíîñòè {x(k)} êâàäðàòè÷íîé ôóíêöèåé

Φk(x) = f(xk) +∇f(xk)T · (x− x(k)) +
1

2
· (x− x(k))T ·G(x(k)) · (x− x(k)).

(3)

2. Íàõîäèì ìèíèìóì ýòîé ôóíêöèè èç óñëîâèÿ ∇Φk(x) = 0:

∇Φk(x) = G(x(k)) · (x− x(k)) +∇f(xk) = 0. (4)
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Ïóñòü ìàòðèöà G(x(k)) ïîëîæèòåëüíî-îïðåäåëåíà, ñëåäîâàòåëüíî íåâûðîæ-
äåíà. Òîãäà ñóùåñòâóåò îáðàòíàÿ ìàòðèöàG−1(x(k)), òàê ÷òî ôóíêöèÿ Φk(x

k)
èìååò åäèíñòâåííóþ òî÷êó ãëîáàëüíîãî ìèíèìóìà.

Ðåøèâ óðàâíåíèå (4) îòíîñèòåëüíî x, íàéäåì òî÷êó ìèíèìóìà êâàäðà-
òè÷íîé ôóíêöèè Φk(x).

Ïðèìåì ýòó òî÷êó çà ñëåäóþùåå ïðèáëèæåíèå x(k+1) òî÷êè ìèíèìóìà
ôóíêöèè f(x)

x(k+1) = x(k) −G−1(x(k)) · ∇f(xk), k = 0, 1, 2, .... . (5)

Àëãîðèòì âêëþ÷àåò ñëåäóþùèå øàãè

• Øàã 1. Çàäàòü x(0), ε1 > 0, ε2 > 0 è m è íàéòè íàéòè ãðàäèåíò ôóíêöèè
ì ìàòðèöó Ãåññå â ïðîèçâîëüíîé òî÷êå.

• Øàã 2. Ïîëîæèòü k = 0.

• Øàã 3. Âû÷èñëèòü ∇f(x(k)).

• Øàã 4. Ïðîâåðèòü óñëîâèå îñòàíîâà ||∇f(xk)|| < ε1:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî x∗ = x(k);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 5.

• Øàã 5. Ïðîâåðèòü óñëîâèå k > m:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî ìû ãîâîðèì, ÷òî ïðèíóäèòåëüíî çà-
âåðøàåì ðàáîòó àëãîðèòìà (âîïðîñ, íàñêîëüêî áëèçêî x(k) ê x∗, òðåáóåò
äîïîëíèòåëüíîãî èññëåäîâàíèÿ);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 6.

• Øàã 6. Âû÷èñëèòü ìàòðèöó G(x(k)).

• Øàã 7. Âû÷èñëèòü ìàòðèöó G−1(x(k)).

• Øàã 8. Ïðîâåðèòü óñëîâèå G−1(x(k)) > 0:

(à) åñëè G−1(x(k)) > 0, òî ïåðåéòè ê øàãó 9;

(á) åñëè íåò, òî ïåðåéòè ê øàãó 10, ïîëîæèâ p(xk) = ∇f(xk).

• Øàã 9. Âû÷èñëèòü

p(k)(x(k)) = −G−1(x(k)) · ∇f(xk).
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• Øàã 10. Íàéòè

x(k+1) = x(k) + αk p(xk),

ïîëîæèâ αk = 1, åñëè p(k)(x(k)) = −G−1(x(k)) · ∇f(xk) èëè âûáðàòü αk
èç óñëîâèÿ f(xk+1) < f(xk).

• Øàã 11. Ïðîâåðèòü âûïîëíåíèå óñëîâèé ||f(xk+1) − f(xk)|| < ε2 è
||xk+1 − xk|| < ε2:

(à) åñëè óñëîâèÿ âûïîëíÿþòñÿ òî x∗ = x(k+1) è çàêîí÷èòü ïîèñê.

(á) åñëè õîòÿ áû îäíî èç óñëîâèé íå âûïîëíÿåòñÿ, òî ïîëîæèòü k = k+ 1
è ïåðåéòè ê øàãó 3.

4. Ìåòîä Íüþòîíà - Ðàôñîíà

Ïîñòàíîâêà çàäà÷è òàêàÿ æå, êàê è äëÿ ìåòîäà Íüþòîíà. Ïîýòîìó íå
áóäåì åå ïîâòîðÿòü, à ñðàçó æå ïåðåéäåì ê ðåøåíèþ çàäà÷è.

Ïîñëåäîâàòåëüíîñòü {x(k)}, k = 0, 1, 2, ... ïðèáëèæåíèé ê òî÷êå ìèíèìó-
ìà x∗ âû÷èñëÿåòñÿ

x(k+1) = x(k) − αk G−1 (x(k)) · ∇f(xk), k = 0, 1, 2, .... (6)

Øàã αk ðàññ÷èòûâàåòñÿ äëÿ êàæäîãî øàãà k èç óñëîâèÿ

αk = min
α>0

ϕk(α), ϕk(α) = f
(
x(k) − αG−1 (x(k)) · ∇f(xk)

)
.

Àëãîðèòì

• Øàã 1. Çàäàòü x(0), ε1 > 0, ε2 > 0 è m è íàéòè íàéòè ãðàäèåíò ôóíêöèè
èì ìàòðèöó Ãåññå â ïðîèçâîëüíîé òî÷êå.

• Øàã 2. Ïîëîæèòü k = 0.

• Øàã 3. Âû÷èñëèòü ∇f(x(k)).

• Øàã 4. Ïðîâåðèòü óñëîâèå îñòàíîâà ||∇f(xk)|| < ε1:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî x∗ = x(k);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 5.
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• Øàã 5. Ïðîâåðèòü óñëîâèå k > m:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî ìû ãîâîðèì, ÷òî ïðèíóäèòåëüíî çà-
âåðøàåì ðàáîòó àëãîðèòìà (âîïðîñ, íàñêîëüêî áëèçêî x(k) ê x∗, òðåáóåò
äîïîëíèòåëüíîãî èññëåäîâàíèÿ);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 6.

• Øàã 6. Âû÷èñëèòü ìàòðèöó G(x(k)).

• Øàã 7. Âû÷èñëèòü ìàòðèöó G−1(x(k)).

• Øàã 8. Ïðîâåðèòü óñëîâèå G−1(x(k)) > 0:

(à) åñëè G−1(x(k)) > 0, òî ïåðåéòè ê øàãó 9;

(á) åñëè íåò, òî ïåðåéòè ê øàãó 10, ïîëîæèâ p(xk) = ∇f(xk).

• Øàã 9. Âû÷èñëèòü øàã αk

αk = min
α>0

ϕk(α), ϕk(α) = f
(
x(k) − αG−1 (x(k)) · ∇f(xk)

)
.

• Øàã 10. Íàéòè

x(k+1) = x(k) + αk p(xk).

• Øàã 11. Ïðîâåðèòü âûïîëíåíèå óñëîâèé ||f(xk+1) − f(xk)|| < ε2 è
||xk+1 − xk|| < ε2:

(à) åñëè óñëîâèÿ âûïîëíÿþòñÿ òî x∗ = x(k+1) è çàêîí÷èòü ïîèñê;

(á) åñëè õîòÿ áû îäíî èç óñëîâèé íå âûïîëíÿåòñÿ, òî ïîëîæèòü k = k+ 1
è ïåðåéòè ê øàãó 3.

Çàäàíèÿ ê ëàáîðàòîðíûì è ïðàêòè÷åñêèì çàíÿòèÿì

1. Ðåøèòü ÷èñëåííî çàäà÷ó ìíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè

f(x) =
1

2
xTAx− bTx

ìåòîäàìè Íüþòîíà è Íüþòîíà -Ðàôñîíà. Çà ñêîëüêî èòåðàöèé ñõîäèòñÿ êàæ-
äûé èç ìåòîäîâ?
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Çäåñü

A =

[
N −N
−N N + 1

]
b =

[
3N − 1
5N + 3

]
.

Ïàðàìåòð N ðàâåí íîìåðó ñòóäåíòà â ñïèñêå ãðóïïû.
2. Íàéòè ìèíèìóì ôóíêöèè Ðîçåíáðîêà

f(x) = 100(x21 − x22)2 + (x1 − 1)2,x(0) = (−1, 1)T .

ìåòîäàìè Íüþòîíà è Íüþòîíà - Ðàôñîíà.
3. Íàéòè ìàêñèìóì ôóíêöèè

f(x) =
1

(x1 + 1)2 + x22
, x(0) = (−1, 1)T .

ìåòîäàìè Íüþòîíà è Íüþòîíà - Ðàôñîíà.
4. Íàéòè ìèíèìóì ôóíêöèé

f(x) = 4(x1 − 5)2 + (x2 − 6)2, x(0) = (8, 9)T ;

f(x) = (x21 + x2 − 11)2 + (x1 + x22 − 7)2, x(0) = (0, 0)T ;

ìåòîäàìè Íüþòîíà è Íüþòîíà - Ðàôñîíà.
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