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BBenenue

OcHoBHOH (hopMOli 00yUeHHUS CTYJCHTOB SIBISETCS CAMOCTOSTEIIb-
Hasi paboTa ¢ y4eOHHKOM W Y4eOHBIMU MOCOOusMU. [103TOMY KaxbIii
CTYJIEHT C CaMOT'0 Hayaja 3aHSATUM JOJDKEH BhIpaboTaTh M1l ceOsl paiuo-
HaJIBHYIO CHCTEMY palOOThl HaJl KypCOM, IOCTOSHHO NIPAKTHUKYSCh TPHU
ATOM B pELIEHUHU 3a/1ady. B MPOTHUBHOM cily4ae YCBOCHHUE M MPAKTUYECKOE
UCIIOJIb30BaHME MaTepuala 3aTpyIHEeHbl. Upe3BblYyaliHO Ba)KHBI CHUCTEMa-
TUYCCKHE 3aHATHSL.

YacTo mpuUXOAUTCS CIBIIMIATh BHICKA3bIBAHUS CTYJICHTOB O TOM, UYTO
TEOPUIO OHU 3HAIOT, a pelaTh 3a7a4u He yMeroT. [lanHas paboTta crioco0-
CTBYET Pa3BUTHIO HHIWBHIYaJLHOT'O TBOPUYESCKOTO MBIIIICHUS, 00SCIICUH-
BaeT PUTMHUUYECKYIO pabOTy CTyJEHTa MPU W3YUYCHHUH DPa3JEejOB BBICIICH
mateMatuku. Kaxapiii maparpad HaumHAETCS ¢ KPATKOTO TEOPETHUECKOTO
BBEJICHUS, TIPUBOJISATCS OCHOBHBIC OTPEICIICHUsI, METOABI M CIIOCOOBI pe-
mieHus 3a7a4. PaccMoTpenne pemeHus: TUMOBBIX MPUMEPOB U 3a7a4 B Ta-
parpade, Kak MPaBHIO, PACIOJIOKEHO IO BO3PACTAIOIIEH TPYIHOCTH.
31ech Ke MpeNCTaBICHb WHIWBHUAYaJIbHbBIE 3aMaHus. JJIs MOArOTOBKU K
3aIUTE MOJYJISI IPEICTABICH CIHCOK KOHTPOJIBHBIX BOIIPOCOB.

JIst BBIMOJMHEHUS 3aJaHUN JOCTATOYHO aKKypaTHO 3alMCaHHBIX
JEKIMH W BHUMATEIBHOTO W3YUYCHUS METOAUYCCKUX PEKOMEHIAIINMH,
NPEIOKEHHBIX B TAHHOM y4eOHOM nocooun. Kpome Toro, BeCb TEOpETH-
YECKM MaTepHas IO JaHHBIM TeMaM XOpPOIIO MPeACTaBleH B YUSCOHBIX
oCcOOUSIX, yKa3aHHBIX B CITUCKE JINTEPATYPHI.
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Tema 1. DjieMeHTHI JIMHEHHOM aaredpbl

Martpuueit pazmepa mxn, Tie¢ m — YACIO CTPOK, 7 — YUCJIO CTOJIO-
IIOB, HA3bIBACTCS TAOJMIIA YKCEN, PACIIOI0XEHHBIX B OMPEISICHHOM II0-
panke. CaMu yuciia Ha3bIBAKOTCS 3JIEMEHTAMU MATPHUILbI.

Martpuiibl 0003Ha4arOTCs OOJBIIMMHU JIATUHCKUMU OykBamu: A, B, C,
... . DIIEMEHTbl MaTpHlbl 0003HAYAIOTCS CUMBOJIOM a;j, TI€ i — HOMEpP
CTPOKH, a j — HOMEp CTOJ011a, HA TIEPECEUCHUN KOTOPBIX HAXOMMUTCS dJie-
MEHT:

all alz cee aln
A: a21 a22 see azn
aml am2 amn

Cymmoi (pa3HOCTBIO) ABYX Marpull A U B pa3mepa m X n Ha3bIBa-
erca matpuna C pasMepa m X n, 3JIEMEHTbl KOTOPOM ONPENEIAOTCS pa-
BEHCTBaMHU: Cii=ajj+bjj (Cij=aij — bjj)

IIpousBenennem mMatpulibl A Ha 4yucio A Ha3biBaeTca Marpuna C, y
KOTOPOM KaXIbIi DJIEMEHT pPAaBEH IMPOU3BEICHUIO COOTBETCTBYIOUIETO
AJIEeMEHTa MaTPUIIbl A Ha YHUCIIO A.

IIpousBenennem Matpuilbl A pazmMepa m X n Ha Matpuily B pazMepa
nx k HazpiBaeTcs Marpunia C pazmepa mxk, y KOTOPOU JIEMEHT, CTOSI-
IIUH Ha MEPECEYEHUM [-TOM CTPOKH M j-TOTO CTOJIOIa paBE€H CyMMeE Ipo-
U3BEICHUN 3JIEMEHTOB I-TOW CTPOKHU MEPBOTO COMHOKUTEIS HA DJEMEHTHI
J-TOT0 CTOJIOIIa BTOPOTO COMHOMXKHUTEIIA.

Martpurnia B Ha3. TpPAaHCIIOHUPOBAHHOM K 4 M o0o3Havaercs B = A,
€CJIM CTPOKU MaTpUlbl B SIBISIIOTCS CTOJOIAMU MaTpULbl A C TEMH XK€
HOMEpaMH (a CTOJIONBI B — CTpOoKaMu A).

OnpenenanrtesieM 2-ro MOpsiiKa Ha3bIBACTCS YHCIIO, BBIUUCIISIEMOE
o dhopmye:
. A B
=a; dy —apdy,
Ay Ay
TO €CTh ONPEACIIUTENb 2-TO MOPSAIKA PABSH IIPOU3BEACHHUIO DJIICMCH-
TOB, CTOSIIIIUX HA TJIaBHOM JWAroHajad MUHYC IIPOHM3BEACHHE AJICMEHTOB,

CTOSINUX aH ITOOOYHOM AUaroHaIu.



6

OnpeneauresieM 3-ro moOpsiAKa HA3bIBACTCA YMCIIO, BBIUUCIIEMOE
o hopmyie:
a; dpdp;
Ay Ay Ay | =011 Ay Ay — 011 A3y — 010y Ay3 + 0100305 +A1305A3) — Q305,05

Qs 1Az ds

[Iyctb A — KBagpaTHas MaTpuIla, TOrAa KBajgpaTHas MaTpuiia, 000-
3HauaeMasi CMMBOJIOM A~ U yIOBIIETBOPSAIOIIAS YCIOBUSM:
A-A'=E  A'-A=E,
HAa3bIBACTCS MAaTPULIEH, 00PAaTHOM MaTpUIbI A.
Cucremy n JIMHEWHBIX YPABHEHUU C # HEU3BECTHBIMU:
a; X, +a,x, +..+a,,x, =b,
J Ay X| +apX, +...+a,,x, =b,,

(1)

...............................................

a,.x +a,x,+..+a,x,=b,.

Yucna a; (i, j =1, 2, ..., n) Ha3pIBaroTCs KO3(pPunueHTamm cucre-
MBI, a yucia b; Ha3bIBAIOTCS CBOOOAHBIMM YJICHAMHU.

PemenueM cucTeMbl HA3BIBACTCA COBOKYIHOCTH YMCEN X1, X2, ...,
Xn, TIPY TOJICTAHOBKE KOTOPBIX B CUCTEMY MOJy4aeM BEPHBIE PABEHCTRBA.

CucreMa, UMeroIIIas pelieHre, HA3bIBAETCS COBMECTHOM.

Cucrema, He UMEIOIIAsI PEIICHHUE, Ha3bIBACTCS HECOBMECTHOM.

Ecnu Bce cB0OO/IHBIE ulieHbl paBHBI 0, TO cUCTEMa HAa3bIBAETCA O/-
HOPOJAHOM, B IPOTUBHOM CJIy4ac — HEOAHOPOIHOI.

Mertonsl pemenuss CJIY — meron Kpamepa, meron ['aycca, meTon
00paTHOM MaTPUIIBI.



UuauBuayaibHble 3a1aHUS
3ananue 1. Halitn 3nauenne Beipaxkenus (n—10)- A+ B-C, ecnu n

HeueTHO, 1 3HaueHne Boipaxenus C- B —(n—10)- A, ecau n geTHo.

n A B C
2 -1 0 1 4
21 0
1 1 1 =3 0 -1 (1 s 3]
2 0 1 3 -3 -
37
4 -2 2 0 1
2 5 1
3 ] 8 -2 3
2 0
0 -1 23
3 6 1 4 0 42
3 ]
2 0 2 -2

1 0 6
1 -9 0

-1 510
31 21

—2 -1 0 1 0
3 -1 0
6 1 5 0 —2 -] ( ]
1 0 -3
2 ] 0 -3
2 -1 —2 -]
4 3 30 0 _SJ
7 301
2 0 2 5

2 -1 0 1 4
2 1 0

9 0 1 -3 7 -1
2 -4 -3

-1 0 1 _4 -3

3 7

10 (1 2} 1, (—2 0 1}
0 3 -6 -2 3
-2 0
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3amanme 2. 3amnucaTh CHCTEMY JIMHEWHBIX ypaBHEHUM, COOTBET-
CTBYIOIYIO YPAaBHEHUIO B MAaTPUUHOU opme:

X
A-X=B,tne X=|y|.

z

Pemnte monyueHHyro cuctemy metoaoMm Kpamepa, meromgom oOpaTHOU
Marpuibl 1 MeToaom ['aycca

n A B n A B
1 2 3 2 3 2 1 20 —4
1 -3 -3 2 31 5 )

1 -2 -1 3 12 3 .

3 1 -3 2 -2 4 2 4 2 4
-2 1 -3 [8] 13 -4 -2

-1 0 =1 4 2 0 -1 -5

n A B n A B
5 50 -2 -3 6 5 0 -2 -3
{z 11] [1} 21 -1 5

-1 3 2 5 -1 2 -1 6

7 1 3 =2 ~12 8 -1 -1 4 2
{5 -1 3} {9] -2 8 0 6

0 1 —4 0 1 3 -1 5

o) 4 -2 3 0 10 -4 1 =2 8
[2 -1 0] [3} 3 1 -1 0

0 -2 -1 —4 -1 0 3 -2
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Tema 2. BekTopHasi a;iredpa u aHAJIMTHYECKAS TeOMeTPUs
PaccMoTpum penreHne npakTU4eCKOro yIpaKHEHHUS.

3aganme 1. Ha miockoctu mansl Touku A(11;-5), B(6;7), C(-10;

—5). Haiitu ypaBHEeHHE OUCCEKTPUCH yTiia A.
Pewenue.

Havinem Hampapisiromui BEKTOP a OMCCEKTPHUCHI KaK CYMMY OpPTOB
BEKTOPOB ABu AC
§=— - AB+——[4C
45 Jad

9

Wi (YMHOXas Ha ‘A—B‘ ‘E‘)

5:\AC\-AB+\AB\-AC.

Nmeem

4B = (6-11;7—(=5)) = (-5,12); AB| = \(-5)" +12” =13;
AC =(-10—11;-5—(=5)) = (-2 1:0); \AT:\ =21.

Torna

a =21-(=5:12)+13-(-2L1,0) =(-378;252) =126-(-3;2).
Takum oOpa3om, B KaueCTBE HAINPABIIAIOUIETO BEKTOPa OMCCEKTPUCHI

yriia A MOXHO B34Th BEKTOD Ei: (=3;2) u ypaBHeHHE OUCCEKTPHUCHI OY-
JET UMETh BU]T

x=11_y+5
-3 2

3aganue 2. Jlanbl TOYKU A(—l— PP — 2) " B(P5 -2 P+ 4). Haiitu:
a) touxy C(x;,) — cepenuny orpeska AB;
P +1
9-p°

0) TOUKy D(x,;y,), KOTOpas JeJIUT OTPe30K AB B OTHOIIICHUH

Pewenue.
IMycte n=101. Torma £ =1, P =3, P,=2. 3Hauut A(—4;—1),
B(-1;5).
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X, +x, —4-1_

X, = = -2,5.
a) 1 5 5 )
V,+y, —1+45
Yy = A2 == ) =2 Tonyunmn C(—2,5;2).
3
P+l 3 x_xA+i-xB__4+8°(_l)__§
6)ECHI/I1:9_P9:§5TO 2 1+ A4 - 1 3 a 11>
+7
8
3
—1+—-5
Yt Ay 8 _l
2= = =17
1+ 4 NERRNT

pl_32.7
[Tonyunnu 1°3)

3aganme 3. Ha minockocTy 1aHbl TOUKH A(xl; yl), B(xz; yz), Clx,33).
Cnenatp ueptéx TpeyroibHuka ABC 1 HalTH:

a) IJIMHY W ypaBHEHHE cTOpoHbl BC (3amucarh oO0llee ypaBHEHUE,
KaHOHUYECKOE, MapaMETPUUECKUE U C YTIOBBIM KO3 (DUIIUEHTOM);

0) xocuHyc yria A u yroi A (B rpagycax);

B) YpaBHEHHE NPSIMOMW, MPOXOASAUIEH 4epe3 TOUKY A MapaieabHO
cropone BC;

I') BBICOTY, TPOBEAEHHYIO K CTOpoHE BC 1 €€ ypaBHEHHE;

1) YpaBHEHHE MEJIMaHbl, MPOBEAEHHON K cTopoHe BC;

€) ypaBHEHHE OMCCEKTPUCHI yria A.

Pewenue.

Tlans: Touku A(11-5), B(6;7), C(~10;-5).
a) KaHoHn4eckoe ypaBHEHHE NPSIMOMW, MPOXOMSIIEN Yepe3 TOYKHU

X=X, V=),
B(xz;yz), Cloxs;v5) paccuuThiBaeTCa 1o (opmyire: = WIH
X3 =Xy V3=
X=Xy _ Y™
[ m
Torna xaHoHmdeckoe ypaBHeHHMe mHpsiMod BC OyneT HMMETh BUX:
x—6 _ y—7 x—6_y_7 x_6_y_7

Z10—6 —s5-7HH g T T I Ty 3
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O6wiee ypaBuenue upsmoin: m-x—I[-y+(-y,—m-x,)=0 wnmu
A-x+B-y+C=0,

Tornma o6mee ypaBHenune tmpsmoid BC Oyner uMeETb BHUJI:
(x—6)=4(y—7), 3x—18=4y-28, 3x—4y+10=0.

[TapameTprueckue ypaBHEHHUS NPSIMOU, MMPOXOJAIIEN Yepe3 TOUKY B
X=x,+1-t

AMEIOT BUJI: {y —y +m-t.

B kauecTBe HampaBisiomiero sektopa 6epem sektop BC =(4:3) u
x=06+4t,
napaMerpuyeckue ypasHeHus npsMoii BC OyayT UMeTh BHI: y=T43

A-x C

YpaBHeHHE NPAMOU C YrIoBBIM KoddduimeHtom: Y = — 3 B
wim y =kx +b.

Torma ypaBHeHHE ¢ yIiIOBBIM K03 duimentom mnpsmoi BC Oyaet
UMETh BT V = ZXJF 5
Zq'@: (x3—x1)-(x2—xl)+(y3—y1)-(y2—yl)
ACTTABL Jlo =+ 00l =+ 0 )
A=arccos(g).
AC =(~10-11:-5-(-5))= (- 21:0), Toraa [AC|= (- 21f +0* =21,
AB=(6-117-(-5))=(=512), torma [4B|= (=5 +12* =13,

-21-(=5)+0:12 5
21-13 132

0) cosd = =§&.

cosA = A= arccosi )
13

B) 1 crioco®.
[Ipsamasi, napaiuienbHast BC uMeeT Takoi ke yriioBol Kod3(phuimeHT

k, kak u BC. IloacTaBUM KOOpJWHATHI TOUKU A B ypaBHEHHUE C YTJIOBBIM
ko3 unmeHToM y = kx + b; u Haitnaem b.
YpaBHeHuUe ¢ yriioBeIM Ko duiimenTom npsimoid BC, OIy4eHHOE B

MyHKTE a) UMeeT BUI: V = Zx + 5 ITo ycnoButo A(l 1;—5).
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3
[Ipn mojmcraHOBKE KOOPAUHAT TOYKU A B ypaBHEHHE Y = Zx +b no-

3 53

Tydum: —d = e 11+b,, otkyna b, = ~— - Takum 06pasom, ypaBHeHHE HC-
. . 3 53

KOMOM MPSAMOU IIPUMET BUI: V = Zx T, W 3x—4y-53=0,
2 cnoco0.

Kanonnueckoe YPaBHCHHC prIMOﬁ, Hpoxom{meﬁ qepe3 TOUYKY

) X=X _ V=N ) .
A(xnyl) HMCIOT BUJI / - m riae (l ,m) — HaIIPaBJIAIOIINN BEKTOP

npsMoil. B kauecTBe HampaBJISIONIETO BEKTOpPA MPSAMOMN HAIPaBISIONIETO
BEKTOpa NpsMOW napaiuieibHOM BC MOXKHO B35Th HaNPaBIIAOMINKA BEKTOP

npsimoii BC, Bextop BC = (4;3).

x—=11_ y—(=5)
4 3 7

Tor):[a HCKOMOC YPAaBHCHHUC IIPUMCT BHI:

3x—4y—-53=0,

T.C.

r) 1 coco®.

1
YpaBHEHUE BBICOTHI K CTOpOHE BC: V = a X+b,.

b2 HaXO0JIUTCA HOI[CTaHOBKOfI 3HA4YCHUU X U Y TOYKH A B 3TO YpaBHC-

HHE.
[Ipu moxcTaHOBKE KOOPAMHAT TOUYKH A B ypaBHeHne Y ==X+ b,
4
MOJIy4UM: —9 = 3 11+b,, orkyma b = 3 Takum 00pa3oM, ypaBHEHHE
5 . 4 29
HCKOMOM HPAMOM IpuMeT BUL: V=~ X+ 4x+3y—-29=0,

JIns HaxOoXJ1eHUs UIMHBI BBICOTHI, HAWIEM TOYKY IEPECEYECHUS CTO-
poHbl BC ¥ MOJIy4€HHON BBICOTHI:
3x—4y+10=0; 12x—-16y +40=0; —25y+127=0; y=5,08;
= = =
4x+3y—-29=0; 12x+9y —-87=0; 3x—4y+10=0; x =3,44.
Honyunmu Touky 4 (3,44;5,08).

=B344 - 11} +(5,08 - (=5)} =12,6.

JIJIMHA BBICOTHI: /= ‘AA1
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2 cnoco0.
YpaBHeHUEe NPsAMOU, MPOXOJALIEH Yepe3 TOUYKY C KOOpAUHATAMU
(X,,,) mepHeHIUKyIIpHO HeHyIeBoMy BekTopy 1 = (A, B) nmeer Buz;:

A-(x=x)+B-(y-y)=0.
B kxauecTBE HOPMAIBHOTO BEKTOPA BBICOTHI, POBEAECHHON K CTOPOHE
BC M0XHO B35Th HampaBJsONIMKA BEKTOp npssmor BC, Hanmpumep BEKTOP

BC = (4;3).

Torna ypaBHEHHE BBICOTBI OYJET UMETh BUI:

4-(x-D+3-(y—(-5)=0 ym 4-x+3-y—-29=0.

JInrHa BBICOTHI — 3TO paccrosHue oT Touku A o npsmoun BC. Pac-
CTOSIHHUE OT TOYKH A(xl,yl) 70 MPsIMOM a, UMEIOIIEeH 00Iee ypaBHEHHUE
A-x+ B-y+C=0 moxHO HaiiTy 10 HoOpMYIIE:

A-x+B-y+C

hId(A,(a)):‘ X N ‘

A*+ B’

O6miee ypaBuenue npsmoit BC umeer Bua: 3-x—4-y+10=0. [lo-
B-11-4-(=5)+10] 63

sTomy /= — =12,6.
Y 3*+4 5
X, + X V,+y
n) Ecnu Touka M — cepeauna BC, To *u = : 5 : ; Yu = %
X=X Y=0
YpaBHEHUE MEAUAHBI: = :
Xy =% Yu =N
6+ (-10
Mo yemnosmo, B(67), C(-10/-5), torma Xu = (2 ) ,
T+ (=5
Yu = é ) =1, 3uaunt M(-2;1).
YpaBHeHMEe  MeauaHbl, MNPOBEAEHHOM K  cTtopoHe  BC:
x=11 _ y—(=5) x—=11_ y+5

211 1-(=5) "M 13 7 6

AB AB
¢) 1o cBOMCTBY OMCCEKTPHUCHI yTia: 1C = AC-
2
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B A C

Pucynok. BcnoMorartenbHbIN 4epTEX K 3aIaHUIO 3

AB
[TycThb “: =/, Toraa KoOpauHaThl TOUKH A, HaxodsTcs mo Gopmy-
X, +A-x, Vv, + Ay,
¢ X, = == Bl(x,; Clx;;05).
JJaM: 44, 1+1 ° Y4, 1+ A , TIC ( 29y2)9 ( 3 y3)
14 0 A 21, =13, A= ‘AB‘
3 IMyHKTa 0) MBI HMEEM: ‘ C‘ 3HAYUT ‘AC e
13 13
6+ —-(-10 T+_—-(=5
4, , Y4 )
1+ 13 17 1+ E 17
21 21
HckoMoe ypaBHEHHE OHCCEKTPHUCHI Mbl HAXOJUM KaK ypaBHEHHUE
2 41
npaMoii, mpoxosmeii uepes roukn A(1L-5) u 4 (_ﬁ ﬁj
x—=11 _ y—(-5) x—11 _ y+5 x—=11 y+5
= HITH = WITH =
_3_11 ﬂ_(_5) _ 189 126 -3 2
17 17 17 17

3ananue 4. /{lana Touka (0;2) nepeceyeHnss MeIMaH TPEYroJbHUKA U
ypaBHEHHUS ABYX €ro cTOpoH 5Xx —4y + 15=0 u 4x +y — 9 =0. Haiitu
KOOPJIMHATHI BEPIIINH TPEYTOJIbHUKA U YPABHEHUE TPETHEH CTOPOHBI.

Pewenue.

KoopauHaTel OAHOW BEPUIMHBI HAWAEM KaK KOOPJAMHATBHI TOYKH
NEepECEUYEHUs JAHHBIX CTOPOH, ISl YEr0 PEIIUM CUCTEMY YpPaBHEHHI

Sx—4y+15=0,
4x+ y— 9=0.
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y=9—4x, x=19
Homyuaem 155 4(9-4x)+15=0, "M =5

Touka O mnepecedyeHus] MeAWaH TPEYrOJbHUKA HA3bIBACTCA €ro
HeHTpoM. OTMETHM OJHO CBOMCTBO LIEHTPA TPEYTOJIbHUKA, KOTOPOE HC-
MOJIB3YEM JUUTA HAXOXKIACHUS KOOPAMHAT OCTAIbHBIX BEPIIVH:

X, + X, + X5 VY, + Y,
xH e s xl[ - >
3 3

rAe Xy, Yy - KOOpJIUHATHI [IEHTPA TPEYTOJbHUKA;
X;, Y; - KOOPJIMHATHI 1-Oi BEPIIUHBI TPEYTOJIbHUKA, 1 = 1,23,
Jnst  nokaszatenbCcTBa HATHX (OPMYJT PACCMOTPUM  TPEYTOJIBHUK
A1AsAz toe A (x5 ;), 1= 1,2,3 (cMm. puc.)
Aj

Oy

Aq B As
PucyHok. BcnoMorarenbHbINA 4epTeX K 3aJ1aHuI0 4

[Iycte B — cepennna croponsl AjA;. Torna AzB — meamana tpe-
yrojibHUKa A1AzA3z. 110 U3BECTHOMY U3 3JIEMEHTApPHON T€OMETPUU CBOM-
CTBY MeauaH TpeyroybHuka AzO, = 2:BOy. Torma koopauHatel Touku B
HaiiieM 1o gopmyiam:

Xt X, VT,

I, T

a KOOPpAWHATHBI OCHTPA OLI n3 BCKTOPHOI'O COOTHOIIICHUA

9

O, 4, =2- BO,;, xoTopoe B KOOPAUHATHOH (DOPME 3aINCHIBACTCS TaK:

_ yl + y2 )
2
Ortcrona, BeIpaxkass X; W Y, 4epe3 X;,X, , MOJy4YuM TpeOyemble

bopMyIIbL.

X, +Xx,

x3—xa=2-(xﬂ— ) y3_yu=2'(yu
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Hcnonb3yst qokasaHHble (POpMyJibl, mojiarast B HUX X, = 1 u y; =95,

Xy = 0 m Yy = 2, NONy4ydM JBa YPAaBHEHUs, KOTOPBIM JOJIKHBI
YIOBIIETBOPATH KOOPJAMHATHI OCTAJIIBHBIX ABYX BEPIINH
1+x, +x, 5+y, +y,
0=—2— 2:—3 , OTKYIA

X, +x=-1, y,+y =1
Eume nBa ypaBHEHUS MOJIYYUM €ClId MOTPeOyeM, UYTOOBbl HMCKOMBIE
TOYKH, BEPLIMHBI TPEYTOJbHUKA, MPHUHAJICKAIU 3aJaHHBIM CTOPOHAM,
T.€. UX KOOPAUHATHI yAOBJIETBOPSIIA YPABHEHUAM ITUX CTOPOH
5x-4y+15=0, 4x+y-9=0.
Wrtak, mist onpeneseHuss 4eThIpeX HEU3BECTHBIX X;,X3,);,);, MBI
MMEEM YETBHIPE HE3ABUCUMBIX YCIIOBHSL:
(x, +x; =—1,
Y, +yy =1,
5x, -4y, +15=0,
| 4x;+y; -9=0.

/\

PemmmB 3Ty cucremy ypaBHEHUH, MOJy4YuM X,= —3, y,= 0, X;= 2,
y;= 1.

YpaBHEeHUE TpETbEUW CTOPOHBI 3alMILIEM KaK YpPaBHEHHUE MPSMOM,
mpoxoJdiel uepes a8e 3agannbie Touku (—3;0) u (2;1)

x—(=3) y-0 x+3

2-(=3) 1-0 "M 5

Hrak, ypaBHeHUE TpEThEN CTOPOHBI X — Sy + 3 = 0, a BEpIIMHBI Tpe-
yroJibHUKA UMEIOT koopauHatel (1;5), (=3;0), (2;1).
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NuauBuayaibHble 3a1aHUSA
3amanmue 1

Ha mnockoctu gansl Touku A(o,; o, —2) u B(a, —2; 0, +4)

Hawu:

a) Touky C(x1;y1) — cepeauny orpe3ka AB;

0) Touky D(x2;)2), KoTOpasi AeauT OoTpe3ok AB B oTHoOIIEHUU p:q.
[TapameTpsl p,q npuBeaeHBI B Ta0I. 1.

Tabmnunia 1
ITapameTpsl p,q K 3a7aHHIO |
n(mod 10) p q n(mod 10) p q
1 1 3 6 3 2
2 3 1 7 3 7
3 1 4 8 7 3
4 4 1 9 1 9
5 2 3 0 9 1
3aganue 2

Haunbl Touku A(—1-P7;Ps—2) u B(Ps—2;Ps+4). Haiitu:

a) Touky C(X1;y1) — cepenuny otpe3ka AB;

0) Touky D(X2;y2), KOTOpas AeauT oTpe30Kk AB B oTHoIIEHUH
(Po+1):(9—Po).

3aganue 3

Ha mnockoctu nanbel Touku A(X1; 1), B(x2; y2), C(X3; y3). Koopauna-
ThI TOUEK B34Th B TaOJUIIbI 2.

Cremnaiite ueptéx Tpeyroiapauka ABC u HaiinuTe:

a) IIMHY U ypaBHeHHe cTopoHbl BC (3amucath o0111ee ypaBHEHUE, Ka-
HOHHUYECKOE, MapaMETPUUECKUE M C YIJIOBBIM KO3((PUIIMEHTOM);

0) kocuHyc yriia A myron A (B rpagycax);

B) ypaBHEHUE MPSIMOM, MPOXOAsIIeH depe3 TOUKy A mnapaieabHO
cropore BC;

I') BBICOTY, MPOBEeAEHHYIO K cTopoHe BC, u €€ ypaBHEHUE;

1) YpaBHEHHE MEIMaHbI, MPOBEIECHHON K cTopoHe BC;

¢) ypaBHEHHE OMCCEKTPHUCHI yTia A.
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Tabmuna 2
Koopaunatel Touek A, B, C k 3aganuto 9

n X1 Y1 X2 y2 X3 Y3
1 2 3 4 5 6 7
1 14 —1 —1 7 —7 —1
2 —1 —1 2 —1 2 3
3 —7 —2 7 —2 2 10
4 —1 —1 4 | -5 —1
5 =5 —2 3 13 =5 7
6 —1 6 —1 —2 S —2
7 8 —6 8 1 —4 10
8 =5 —6 11 6 0 6
9 —2 | 2 —2 6 |
10 —3 —11 S 4 —3 10
11 5 —7 5 7 =7 2
12 9 —4 —3 S —3 1
13 8 7 —1 7 =7 —1
14 15 9 8 9 —1 —3
15 1 -9 1 2 —11 7
16 4 2 =3 14 —14 2
17 —3 —1 12 7 -9 7
18 9 9 =5 9 0 —3
19 —9 3 —9 =5 6 =5
20 =7 —3 —7 1 S 6
21 6 —6 —2 9 —2 0
22 —2 8 3 —4 8 8
23 —1 —1 8 11 —8 —1
24 —7 12 —7 1 5 —4
25 1 3 7 3 4 7
26| —6 13 —14 7 —6 —8
27 2 10 —7 —2 7 —2
28 =5 —1 —1 —1 4 11
29 -5 12 7 —4 7 12
30 8 —3 14 5 —1 —3
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KoHTpoJbHBbIEC BOIIPOCHI

1. OO6miee ypaBHEHHE NPSAMON Ha MIOCKOCTH. HopMaslbHBIN BEKTOP
OPAMOM. YTOJI MEXAY NMPSIMBIMU. Y CIOBHUS MAPAIENbHOCTH U NEPIICHM-
KYJISIPHOCTH.

2. YpaBHEHHE NPAMOU C YIIOBBIM KOA(PUITMEHTOM. YTOI MEXIY
IPSMBIMUA. Y CIOBHUS NAPAJUICIIBHOCTHA U IEPIICHAUKYJISIPHOCTH.

3. KaHoHMYEeCKOE M MapaMeTPpUUECKOE YPABHEHUS MPSIMOW Ha TJIOC-
KOCTU. Hampaimdromuil BEKTOp NPAMON. YTOJ MEXAY NPSAMBIMU. Y CIIO-
BHS MTAPAIUICIIBHOCTH U NIEPIIEHAUKYISIPHOCTH.

4. YpaBHEHHE TPSAMOM, TPOXOASAUIEH Yepe3 JIBE 3aJaHHBIC TOUKH.

5. YpaBHEeHUS NPAMBIX, NPOXOIAIIMX YEPE3 JAaHHYK0 TOYKY IMapaj-
JIETBHO Y MEPHEHANKYISIPHO JAaHHOW mpsiMoM (3 cityuas 3aJjaHusi JaHHOU
IpsSIMOiA: OOIMM ypaBHEHHEM, KAHOHUYECKUM YPaBHEHUEM, YPaBHEHUEM
C YTJI0BBIM KO3 (PHUITUEHTOM).

6. OOmiee ypaBHEHHE IIJIOCKOCTH B MPOCTPAHCTBE, HOPMAJIbHBIM
BEKTOP IUIOCKOCTH. YTOJ MEXAY IJIOCKOCTSIMU. Y CIIOBHE NapajuiebHO-
CTH W NEPIECHAUKYJISIPHOCTH.

7. YpaBHEHHE IUIOCKOCTH, MPOXOAALIEN Yepe3 TPU NAHHBIE TOUKH,
HE JIEKAINE HA OJHOU MPSMOM.

8. Ob1iee, KAHOHUYECKOE U MAPAMETPUUECKOE YPABHEHUS MIPSIMON B
OPOCTPAHCTBE. YTOI MEXAY MPSAMBIMHU. Y CIIOBUS NTAPAJUIENBbHOCTH U HEP-
NEeHAUKYJISIPHOCTH.

9. Yrom Mexay npsMOM M INIOCKOCTBEO B MPOCTPAHCTBE. Y CIOBHE
NapajyIeIbHOCTH U NEPIICHAUKYISIPHOCTH IPSMOU U TNIOCKOCTH.

10. YpaBHEHHME IUTOCKOCTH, MPOXOISAIIEH 4Yepe3 AaHHYIO TOYKY,
MEPHEHAUKYJISAPHO JAHHOW MPAMOW. YPAaBHEHHUE NPAMOM, MPOXOIALICH
yepe3 JaHHYI0 TOUYKY, NEPIECHAUKYJISIPHO JAHHOU MJIOCKOCTH.
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Tema 3. DineMeHThI QYHKUMOHAJIBHOIO AHAJIN3A

Onpeoenenue 1. Yucno A HazbiBaeTca npedenom QyHkyuu f(x) B
TOUKE a, ecyu 11t Jro0oro >0 Haiaércs takoe yucio 6>0, 4To U3 Hepa-
BeHcTBa 0 <|x—a|< d caemyet HepaBeHCTRBO | f(x)—A|<E€.

Onpeoenenue 2. Uncno A Ha3bIBACTCS NpaAguiM (71€8blM) Npeoeiom
¢yHkuuu f(x) B TOUKE @, €CIIU AJiA JII0O0ro & >0 HaWIETCs TAKOE YUCIIO
& >0, 4TO U3 HEPABEHCTBA a <X <a + 8 (a—0 <X <a) cleayeT HepaBeH-
crBo |f(x)—Al<e.

st o0o3Hauenust mpasBoro (yeBoro) mpexaena pyHkuuu f(x) B
TOYKE @ UCTIOJB3YIOT CIEAYIONIYI0 CHMBOJIUKY:

lim f(x)=B (lim f(x)=B).

HpI/I BBIYMCJICHHUU IIPCACIIOB H€06XOI[I/IMO MMOMHUTh UX CBOMCTBA:

ecmn limf(x)=A, limg(x)=B, 10
X—a X—a

1. im(f(x)+g(x)) =limf(x)+limg(x)=A+B,
X—a X—>a X—>a

T.€. IPEJIEJI CyMMBbI PaBE€H CyMME IIPEIEIIOB.
3ameuanue: Ecniu A =400, B=-—00, TO 3TO CBOMCTBO HE BEPHO U

UMEEM HEOMPECICHHOCTD [00 — 00].
2. lIim(f(x)-g(x)) = limf(x)-limg(x)=A-B,
X—a X—a Xx—a

T.€. PEIEJ MPOU3BEICHUS PABECH MPOU3BEICHUIO MIPEICIIOB.
3ameyanue: Ecmn A =00, B =0, TO 3TO CBOMCTBO HE BEPHO U NME-
€M HEOIPEACTCHHOCTH [00-0].
Ecimu f(x) =C, rne C = const, T0
lim(C-g(x)) =C- lim g(x),
X—a X—a

T.€. IIOCTOSIHHBIM MHOXHMTEJIb MOKHO BBIHOCHUTD 3a 3HAK npeacia.

30m M A (B,
x>ag(x) B

T.€. PEJIeNI YaCTHOI'O €CTh YaCTHOE MPECIIOB.
3ameuanue: Ecmu A =0, B =00 umu A=0, B=0, To 3TO CBOIicTBO

00 0
HE BEpPHO M UMEEM HEOIPEACICHHOCTh [— | WK [6].
o0
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4. lim[f(x)]&™ = AB.
X—a
3ameuanue: Ecom A=1,B=ow, wm A=0,B=0, wmwm A=

B =0, TO 3TO CBOWCTBO HE BEPHO M UMEEM HeoIlpeaeaeHHOoCTh [1°], wim
9 9

[00], UJIN [ooo].

IlepBbIi 3aMeyaTe/IbHBIN Npeae)l
sin X [O]

lim = 1, HEOTIPEIETIECHHOCTH
x>0 X
Cneocmeus:
I lim—— =1, 2. lim & =1,
x—081n X x=0 X
3. lim—— =1, 4. 1im 2SMX g
x—0 th x—0 X
5. lim——— =1, 6. lim & _ 1
x—0 arcsin X x=0 X
7. lim—— =1, . lim 8% _ 1
x—0 arctgx x—0  x2 2
Bropoii 3amMeuaTeIbHbIN Npexet
. 1" .
hm(l + —) =e, HeomnpeaeneHHocTs [17], ex2,7.
n—>0 n
Cneocmeus:
1. 1im(1+1j =e, 2. lim(1+x)"* =e,
X—>00 X x—0
1 1+
3. limwzlogae, 4, limM=l,
x—0 X x—0 X
. aX —1 . eX —1
5. Iim =Ina, 6. lim =1,
x—>0 X x—>0 X
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. (1+x)" -1
7. hm( ) =m.
x—0 X
3ameuanue: Ecmm P (x)=a,x"+a_,-x"" +..+a, -X+a,,

P (x)=b, x™+b,_,-x™"+..+b,-x+b,, npuuem a, #0, b_ =0,

. Py (%)
TOr'1a IIpyu BBIYHUCIICHUM IIPCACIIa BUAA lim ——

vo Py (%)

MO’KHO BBIIEIUTDH 3

CiTyyas.

1 cimywaii: cTeneHb MHOTOYJICHA YHCIUTENS MEHBIIE CTETICHH MHO-
rowieHa 3HameHaTess (n < m), To Takou npezen paseH 0;

2 ciydaii: CTeTIeHb MHOTOWICHA YUCIUTENS OOJbIIE CTEEHU MHO-
rowieHa 3HameHaTess (n > m), TO TaKOU MpeIes PaBeH oo;

3 ciydaii: CTEeNeHW MHOTOYJICHOB YHCIIMTEINSI M 3HAMCHATEIISI PABHBI
(n=m), TO Tako¥ Mmpeea paBeH OTHOMICHUIO KOAP(DUIIMEHTOB MpU CTap-

a
IIMX CTCICHSX, T.C. PABEH — .

Ilpumep 1. Haittu lim =

X2+2X+4_|:oo:|
X —>00 3x +8& .

o0

Cnoco6 1. Pa3ienus YicIuTeNb U 3HAMEHATENb HA X , IMeeM

x> +2X+ 4
Iim = =0
x—wo 3X 8 3-0+8-0
272
X X

Cnoco6 2. Victionws3ys 3amedanue (ciaydail 2) BBIUMCICHHE Tpejaena
MO>KHO 3aMEHUThH BBIUUCICHUEM SKBHUBAJICHTHOTO €My Tpejesa

X2+2X+4_|:Oo:| x? X

Iim = = lim — = lim — = 0.

x—o 3X 48 00 Xx—0 33X x>0 3

. ) X -SIn X
llpumep 2. Haittn hm—z.
x=0 (arctg2x )
Pewenue. Tak xak sin X ~ X, a arctg 2x ~ 2x npu x—0, To
. 2
X - Sln X . XX . X 1

lim—zzhm > :11m—2:—.
x>0 (arctg2x)”  *20(2x)° x>04x~ 4
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. 1+2x
llpumep 3. Haiitn lim( S 3xj :

x—0 X

Pewenue. 3nech lim - X _ lim 383X _ =3 u lim(1+ 2x)

x—0 x x—=0  3x x—0

1,

. 1+2x
. (sin3x |
cliejoBaTesibHO, lim =3 =3.
x—0 X

¥2

x> +2
IIpumep 4. Haiitu lim| —;
x—o 3x° +1

I

. 2
Pewenue. UmeeM lim ———— = lim X — "y limx”* =+o0

x—o 3x° +1 x—>oo i 3 x>
x2
+oo
[TosTomy lim x* +2 =0.
x—e| 3x° +1
3

Ilpumepwr 5. Hanitn hm( — ): oo—oo],
X 1-x°

x—I\ ] —
[IpeoOpa3yem BbIpakeHHE B CKOOKax

1 3 1(1+X+X) 3 X +x—-2

1-x 1—X3 1-x° 1-x°

PaznoxuM aucimTens u 3HaMeHaTe b HaA MHOKUTEIIN
2
Xx“+x-2=0,

m R D) o S
2 2

D=1-4-1-(-2)=9, x, =

x*+x-2=(x-DEx+2),
1-x’ =(1—X)(1+X+X2).
Bripaxkenue B ckoOKax MPUMET BU/T
1 3 x-DHE+2) 0 x-DE+2) 0 x+2

I-x 1-x° (1—X)(1+X+X2) —(X—l)(1+X+X2)_ l+x+x>
TOT 1A

: 1 3 : X+2 1+2 3
lim — =l _— | == =——=-1.
Xx—1 I—X 1_X3 x—1 1+X+X2 1+1+1 3
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NuauBuayaibHble 32 JaHUA

3aganme 1. Bpruucnuts npegen GyHKIUH, YUCIOBOM MOCIEI0BA-

o0
TCJIIbHOCTHU, PACKPbLIB HCOIIPCACICHHOCTL THIIA |:—j| 3a,Z[aHI/I}I B34ATb M3

o0
ta0uIe 1.
Tab6muna 1
NoNo 3amanue NoNo 3amanue
nn nn
1 Che o3 2 2 _
lim - 2X X lim —- oX
x>0 3x — 2x 2 + x*+ x>0 X7 +4x + 4
3 3 2 4 g 2 5
lim 2xX7 + X 5 lim4 5SX +3x
X0 x3 £ x —2 x—>® X7 +6X + 8
5 2 _ 6 2x° —7x +3
fim 2x° +6x -5 lim X3 Tx
xo0 5x% _x—1 x—o 3x° —x—4
7 52 4 ] 3 .2
fim X —2xX° +5x lim 12x 36X +12
x>0 2 4+3x2 + x4 x>0 X7 +4x
9 4 5.3 10 2 _
lim 7x 2x° +2 limX 5x +1
xo0 x4 43 x>o  3x+7
IT | 5%x%—12x+6 12 . 16x° +7x% + 5%
lim 5 lim 3
x—0o  3Ix° —2% x>0 12x7 +4x
13 . 3x%—4x+5 14 ) x> —1
Iim 3 Iim 5
X2 X" +2 xo0 x” —-3x+6
15 . 3x%42x+49 16 L X0 -2x%+4
Iim 5 lim 1 3
x> 2x% —x+4 x>0 2% +3x° +1
17 1 3x3-5x%+2 18 | 3x*+x%?-6
Iim 3 5 lim 5
x—0 22X~ +5%x° —Xx x—0 2x“ +3x +1
19 | 3x?+10x+3 20 . 4Ax%+5x+7
lim 5 lim 5
x>0 2x“4+5x -3 x>0 2x“ —x +10
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3apnanue 2. Bpruucauth npenen (QyHKIWU, PACKPHIB  HEOMpPEaesICH-

0
HOCTB THIIA [6 . 3aa”Hns B3SITH U3 TAOJIUIEI 2

Tabmuma 2
Ne nn 3amanue Ne nn 3amanue
1 ) 2x3 —2x2 2 . 1+3x2% -1
lim E) m —————
x—>05x" —4x x>0 xZ 4x°
3 . x-3 4 —
i % . JI+3x —/2x+6
X—)3X —9 X5 X2_5X
S lim 3x2 —8x +4 6 . x2+1-1
x>25x% —14x + 8 x—=0./x2 116 -4
Tl Jaex)? o1 8 1 x? o
lim lim ————
x—0 X x—0 X
9 ]ij2_2X+1 10 lim N+x-31-x
x—1 X3—X x—0 X
0| xio 2| x-vx
lim 3 lim
x=212x° —x —1 x—1 \/;—1
13 3 _ 14 3 _
lim 3x +2x 2 lim X 3x+2
x2lx? —x"—x+1 x>l x* —4x+3
15 3 16 3_
lim 3x7 +X lim X~ —X
x—>0 X x—>—1x4 +2X2 -3
17 lim 3X2—X—2 18 im 2x% +x-15
x>lx3 —x2 +4x—4 x—>-33x% +7x—6
19 X 20 3
im .ox =1
x—=0+/1+3x —1 lim

x—1 x—1
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3ananue 3. Boruucnuth npenen ¢pyHkuuu, ucnonbiys I u 11 3ameuarens-
HbIC TIPEAC/bl U UX BapUallK. 3a1aHUs B3SITh U3 TAOJIUIIHI 3.

Ta0muna 3
NoNe 3amanue NoNe 3amanue
nn nn
. sin 4x 5x3
1 2
lim 1 )2x+1
x—0 3X 1]In 1 s
X—>00 X2
2 3_s
3 im COS X 4 - Xz 1 X
x—>-1/21 + sin> x x—0| x2 —3
5 iy SOSX —©08 3x 6 5 x3-5
x—0 X im X" +1
X—>00 X2 — 3
7 im arcsin 3x 2 1
x>0 2% lim (1+ tg*v/x) 2
x—0
. sin X —cosXx 2x2-1
9 lim — 10 . 2\ i
x—>n/4  tgx —1 lim!l1+2
X—0 X
2x+1 _
11 . x 4+ 3% 12 fim 1—cos3x
x>0\ X =2 x—0 thZX
13 . COSX —cos° X 14 X492 x> +5
lim 3 lim
x—0 X x—o\X+4
x5 : -
15 hm(zx_4) X+ 16 h.mSII’l3X+Sll’1X
x—=o\ 2X +1 x—0 X
. 3 2
17 lim S X 18 x% +1 i
x—0 XZ ].]m >
X—>00 X _1
19 lim (3X+2J2X+3 20 fim x+8)X
X—>00 3X — 1 X—o \ X — 2
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KoHTpoJbHBIE BOIIPOCHI

. Chopmynupyiite onpeesneHus npeaena GyHKIMUA B TOUKE, Mpeieia

byHKIIMH B 0ECKOHEUYHOCTH, MPE/IeIa MOCIeI0BaTEILHOCTH.

. Kak cBsi3aHo nonsiTHe npenena PyHKIMU C MOHATUSIMU €€ TIPECIIOB

CJIeBa U CIlpaBa?

. Kakas ¢yHkius Ha3piBaeTCsd OECKOHEYHO MaJiOM M KaKOBBI €€ OcC-

HOBHBIEC CBOMCTBA?

. Kakas QyHkuusg Ha3zbiBaeTcsi OECKOHEUHO OOJIBIIOW M KakoBa €€

CBS3b C OECKOHEYHO MAJIOMU?

. Chopmynupyiite OCHOBHBIE TEOPEMBI O TIpeaesax (yHKIUH.

Kak PACKPBIBAXOTC HCOIIPCACICHHOCTHU BHJOB

Bl

ChopmymupyiiTe IEpBHIN 3aMeUaTeIbHBIN PSS U €T0 CIICICTBHUS.

. Chopmynupyiite BTOpOM 3aMedaTeIbHbIN TIpees.



28

Tema 4. IluddepenunanbHoe ucunciaeHue GyHKIUUA OJHOU
nepeMeHHOH

[lyctes pyHkuus y = f(x) ompeneneHa B HEKOTOPOU OKPECTHOCTH
TOYKH X, .
Onpedenenue. llpeaen oTHOIIEHUsT npupaiieHus Ay (QyHKUAU B

ATOM TOUKe (€CIU OH CYIIECTBYET) K MPUpPAILCHUI0 Ax aprymeHTa, Korja
Ax — 0, Ha3bIBaE€TCS MPOU3BOJHON (PYHKIIMU f(X) B TOUKE X, .
df (x
f( 0) I fﬂ
dx

X=X

O6Gosnauenust: f'(x,) wmm y'(x,) wm

Taxum oOpazom,
F1(ry) = Tim Y = fim Lo A0 = /(%)
Ax—0 Ax Ax—0 Ax

Boluuciaenue npous3BOAHON HazbiBaeTca aud@epeHIupoBaHuEM
GyHKLIMH.

Tak kak nuddepenuupoanue GyHKIHN C UCIOIb30BAHUEM TOJIBKO
TaOJHIIBl TPOU3BOJHBIX JIEMEHTAPHBIX (DYHKIIMA W OCHOBHBIX IPaBUI
mudepeHImpoBaHus HE BbI3BIBAET OCOOBIX 3aTPYAHEHUN, TO Mbl OCTaHO-
BUMCS JIMIIIb Ha TIPHEMax BBIYMCICHHUS MPOU3BOJHBIX CIIOXKHBIX (PYHK-
1007078

IIpousBoaHas CJO0KHOM PyHKIMHU
PaccMoTpuM HEKOTOpYIO CliokHYyI0 pyHkmuo y = f[o(x)].

B stoii enu QyHKIMOHAIBHBIX 3aBUCUMOCTEed ¥ = f(z2) U z =¢(X)

ApPryMEHT X SIBJISIETCA MOCJEIHUM M IO3TOMY €r0 Ha3bIBAOT HE3aBHUCH-
MOil mepeMeHHOI. TakuM 00pa3oM, MOHITUE APTYMEHTA U HE3aBUCUMOM

IIEPEMEHHON clieayeT pasnuyars. Hampumep, mycrts y =Jz u z=cosx.
31ech z ecTh apryMeHT (PyHKIUH Y, HO z, HE OyJeT HE3aBUCUMOM Tiepeme-
HOUl. B pe3ynbrare, mpousBoHas cloxHONH QyHKuuu y = f[p(z)] paBHa
MPOU3BOJAHON JaHHOW (PYHKIIMU y MO MPOMEXYTOUYHOMY apryMEHTY Z,
YMHOXXE€HHOW HA MPOU3BOIHYIO CAMOT0 MPOMENKYTOYHOIO APTYMEHTA Z MO
HE3aBUCUMOM MEPEMEHHOM X, T.€.
Vo=V Ve
IIpumep 1. HailTu mpOU3BOJHYIO OT PYHKIHMH y = In’ x.
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Pewenue.  TlomaraeM z=Inx, Torma y=z>. Ortcioma

| 1
y. =3z>=3-In’x, z,. = —. CnenoBarensHo, . =3In"x-—.
X X

[Ipr mOCTAaTOYHOM HABBIKE MPOMEKYTOUHYIO NIEPEMEHHYIO Z HE MU-
IIyT, BBOJS €€ JIUIIb MBICICHHO.

IIpumep 2. HaiiTu ipou3BOAHYIO OT (QYHKIIUU
y =sin(x’ —3x” +5).

Pewenue.

V' =cos(x’ =3x*+5)-(x’ =3x* +5) =

= (3x> —6x)cos(x> —3x* +5) =3x(x —2)cos(x’ —3x* +5).
Vx?+x-1

IIpumep 3. HaiiTu Ipou3BOHYIO OT PYHKIMHU Y = e
Pewenue.

)"=e“x2+x_l-(\/x2+x—l): €
2Ux* +x—1
CQx+1)et !

20xr +x—1

IIpousBoaHas GyHKUMM, 32JaHHOU B HEABHOM BH/I€e

B HekoTOpbIX ciaydasx (yHKUHS ONpPENeNsieTcsl YpaBHEHUEM, KOTO-
pO€E HEJB3s JJIEMEHTAPHBIMU CPEACTBAMHU PA3PEIINTh OTHOCUTEIBHO ), U
NPUXOJUTCA PacCMaTpUBaTh y Kak HESIBHYIO PyHKIHUIO OT x. B TakoM Ba-
pUAHTE CYIIECTBYET OCOOBIA CIIOCOO HAXO0XKICHUS MPOU3BOAHOU. M3BecT-
HO, €CJIM JB€ (PYHKIIMU TOXKIAECTBEHHO PABHBI APYT IPYTY, TO PABHBI U UX
npou3BOJHbIE. [103TOMY, B34B MPOU3BOAHBIE OT JIEBOW U IIPABOM YacTeu
JAHHOTO TOXIECTBA U MPUMEHSIS TpaBuiIo AU hepeHIIUPOBAHUS CIOKHON
dbyHKIMU (1onaras, 4To y — ClI0XKHasi PyHKIMS, 3aBUCSIIAs OT X), MOoJyJa-
€M PaBEHCTBO, OTKY/Ia U BEIpaKaeM ).

x2+x—1

(X" +x-1)=

Ilpumep 4. HaiiTu npou3BOIHYIO OT (PYHKIIMH, ONIPESIIeMON ypaB-
HeHneM X + " —4xy=0.

Pewenue. (x* +y* —4xy) =0,

4y’ +4y° -y —4(x'y+x)) =0
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45’ +4y° -y —4y—4x)' =0

4y° -y —4xy' =4y —4x’

Y (4y’ —4x) =4y —4x°
,_4y—4x3 y—)c3

=———— W ) = :
4y° —4x Y V' =X

Y

ITpousBoaHast PyHKIUHU, 32JAHHOU MApaAMETPUYECKHU
[Mycte Qynkmms y = f(x) ompenencHa mapamerpuuecku: X = x(1),
y=y(t). Torna, ecnmu dyakuuu x(¢) u y(tf) WMEIOT IPOU3BOJHBIC B TOY-
ke f,, npuaeM Xx'(¢))#0, a ¢pynkuus y = f(x) MMeeT NPOU3BOIHYIO B
TOYKE X, = X(Z,), TO 3Ta MPOU3BOIHASI HAXOIUTCS 0 popmyiie

M WIH Y, = y—f’ :
x, (Z)) Xt
Ilpumep 5. Haittu y'(x) mis 3aJaHHON MapaMeTpU4ecKu (yHKIUU
X=t—sint
{ y=1-cost
Pewenue.
x, =(t—sint), =1—cost
y; =(l—cost), =sint

Y'(xp) =

4 t t

, . 2sin —COS— COS —
y'=&: sint 2 2_ 2=ctg£.
‘ x 1-cost 2sin? L sin ! 2

2 2

Jlorapudpmuueckoe nudpPpepeHuupoBanue

Ecnu naHa cnoxHas QyHKIus, OpeICcTaBIstomas co0oi npon3Bee-
HUE WJIM YaCTHOE HECKOJIbKUX (DYHKIMH, TPUYEM YHUCIUTENIb U 3HAMEHA-
TeIb APOOM B CBOIO OYEPEAb COJEPXkAaT MPOU3BEACHUS, TO CIEAyeT 00e
YacTU JTaHHOT'O BBIPAXKEHUS CHayajia MposiorapupMHUpoOBaTh MO OCHOBA-
HUIO ), IPUMEHUTh COOTBETCTBYIOIIUE CBOMCTBA JIOTapU(PMOB, a 3aTEM
OPUCTYNHUTH K AU(PDEpEHIIMPOBAHUIO 00€UX YacTeil. DTOT MpUEM HOCHUT
Ha3BaHue jJorapudpmuueckoro audpdepennnporanus. Ero takxe ucnoib-
3YIOT, €CJii (PyHKILIMS COACPKUT KOPHU U3 ipodeil. K atoMy mpuemy npu-
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OeraroT, eciii UMEeeTCs MOKa3aTelbHO-CTeNeHHass QYHKIUA Wid QYHKIUS
_ ¢(x)
Buna y =[f(x)]"".

Ux? +x-2-(x*+1)
Ux* -1 .

Pewenue. Jlorapudmupyem ode 4acTu paBEHCTBA 110 OCHOBAHUIO €

Ux? +x=2-(x* +1)
AUx* -1 .

[Ipumensist cBoiicTBA JTOTapUPMOB, TTOJTyHaeM

IIpumep 6. HaliTh TpON3BOAHYIO0 QYHKIIUU ) =

Iny=In

1ny=§1n(x2 +x—2)+In(x’ +1)—%ln(x4 -1).

Huddepenupyem obe yactu, cuurtas y CIOKHOW (PyHKIHEH Tepe-
MEHHOM X:

o1 2x+1 2x 1 4x°
+

[E—

_§.x2+x—2 x2+1_g.x4—1
yle. 2x+41  2x 1 4x°

3 (x+2)(x=1) x*+1 5 (x=Dx+Dx>+1)
,5Qx+D(x+D(x + 1) +30x(x? —1)(x +2) —12x* (x +2)
r o 15G—)(x + D +1)(x+2)

< ==

1, 10x" +15x° +15x° +15x+5+30x" +60x” —30x° — 60x —12x" —24x°
y 4 15(x =D (x +1)(x* +1)(x +2)

1, 28x*+51x° —15x" —45x+5
v 15 =) + 1) (x+2)

, AXP+x=2-(x*+1) 28x* +51x —15x> —45x+5
IR 15 D) + (x4 2)
,_28x4+51x3—15x2—45x+5 Ux?+x-2
- 15(x% —1)(x +2) I

Y

Y

x+1
Ipumep 7. Haiitn npousBoanyio dyrkmun y = (x° —x+2)° .
Pewenue. Jlorapudpmupyem o0e 4acTH M0 OCHOBAHUIO €

Iny=In(x*—x+2)° .
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Hcnonb3ys cBOMCTBO Jiorapudma, morydaem,
Iny=e""In(x* —x+2).
Huddepennupyem 06€ yacT, cuuTas y clioxkHoN QyHKIHUEH nepe-
MEHHOM X

Y=Y In(x* —x+2)+ " [In(x* —x+2)]

-y zex“ln(xz—x+2)+ex+1-2—2-(2x—1)

1

Y

L 1
y X" —x+
yl

(P —x+2) -ex“[ln(x2 —x+2)+ fx—_l}
X" —x+2

3ameuanue. Tlpu muddepeHIUPOBAaHUN CTEIEHHO-TIOKA3aTEIHHOM
(GYHKIIMHA MOKHO MOJIb30BaThCs (HOPMYJIIOH

(fF)*) =@(x)- f()™ 7 1)+ ()™ - In f ()¢ (%),

eci f(x) u ¢(x) — nuddepentiupyemblie GyHKIIHH.
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NuauBuayanbHble 3a1aHUs

3ananue 1. Haiitu nmpou3BoaHy0 (PYHKIIMU MEPBOTO U BTOPOTO IMO-
psinaka. 3agaHus B3ATh U3 TaOIHIIB 1.

Taomuna 1
No 3anaHue Nen 3anaHue
nn n
1 y:X+]nX_1 2 | y=2+x+1larcsin x +4+/1-x
X +1
2
3 | y=xIn(x? +1) - 2x + 2arctgx 4 y:X2\/1+X2—§\/(1+X2)3
5 y:xarctg\/;—\/;+arctg\/; 6 y:x3]nx—x2
7 | g lextotex s Vi-x2 +1
tgx — ctgx -
ST 1-x% -1
9 Vx® +3x 10 y:&
Y=T 1+ Incosx
11| yooosx-smx 12 x —1-x>
COSX + sin X y= )
X
Inx+1
13|y=h—> 14 | y=21270
1+Vx? +1 xInx -1
[ 3 CoS X 2
15 y= X~ +3x 16 | y=— S tetgx
x+1 SIn X
. X — 1
17 | y= 1+2X—X2+aI'CSII’lXT21 18 yzgtg3x/;+lncos\/;
x“ -1




3aganue 2.

Haiitu mpou3BoHYyI0 HESBHO 3aJjaHHON (QYyHKIMH. 3a1aHus B3SITh U3 Ta0-

JIALBI 2.
TaOmuma 2

NoNe 3aganue NoNe 3amanue

nn nn

1 y2+xy+x2:1 2 x—coszy—lncosx:O

3 X3+2Xy—y3=0 4 X —siny-e“®* =0

5 xz—xy+y2:1 6 yzlncosx—y2

7 | ylny—xe¥ =1 3 xsmy—ysmx=0

9 x=1-ye™ 10 yCOSX +XsSiny=X+Yy

11 | Y= xtarctgy 15 | Yeosx+xcosy=0

13 y=sin(x +y) 14 oX _ oY — Xty

15 X + y =arcsin X + arccosy 16 Xcosy—siny+smn2y=0

17 | 3% +3Y=3*" 18 | x+y+eYarcctgx=0

19 | X’ +y’=xy 20 | Inx=arctg >

X

3apnanue 3. Vcnonw3ys snorapudpmudeckoe nuddepeHupoBaHue, HaAUTHU
IPOU3BOAHYIO (PYHKIMU. 3a1aHUS B3SITh U3 TAOJIUIIHI 3.

TaoOmuna 3
NoNe 3amanue NoNe 3amanue
nn nn
Uly=x2+20%% 2 y=(x)
3 —X
3 yz(\/x2 -n* -3 4 y = (arctge™)®
5 1 6 1
y =(sin x)X y =(sin X + cosx)X
7 y = (cos X)\/; 8 y=(x2 1+ 1)C0sX
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9 y=(In X)\/; 10 y:(cosx)SinX

11 y = (tgx +ctgx)*/; 12 y = (tgx) &

13 y:(sinx)arcsinx 14 y=(X+1)]nX

I5 | y=(cosx)?recosx 16 y = (In X)x2—2

17 y = (tgx) & 18 y = (log, X)z"

19 y= (arcctgx)1er2 20 y=@3" )10g3 ?
3ananue 4

Haiitu mpousBoaHy0 (QyHKIUMH, 3aJaHHOW MapamMeTpUUYecKd. 3aJaHus
B3ATh U3 TA0OJIULBI 4.
Tabauia 4
NoNe 3amanne NoNe 3amanue
nn nn
1 X:‘\/t+1 2 X:2_t
y= It y = 22t
3 X =4t +1 4 X =In(t+1)
y=t> 1y !
t+1
5 {X:t_l 6 | [x=3t+6t2
_ 3 3
y=t y= t2 4+ 3t3
1
7 X =— 8 X = 2t
t 1+t2
y=t> +t% +t 1_¢2
y =
1+t2
— ain 2 3
9 X=sm"t 10 X =cos t
) S
y=cos" t y =sin° t
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11 X = arcsin : 12 X:M
1+1t2 t
1 =tlnt
y = arccos—— Y
V1+t2
y=cost+tsmnt y=1+cost
15 { 16 x =e'sint
y= yzetcost
y=1+cost y=ln(1+t2)
x=t+Int —
19 { 20 X = tgt

KoHTpoJibHBIE BONIPOCHI

1. Chopmynupyiite ompeneneHus npenena GyHKIUA B TOUKE, Mpeaesa
GbyHKIIMN B 0ECKOHEUHOCTH, Mpejieia MoCIe10BaTEIbHOCTH.

2.Kak cBs3aHO moHsATHE mpenena (YHKIUU C TMOHATHSIMU €€ MpPE/IesioB
cJeBa U crpana?

3.Kakas ¢hyHKIMs Ha3bIBaeTCI OECKOHEUYHO MAJIOW U KaKOBHI €€ OCHOBHBIC
cBoucTBa’?

4. ChopmynupyiiTe onpeieieHrue Mporu3BOIHOM.

5.KakoB ee MEXaHMYECKUI U TEOMETPUYECKUIN CMBICIT?

6. ChopmynupyiiTe OCHOBHBIE MpaBuia AudPpepeHurpoBanus GyHKIUH.

7.B ueM 3akio4aeTcsi CyTh Jorapudmudeckoro audhepeHunpoBaHus U B
KaKHUX CIydasix ero meiaecooOpa3Ho MpUMEHSTh?

8. KakoBo npasuio nuddepeHuupoBanus GyHKINH, 3aJaHHON HEIBHO?

9.Kak HaxoauTcsi mepBas Mpou3BOaHAs (PYHKIIHUS, 3aJJaHHOU TapaMeTpHu-
yecku?
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Tema 5. UaTerpajibHoe ncuyucaeHne (PYHKUMI OHOM IepeMeHHOI

NHTerpupoBaHue mpeacTaBiIseT coOOM omeparuio oopaTHYI aud-

dbepeHIMPOBaHUIO, TOATOMY Kaxaou dopmyne nuddepeHunpoBanus co-
OTBETCTBYET (POpMyjia MHTETPUPOBAHUSA. DTO JACT BO3MOXKHOCTH HaIlU-
caTh TAOJMITy OCHOBHBIX HHTEIPAJIOB

1. IdX=X+C; =—ctgx + C;
sin” x
o+l
d 1
2. IxadX=X +C (a=-1); 10, _[ = :—arctg§+C
o+1 <2132 a a
dx dx . X
3. | —=In|x|+C; 11.] = arcsin — + C;
X a’ _x2 a
x dx 1 —
4. ja"dx=a—+c; 12. j—z—lnX il G
Ina x2_a% 2a |x+a

5. fexdx =e* +C;

6. [cosxdx =sinx + C;

7. [sinxdx =—cosx + C;

+ C;

dx
13. [——— =In|x +Vx° +a’
I\/xziaz

14. jshxdxzchx+C;
15. Jchxdx=shx+C;

8. dx =tgx + C; 16.j d;( =—cthx + C;
T cosT X sh“x
17. | dx =thx + C;
“ch x
. X 1
18. | —— =In|tg—| + C = In|—— —ctgx| + C;
" sIn X 2 Sin X
. X T
19. =In tg(—+—j + C = In|tgx + +C.
" CcOSX 2 4 COS X

Ykaxem paa IpUEMOB, ITO3BOJIAIOIIUX BO MHOT'HX ClIy4dasaX CBOAUTDH
3aIaHHbIC UHTCI'PAJIbI K TaO0JINYHBIM.
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IIpumeps! BoINOIHEHU 3agaHus 1

Ilpumep 1. HaliTu uHTErpaisl (UCHOIb3YsI METOJ PA3JIOKEHHUS), pe-
3yJBTaThl IPOBEPUTH NUPHEPEHIIMPOBAHUEM:

2 . 2
X~ — 2cos” x+3sin” X
a) _[—dx; 0) _f dx ;
[« _ 2 2 .2
X cos” x-sin” x
Pewenue. HaxoxieHre KaXXA0r0 U3 UHTETPAIIOB HAUMHAETCS C IIpe-
0o0pa3oBaHus MOJbIHTErpaibHON (QyHKIMU. B 3amade a) Bocmoiab3yemcs
(GbopMyJIOil COKpAIIEHHOTO YMHOXXEHUSI U 3aT€M IMOYJICHHBIM JIeJICHUEM

III/IC.]'II/ITG.]'ISI Ha 3HAMCHATCJIb

2° Jx
a)f 8 I( j( 22§§i§ x+4)dX_
=j(x+2J§+4)dx=jxdx+2jx”2dx+4jdx=

3/2
1 242.2 44, x+C—lx +—- \/_+4x+C
3/2 2 3

2
(cm. Tabnuunble uHTErpasibl 1 1 2). OOpaliaeM BHHUMaHHE HAa TO, YTO B
KOHIIEC PEIICHHUS 3aMMChIBaeM OJIHY 001yt MocTosiHHY10 C, HE 3amuchIBasi
MOCTOSIHHBIE OT UHTETPUPOBAHUS OTJEIbHBIX CIAaraeMbiX.

2 .2 2 .2
5 2¢cos” X +3sin XdX_ 2¢cos” X 3sin” x dx —
)J. 2 .2 _J. 2 . 2 T 2 .2 X =
cos” xX-sin” X Cos“ X-sIn" X coSs x-sin” X
3 dx dx
_J.( 2 dx=2f . 2 +3.[ 2
sm X cos X sin” X COos™ X

=2-(—ctgx)+3-tgx +C=3-tgx —2-ctgx +C.
(cM. TabMYHBIC UHTETPaABLI 8 U 9).

3ameuanue. 1IpoBepKy MOJYUYEHHBIX pe3yabTaToOB AudhepeHInpo-
BaHHUEM IpeJIjlaraeM CTYJICHTaM BBIMOJHUTH CAMOCTOSATEIBHO.

OIHUM W3 OCHOBHBIX METOJIOB WHTETPUPOBAHUSA SIBISIETCS METOJ
3aMEeHbl TIEpEMEHHOM (MJIM METOJ MOJICTAaHOBKH), OMKMCHIBAEMBIN CIICTYIO-

e hopMyIoit:

[£G0dx = [ (p(v) - @'(t)ct,
rie X=@(t) — dyukuua, auddepeHipyemMas Ha paccMaTPHUBACMOM
npomexxkyTke. JlaHHas GopMysia MOKa3bIBaCeT, YTO MEPEXOsS K HOBOH Iie-
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PEMEHHOM, JOCTATOYHO BBIMIOJIHUTHh 3aMEHY B MOJABIHTErPAIIBHOM BbIpa-
KEHUU. YJayHasi 3aMeHa MO3BOJISIET YIPOCTUTh UCXOJHBIN UHTETpal, a B
MPOCTEUIINX CIyUYassX CBECTH €Tro K TAOIUYHOMY (TaOJIUYHBIM).

OTMETUM J1Ba YACTHBIX Cly4yas 3aMEHbI IEPEMEHHBIX:

1. BBenenue noa auddepeHiman noCTOSTHHOTO CJIaragMoro.

J11s1 110001 MOCTOSIHHOM BEJIMUMHBI & CIIPABEIMBO PABEHCTRO:

d(x+a)=dx,

nostomy [f(x)dx = [f(x)d(x +a).

2. Beenenue noa audepeniiman noCTOSHHOTO MHOKHUTES.

Tak kak d(a-x)=a-dx, To ©IMeeT MECTO PaBEHCTBO

dx=l~d(a-x), (a#0)
a

T109TOMY [f(x)dx = 1 [f(x)d(a-x).
a
IIpumep 2. Hantu uHTErpAaIIbI:
a) [sin(7x +2)dx; 6) [V3-xdx;
) I57X_3dX; e) _[ dx

0082(4 — E)
3

Pewenue. Jlanupie uHTETpagbl MOTYT OBITh HAWJICHBI ITyTEM MPUME-
HeHUs1 popmyJl BBEJECHHS Mo 3HAK IuddepeHimana TOCTOSHHOIO MHO-
KUTEJIS U CJIaraéMoro K OJTHOMY M3 TaOJIUYHBIX HHTETPAJIOB.

a) jsin(7x +2)dx = % : jsin(7x +2)d(7x+2) = —% -cos(7x+2)+C
(cM. TaOMYHBIN UHTErpan 7).
3ameTrum, 4TO npu k+#0 UMEIOT MECTO bopMyIbI
[ sin(kx +b)dx = —i .cos(kx +b)+C
[ cos(kx + b)dx = % -sin(kx +b) +C
: 13 3-x*"
6) [¥3-xdx =—[(3-x) d(3—x)=—4—/3+C=

=—%-(3—x)‘”3+c
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(cM. TaOMMYHBIN UHTETpad 2).
Crenyert 3aMETUTh, YTO B OOIIIEM CIydae

1 lQ( n+l
[ (loxc +b)™ dx _ 1 (x+b)
k n+1
(cM. TaOJIUYHBIN UHTETpAI 3).

+C, (n=-1Lk=#0)

llpumep 3. Hantu uHTErpasbl
X2 COS X
a) |x-e = dx; 0) | ——dx;
I '[ Ysinx +2

Pewenue.

a) cleNaeM 3aMEeHY MEepPEeMEHHOW moJaras t = —x”. Haiinem nudde-
pEeHIIMal OT JIEBOU U MpaBoi yacTu GopMyibl t = —x’:
dt =d(—x*) wm dt=(-x")dx.
OxoHYATENbHO,

dt = 2xdx 51 xdx = —ldt.

2
Tornma
—x2dx —x? 1 1
jxe d =Ie -xdx=jet-(——jdt=—— e'dt =
2 2
1 1 _2
:—Eet+C=——e +C

(cM. TaONIMYHBIN UHTETpad J).
0) 3ameTtnm, uto cosxdx =d(sinx) =d(sinx +2), Toraa 0003HaYNM
t=sinxX +2 U npuMeHUM Gopmyily 2 U3 TaOJIHII HHTErPAJIOB:

COS X 1 . 1 ~1/3
— dX = | ——d(sinx+2)=|—=dt = [t "dt =
J.?’\/sinerZ J.3\/sinx+2 ( ) I% I

2/3

=t—+cz—-t2/3+C=§(sinx+2)2/3+c.
2/3 2 2
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NuauBuayanbHbIe 3a1aHUs

3apanme 1. Haiitu unTterpai, pe3yiabTaT IpoBepUTh AuddHepeHIrpo-

BaHHEM
3dx 5x8 43
! I4—X2 2 b3 dx
1 3 x2 42
3 J >t dx 4 X2 dx
1+x 1—x? " x7+1
<X _3X ¢ 2dx
> 4* o 6 'X2—9dX
3 e 2
7 X+l g | [22VIEX 4y
J \/;4_1 N 1+X2
2% .eX 1 (1-x)?
o | [T 10 (I—Xj dx
1 U x
x—1
dx X —1+3
1y s 12 j
»\'X —
X +5x+6
' x“+1
s - 7dx 16 J-2xsin2x+3dx
" V8 —x?2 sin2X
X
17 _(sinx+%+§/§}dx 18 Il
\/2 x2
3% 4 4% X3 +27
o ® 20 12 5™
x° —3x

3apanme 2. HaliTu unTerpai, pe3yiabTaT IpoBepuTh AuddepeHupo-
BaHUEM.

2x 1 1
sin| 1 —— |d —dx dx
L] ( 3))( 2 jsin2(5x+1) 3 I5_3X

4 I(] - 5X)1/5 dx 5 I\3/3 —7x dx 6 I21_7X dx




X 4 X+1
cos| —+11|d X -
I O G R
1 1 1
10| ] dx | 75 d 2] dx
sin 2 X (1-3x) cos2 X
3
1 1 1
—dx dx d
1 X 1
dx sin| 1—= |dx dx
| Lo x Y’ [cos| 1-2 |dx
19 | 145 —1 20 II—Z dx 21 || -

3apanue 3. HaliTu unterpai, pe3yjabraT OpoBepuTh auddepeHiupo-

BaHHUEM.
1 jxcosx2 dx 2 jx-el_"2 dx
eX 2X
dx dx
s e v e
5
tg™x COS X dx
> cos’ X N 6 sin3/5 X
X
7 dx 8
J‘\/1—X6 J.’\/1 x©
e” x>
9 dx 10 dx
2+¢” J.'\/)(4 +1
11 szz .x dx 12 Iex cos(e™) dx
13 jx-e“_X2 dx 14 Iex3 x2 dx
2X arcsmx
15 dx 16
(e J= — &
17 Ixz(2+x3)4 dx 18 J‘(x3 —4)()10(3)(2 —4)dx
X ectgx
dx
e 20 Gy ™
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3ananme 4. Havitn unTerpasi, npuMeHUB METOJ UHTETPUPOBAHUSA 110

yacTaM. Pe3ynbraT mpoBepuTh U HepeHIIMPOBAHUEM.

1 .'(X +1)- e X dx 2 | (2x —1)sin 2x dx
3 _' arctg2x dx 4 _' Inx dx
5 | [arcsin(x +1) dx 6 | [(1-3x)-2"dx
7 .' (4-3x)-e *dx 8 : In(1-x)dx
9 | [(2x—1)cosx dx 10 | [xIn2xdx
11 :(2X +1)-e**dx 12 ..X 27%dx
13 : (x + Darctgx dx 14 : arcsin(x + 2) dx
15 | [1-x)Inx dx 16 | [In(1-3x) dx
17 :(2X—3)COS3X dx 18 _-(X+l)-sin5x dx
19 | [x-edx 20 jln(E + 1) dx
2

[E—

KoHnTpoJibHBIEC BOIIPOCHI

. laiiTe onpenenenue nepBoooOpa3Hon (QyHKIUU.

. UTO Ha3bIBAETCS HEONPEIEIICHHBIM UHTETPAIIOM?

. [Haiite ompenenenue omnepanuu WHTErpupoBanus. Kak mpoeputs pe-
3yJIbTAT HUHTETPUPOBAHHUS?

. ChopmupyiiTe OCHOBHBIE CBOMCTBA HEONPEIEIEHHOIO HHTETpaa.

. 3alAIINTE COOTHOLICHUS, YCTAHABIMBAIOIINE CBA3W MEXAY HHTEIPU-
poBaHueM U TudhepeHIupOBaHUEM.

. O0BsiCHUTE CYTh HEMOCPEACTBEHHOTO UHTETPUPOBAHHS.

. B yueM cyTh criocoGa MHTErpUpPOBAHUs, BBEJACHHEM MHOKHUTENA @' (X)

noj 3HaK auddepennana? 3auIIuTe COOTBETCTBYIONIYIO (hOPMYITY.
. Haiinute unrerpan j (5x - 1)2 dx nmByms criocobamm.

. Hammummure gopmyiny 3ameHbl IepeMEHHON B HEOMPEACIICHHOM HHTE-
rpaie.

10.Hanumure Gopmylly MHTETpUPOBAHUS IO YaCTAM JJIS HEOIpEesIeH-

HOT'O MHTErpala.
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Tema 6. ludpdepenuunanbHoe ucuucjiaeHue GyHKIUA MHOTHX
nepeMeHHOH

[Tycth mana ¢yHKIusS z = f (x, y), omnpeenéHHas U HEMPEPbIBHAS B
HekoTopoit obmnactu D. Ilonaras, Hapumep, y = const, OJTYYUM MPOU3-

flx+Ax, y)- f(x, ¥)

oz .. .
BOJHYIO — = lim , KOTOpasi Ha3bIBAETCS YaCTHOMN
Ox Ax—0 Ax
IPOU3BOIHOM MIEPBOTO MOPSAKA PYHKIIUH Z 1O epeMeHHoM X. OHa Takxke

MoskeT 06o3HauaThes £ (x, ).

AHanoruyHo, mosaras X =cConst, TOIYyYUM MPOU3BOAHYIO
oz _ . Sy +ay)-f(x, y)
oy A0 Ay
BOJIHO#1 TIepBOro mopsiaka QYHKIMU Z N0 nepeMeHHoi y. OHa Takxke Mo-
JKET 0003HAYATBCA f) (x, ).

, KOTOpasi HAa3bIBACTCA YaCTHOHU IMpoun3-

YacTHBIMU TPOU3BOJHBIMU BTOPOrO MoOpsiika QyHKIMU z = f (x, y)

HAa3bIBAIOTCSl YACTHBIE MPOU3BOJHBIE OT €€ YACTHBIX MPOU3BOJIHBIX MEPBO-
ro MOpSJIKA;

82 8 82 " . 822 a aZ " ;
P uma £ (x, y); 5 = 1 yy(X, J/),

8x2 ox Oy 5‘ 8y
0%z 8 (92 0%z 8 82 ”

WU y(x y); = WJIn xy(x, y).
Ox0y 8y ox 0y8x ox 5y

HNmeet MecTo TeopemMa 0 paBEHCTBE CMEIIAHHBIX TPOU3BOIHBIX.

Teopema IlIBapna. Ecinu yacTHble MPOM3BOAHBIE BBICIIETO MOPSAKA
HETPEPBIBHBI, TO CMENIAHHBIE MPOU3BOIHBIC OJHOTO MOPAAKA, OTINYAO-
yecs JIMiib NopsakoM audepeHunpoBaHus, paBHbI Mex1y coOoil. B

0%z B 0%z

YaCTHOCTH, 1 Z = f (X, ) uMeeM: = :
f( y) oxoy  Oyox

Ipumep. 1ns byukum z = cos(3x—4 y) HAWTH YacCTHBIE MPOU3BO/I-

HBIE BTOPOTO MOPSJIKA.
Pewenue.

S—Z = [y = const] = (cos(3x - 4y))’ =—sin(3x—4y)-(3x— 4y)’ =
x
= —sin(3x—4y)-(3-x'—0)=-3sin(3x - 4y),
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% _ [x = const]|=(cos(3x - 4y))’ =—sin(3x—4y)-(3x— 4y)’ =

=—sin(3x—4y)-(0-4-y')=4sin(3x—4y);
2

% = [y = const] = (—3sin(3x — 4y))’ =-3 cos(3x—4y). (3x _4y)' —
=-3cos(3x—4y)-(3-x'—0)=—9cos(3x—4y),

2 !/
0z =[x:const]=( 3Sln(3x 4y)) —3cos(3x 4y) (3x—4y) —
OxOy
=-3cos(3x—4y)-(0—4-y')=12cos(3x—4y),

2, ' ,

2 [x const] (48111( X — 4y)) 4co ( xX— 4y) (3x—4y) =

)/

=4cos(3x—4y)-(0-4-y')=-16cos(3x—4y).
NuauBuayajbHbie 3a1aHUA

Zaganme 1 J{nsg pyukumm z = f(X,y) HAUTH YaCTHBIC POU3BOTHBIC
0z 0z

— M — | UX 3HAYCHHUS B TOUKE X = X0 , ¥ = Yo.
ox Oy

3aganue 2 HaiiTu BTOpBIC YaCTHBIE MPOU3BOIHBIC
0%z 0%z 0%z

3ananme 3 Haiitu nonusiii nuddepennman pynkuuu z = f(x,y).

3ananue 4 Haiitu rpaguent ¢pynkiuu z = f(X,y) B Touke X = Xo ,
y = Yo.

3amanue 5 Haiitu npousBognyto pyHkiuu z = f(x,y) B TOUKE X =
X0 , Y = yo IO HampayieHut0 BekTopa (1, 2).

3amanue 6 Hanucars ypaBHEHHS KacaTeIbHOW INIOCKOCTH U HOP-
MaJjii K TOBEpXHOCTH Z = f(X,y) B TOUKE X = X0, Y = V0.

3amanue 7 Paznoxuth pyHkiuto z = f(x,y) no dopmyne Teitnopa
(mpu n = 2) B TOYKE X = X0 , Y = Yo.
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No f(x,y) X0 Y0 c d
1 2 3 4 7 8
2
X .
1 — *sin(x —y) 0.1 |12 | —4 1 2
y
X
2 y_z'COS(X+Y) 02|18 | = 1|2
X 2
3 — In(x" +y) 1118 | — 1|3
y
s | 25 Grxey) | s | 1 |5
\/§+2X ’
: 2
S1n + X
5 by 2) -2 |45 | -3 0 5
\/§+2X
2
cos(y“x)
6 — 5" =) ] -3 0.5 2
y+2x
7 | sin(x+2y)-cosx?) |02 | 1 —1 05 | 1.5
8 sin(x —y) 06 |12 | -2 0 |15
2+ cos(xy)
eX 7Y
9 125 cos(xy) 05| 1 [-07 05 | 1.3
10 arctg(x +vy)
0.6 | 1.6 |—0.7 14 |19

(:os(x2 + y2)

1. 3anucath Gopmynsl s BBIYUCICHHUS TIOMIAIN TNIOCKON (DUTYpHI, 3a-
JAHHOM B JIEKAPTOBOM CHUCTEME KOOPAMHAT, B MOJIIPHOM CUCTEME KO-
OpJAMHAT, MapaMEeTPUUYECKHU.

2. 3anucath GopMybl Il BEIYUCICHUS JJIMHBI YT TJIOCKOM KPUBOM,
3aJJaHHOM B J€KApPTOBOW CHCTEME KOOPJIMHAT, B IMOJISIPHOW CHUCTEME

KoHTpoJibHBIE BONPOCHI

KOOpPJMHAT, MTApaMeTPUUECKHU.
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. 3anucatrb (HopMyJbl [l BBIYMCICHUA O0BEMA M TUIOMIAIU OOKOBOM

MMOBEPXHOCTU TEJa, MOJYYEHHOrO BPAIICHUEM JyT'M KPUBOM BOKPYT
ocu OX u Bokpyr ocu OV, 3a1aHHON B JIEKAPTOBOM CUCTEME KOOPAH-
HAT, B ITOJISIPHOW CUCTEME KOOPAUHAT, IapaMETPUUECKHU.

. UTo Takoe JyacTHas MpOU3BOIHAS?
. Kak ¢popmynupyercs TeopemMa 0 CMEIIaHHBIX TPOU3BOAHBIX ?
. CKOJBKO pa3IMYHBIX YACTHBIX NPOU3BOIHBIX 4-TO TOPSAJIKA HUMEET

GyHKIUS OT TPEX MEPEMEHHBIX ?

. Uto takoe nonubiit quddepeniman? Ero reometTpudeckuii CMbICH?
. Hanmnmure ypaBHEHHE KacaTeNbHOU IIJIOCKOCTH U HOPMAJIH K IMOBEPX-

HOCTH.
B 4éM 3aknrouaeTcsa reOMETpUIECKUM CMBICH TPAJAUEHTA?

10. Yto Takoe mpoOM3BOIHAS 110 HAITPABIICHUIO?
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Tema 7. Jlu¢¢epenunajbHbie ypaBHEeHU

Onpenenenne. @yHkuus ) = @(x) Has3biBaeTcs peueHuem audde-

PEHIIMAILHOTO YPaBHEHUS, €CIU MPU MOACTAHOBKE (PYHKIIMHU B 00€ 4acTu
ypaBHEHHU: MOJTy4yaeM BEpHOE PABEHCTBO, T. €. TOXKJIECTBO.
Omnpenenenne. @yukuusa y =@(x,C), rane C npous3BoiIbHAs MOCTO-

sSSHHasl BEJIMYMHA, Ha3bIBaeTCA OOIMM pemieHueM auddepeHIaIbHOTo
ypaBHeHUsA (8) B HEKOTOpO# oOiactu D, ecim oHA yJIOBIETBOPSET JIBYM
YCJIOBUSM:

1. ITpu mobom gomyctumom 3HaueHun C pynkuua y=@(x,C) —

pelieHue ypaBHeHus (8).
2. lns nmro6oit nonyctumoit 3agaun Ko Bunga (9) cymiecTByeT mo-
crossHHast Co Takas, YTO BBIIOJHEHO PaBEHCTBO ), = ¢(X,,C,). IT0 03Ha-

4aeT, 4yTo AJa Jr00i gomyctuMmon 3agaun Komm cymiecTtByeT XoTst Obl
OJIHO PEIICHHUE.

OTH ONpENESICHUs] MOKa3bIBAIOT CaMble OOIIUE CBOMCTBA CTPYKTYPHI
pemieHusi. OHU MOKA3bIBAIOT, YTO PELICHUA ypaBHEHHsS] OECKOHEYHO MHO-
ro W JJIA BBIICJICHUS PEIICHUs] U3 OOIIEero MHOKECTBA HYKHO YMETh pe-
muTh 3anadyy Komm. B aHaiuTHueckoM BHJIE CXE€Ma pELICHUs 3aadu
Ko qiist ypaBaenust (8) Takona:

1. HyxHo HaiiTu oOiee pemienue y = @(x,C).

2. IloncraBuM B 00l1iee pellIeHUE 3HAYEHHUS Xo U Vo U MOJTYyYUM ypaB-
HEHUE:  V, =@, (x,C) .

3. Peminm 310 ypaBHenue u HangeM C,, .

4. TloncraBum 3HaueHne C, B oOLIee PENIEHUE U HAWJIEM pELICHUE
3anaun Komm y = @(x,C,).

Hanpumep, pemenue (3) siBisiercs oOmum st ypaBHeHus (2). A
pemienue (5) sBisieTCs pelneHrueM 3aaadyu Koy,

Pemenne 3amaun Ko Toke MOXKET OKa3aThCsi HEEAMHCTBEHHBIM.
[ToaTOMY Ba)XHO BBISIBUTH YCJIOBHS, IPH KOTOPBIX pelieHne 3anaun Komm
€IMHCTBEHHO.

Teopema. Ecniu pynkuus z = f(x, y) HepepbIBHA U UMEET YACTHYIO

IIPOU3BOJHYIO I10 ), IPUYEM

il <M <o,
y
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TO ypaBHeHHe (8) st 1r000i 3agaun Komm umeeT eJuHCTBEHHOE pelie-
Hue. (be3 nokazarenbcTBa).

Mgl BUAMM, YTO NIPU JOCTATOYHO HIMPOKHUX YCIOBHUSIX PEUICHUE 3a-
nmagyn Komm e TMHCTBEHHO.

Pemenue 3amaun Komm, ecim OHO €IMHCTBEHHO W MOJy4aeTCs U3
oOuiero pemeHus Npu HEKOTopoM 3HaueHun Co, HA3bIBAETCS YAaCTHBIM
pELIEHUEM.

KpoMe 4acTHBIX pelIeHHi CyHIECTBYIOT €UIe 0COObIe pelIeHus, KO-
TOPBIE HEBO3MOKHO IMOIYUYUTh U3 OOLIErO.

Onpenenenue. OyHkuus y =@(x) Ha3bIBA€TCA OCOOBIM pPEUICHUEM

muddepeHIManb,HOT0 YpaBHEHUSI, €CIIM OHO SBIISICTCS PEIICHHEM W HE
MOXET OBITh MOJYYEHO U3 OOIIEro, Kak YaCTHOE PEIIeHUE sl HEKOTOPO-
ro 3HaueHus Co.

Bragane MBI paccMOTpuM METOABI perieHui auddepeHITnaIbHbIX
ypaBHEHUN TMEPBOTO TOpsiAka. TOUHBIE METOJbI PEIICHUN BO3MOMKHBI
JUIIb JIS1 y3KUX KiaaccoB AudQepeHInanbHbIX ypaBHEHUNH. MBI paccMOT-
PYM OCHOBHBIE.

I[H(l)(pepeHHI/IaJ'IBHBIe ypaBHeHI/IH C paBI[eJ'IHIOHII/IMI/ICH HepeMeHHBIMI/I
V'=f(x)gW),
Tac npaBa;I HqacCTb ABIIACTCA HpOI/ISBeI[eHI/IGM I[BYX q)YHKHHﬁ, n3 KOTOpBIX
OJHAa 3aBUCHUT TOJIBKO OT X, a BTOpaH TOJIBKO OT y, HA3bIBACTCJI ypaBHCHI/I-
cM C pa3I[eJ'I$IIOHIHMHCH HepeMeHHBIMI/I. 3al'II/IHIeM ypaBHeHHe B BHJIC

dy _ | dx
o f(g») | s
Y rx.

g(y)

[TocnenHee ypaBHEHHE HA3BIBACTCS YPaBHEHUEM C pa3JeleHHBIMU
nepemMeHHbIMUA. OHO TIpeAcTaBiIsieT cO00M PaBEeHCTBO ABYX AuddepeHin-
anos. Eciu n1Ba nuddepennumana paBHbl, TO paBHbI U UX HEONPEAECICHHbIE
MHTETrPaJibl C TOYHOCTHIO O MOCTOSTHHOTO ciaraemoro. [Ipounrerpupyem
3TO ypaBHEHUE

D ryde+ C
Ig(y) [/ GdeC.
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Haiinem, eciu 3T0 BO3MOXKHO, IEPBOOOPA3HYIO OT MpaBOM U JIEBOU
yactu. [lolyueHHOE pAaBEHCTBO HA3BIBACTCS HMHTErPajiOoM YPABHEHHS.
BripazumMm, eciii BO3MOKHO, U3 MOJIYYEHHOI'O PABEHCTBA y B IBHOM BHJE.
[TomyuuMm ob11ee pelieHre JaHHOTO YPaBHEHHUS.

PaccmoTpum ypaBuenue g(y) =0.

OHO MOXET UMETh pelIeHus Buaa y = y,, k=1,2,3,... Tak kak npous-
BOJ{HAS ITOCTOSIHHOM paBHA HYJIIO, TO 3TH PEIICHUS SBIISIOTCS PEIICHUSIMHI
JTAHHOTO YpaBHEHHs. YOCTUTHCS B 9TOM MOXKHO HEIOCPEICTBEHHOMN ITO/I-
cTaHOBKOM. [IpM HEKOTOPBIX YCIOBHSX OHM MOTYT OKa3aThCs OCOOBIMHU.
PaccmoTpuM ypaBHEeHUs 0ojiee 00I1Iero Bujaa

M, ()N, (y)dx + My ()N, ()dy =0. |

M, (x)N,(»)
Paznenum o0Oe 4vacTu ypaBHEHUs] Ha MHOXUTENIb Ma(x)Ni(y) nipu

ycaoBud, uto  Mo(x)Ni(y) #0 u nepeneceM BTOpoil wieH Bopaso. [loiy-
qUM

M) oo N0 g
M, (x) Ni(y)
[IpounTerpupyem paBeHCTBO
M) (M),
M, (x) Ni(y)
[TosryunM WHTErpas JAHHOTO YpPaBHEHMSI.
PaccmoTpum ypaBHEHUS
M,(x)=0; N, (y)=0.
Nx pemieHnss MOTyT JaTh OCOOBbIE PEIICHHS paccMaTPUBAEMOIO
YPaBHEHUS.

Oyukuua z = f(x,y) Ha3bIBaeTCs OJHOPOAHON GyHKIMel mopsa-

Ka m, eCu JIs 11000T0 A BBITIOJTHSAETCS paBeHCTBO f{Ax, Ay) =A™ f(x,)).
JuddepennmaibsHoe ypaBHEHHE TIEPBOTO MTOPSIKA

V'=f(xy),

HA3bIBACTCSI OAHOPOAHBIM, eciii QyHKIUs z = f(Xx,)) SBISIETCA OJHO-

POAHOM (PyHKIIMEH HYJIEBOTO MOPSIAKA, T. €. IJIs J000r0 A BBIMOJHSICTCS
PaBEHCTBO

SOx, hy) = flx,p).
[Tonoxum A=1/x. Tormoa
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SOx, W)= fixlx, v/ x) = f(1,y/ x).
Jl1d penieHust OAHOPOIHOTO YPABHEHHUS BBEIEM 3AMEHY

u=y/x wm Y=
Torma
Vv =xu+xu' =u+xu
u S(x,y)=f(Lu).
[MoacTaBuM (GYHKIHIO H €€ IPOU3BOJHYIO B HAYAIBHOE YPAaBHECHHUE
u+xu' = f(Lu)
WIN
xﬂzf(l,u)—u. ax
dx x(f(Lu)—u)

YpaBHEHHE MONYYEHHOE— 3TO YPAaBHEHHME C Pa3ACISIONIAMUCS IE-
PEMEHHBIMM.
Ilpumep. HaiTu penieHrue ypaBHEHUS

' 3
Yy tXy=x7,

_ _ .3
YpaBHEHUE ABIAECTCA JIMHEWHBIM, B KOTOPOM P(x)=x, O(x)=—x"
Beenem 3ameny
yv=uv, y=uv+u/

Torna uv+u +xuv=x.
[IpousBenem rpynmupoBKy U BeIOEpeM GYHKIIUIO V U3 yPaBHEHUS
dv
—+xv=0.
dx
N dv = —XV. dx
dx v
Pa3znenum niepeMeHHbIe
d
Y xdx.
v
[Ipounterpupyem
dv —j xdx
v
[Tomyyum
2
Inv|—In|C|= =
2

Otkyna



_r
v=Ce 2.
ITonoxum C=1. Torga
2 2
_x r
e 2 =x* wm @zfez.
dx
Otkyna
x_z u=x’ du = 2xdx
2 2
uzjxezdxz ﬁ r X o=
dv=xe2 dxv=[xe? dx=e?

OO1ee penieHue

y=uv=x"-2+Ce
NuauBuayajibHbie 3a1aHUSA

3ananue 1. Haliqute o0mumii uaterpan auddepeHnnanbHoro ypas-
HEHUS

1. 4xdx —3ydy =3x’ydy—2xy’dx
X\1+y° +yy'V1+x> =0

4+y2 dx —ydy = Xzydy

6xdx —6ydy = 2x*ydy—3xy~°dx
(e** +5)dy+ye**dx =0

XA3+y  dx+y/2+x°dy=0

2
3
4. 3+y2 dx—ydyzxzydy
5
6
7
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2

1—-x
2+1:O

I-y
0. 6xdx — 6ydy = 3x’ydy — 2xy°dx

10.  x{S+y dx+yV4+x>dy=0

8. Yy

3apnanue 2. Haiinute oOuuii unterpan aud@epeHuaibHOro ypas-

HCHUS
2 3 2
1. y'=y—2+4z+2 2. Xy':3y 2+2y>;
X X 2y° +x
, X+ '
3 Y=X_§ 4. |y =Xyt 4y
2 3 2
3
X X 2y° +2x
g |y =2 8. | xy'=2yx"+y’+y
‘ 2X -y
2 3 2
9. |3y'="-+87+4 10. | xy'=> 2+6YX2
X X 2y° +3x

3ananme 3. Halinure pemenue 3agaun Komu

Ly -2=x, y)=0
X
, : T
2. y —yctgx =2xsinx, y(gjzo
, 1 .
3. y+ycos>(:5s1n2x, y(0)=0

n) 1
4. "+ =cos’ X, —|==
y +ytgx Y(4j 5

3
2

=X~ +2x, —1)=—
X+2 y&=D 2

5. y — Y

!/ 1 X
6. y-———y=¢e(x+1), y0)=1
X+1
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7. y'—zzxsinx, y(Ej:I

X 2
Yy 1
8. y +==sinx, y(n)=—
X T
9. y+21=x) y)=I
2xX
. 2% 2x* 2
10. y + y = =, y(0) ==
1+x

1+x2 3

3apnanue 4. Haiinure o6muii uaterpan audpepeHunaIbHOTO ypaBHe-

HHUS
1| yxInx =y 2 | xy"+y"=1
3 [2xy"=y" 4 |xy"+y"'=x+1
5 |tex-y'-y'+ .1 =0 6 | x’y"+xy =1
sin X
7 | y"ctg2x+2y" =0 8 | x3y"+x2y" =1

9 th . y!" — zy" 10 yl”cthzx — 2y”




55

Tema 8. UncioBbie 1 QyHKIMOHAIBbHbIC PAABI.

Tl'apMoHuYecku aHaIu3

OCHOBHbIEC NOHATHS YUCJIOBOI0 PsAAA
ITycTh 3aaHa nocie10BaTENbHOCTh YUCEI

Uy, Uy, U3z,..., U, Uy s
Bripaxxenue Buaa

o0
U+ Uy Uy et Uy F Uy e o DUy (1.1)
n=I

Ha3bIBAIOT YUCTIOBbIM PAOOM.

Yucna ui, Uz, Us,...,Un, Un+i, ... HA3BIBAIOTCS WICHAMHM psifia, a Un —
N-bIM UJIU 00wum 4ieHom psda. Psj cuuraercs 3aJaHHbIM, €CIU 3aJaHO
paBUJIO, TTO3BOJISIONIEE MO W3BECTHOMY HO MEPY N €ro 4jeHa 3alucarh
ATOT YJIEH psija.

Cymma n mepBbiXx wieHOB psiaa (1.1) Ha3piBaeTcs n-oil YaCTUYHOU
CYMMOI1 psiia 1 0003HAYaETC CUMBOJIOM Sp:

S, =u;+u, +tuz+..+u, (1.2)
Ecmu cymectByeT KoHeuHbIM npegen S= lim S, To rosopsr, 4uro
n—oo

ATOT P cXoauTcs. B 3Tom ciydae 4yucio S Ha3bIBACTCS CYMMOU CXOOS-
wezocs psda (1.1). Ecau xe yacTudHas cymma S, HE UMEET KOHEUHOIO
npezaena npu n—oo , To psafg (1.1) HazpIBaeTca pacxooswumcs, TaKou psij
cymMbl He umeeT. Ecnu psia (1.1) cxoauTtest 1 ero cymma paBHa S, TO pas-
HOCTBh S — S, Ha3bIBAa€TCS N-bIM OCTAaTKOM psifia U obo3Hauvaercs R,. Ocra-
TOK R, =u, 1 +u, o +... TAKXKE ABISACTCS YUCIOBLIM PAOOM.

O0001IeHHBI TAPMOHUYCCKUN PAJ
O06001IEeHHBIM TAPMOHUYECKUM psiioM (psigom [{upuxie) Ha3bIBaeTCs

psa BUAA:

=1

-, 1.3
25 (13)

rjae p — Jirodboe aercTBUTENbHOE unciio. Kak Oyaer gJoka3aHO HHMXKE, 3TOT

pan cxonutcs npu 1>p u pacxonurcsa npu 1<p . Hanpumep,
1 1 1

= 1
Hamnpumep, 1—|——2+—2+...+—2+...=Z—2, 3necy p=2>1, psn
223 n !
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pPacxoauTCs.
P 1+1+1++1+ il 1>1
o —=t—F=+..t—F=+..= Q) —— pacxomurcs, T.K. P=—
AT R BT T & pasxon P=3
n2
1 1 |
Pan 1+ —+—-+..+—+..= ) —  Ha3pIBaCTCAd 2apMOHUYECKUM, OH
2 3 n on
pacxoauTCs

OcHOBHbIE MOHATHS (PYHKIIMOHAJIBHOIO psiaa
Psan

o0

Z u, (X) = (X) +u, (X) + U.3(X) +...+ un(x) +...  Ha3bIBacTCH d)yHK_

n=l
YUOHAIbHBIM, €CJIH €T0 WICHBI SBISIOTCA (QYHKIUAMH OT X, UMEIOIIMMU
oOmryto obnacte ompeneneHusd. [Ipu ogHuUX 3HAYCHUSAX X U3 (PYHKIIHO-
HAJIBHOTO PsJia TIOJTY YaOTCS YHCIOBBIC PSIIbl, KOTOPBIE MOTYT OBITh CXO-
ISUMUCS WK pacxoasimuMucs. Ecnu QyHKIMOHATBHBIN Pl CXOAUTCS
IpH X = Xg, TO TOBOPST, UTO PAJl CXOAUTCA B ToUke Xo. O0IaCThIO CXOIH-
MOCTH ()YHKITMOHAIBHOTO Psiia HA3bIBAETCS COBOKYITHOCTh BCEX 3HAUCHUH
apryMeHTa X, IPU KOTOPBIX 3TOT P CXOTUTCA.

OcCHOBHBbIE IOHATHSI CTENIEHHOT 0 Psijia.

Ecnu wiieHsl un(X) PyHKIIMOHATBHOTO psA/ia ABJISIOTCS CTEHNEHHBIMU
GYHKIUAMU apryMeHTa X, TO psAl Ha3bIBaeTcsi cmeneHHbiM. CTENIEHHBIM
PSIOM Ha3bIBACTCS PsJl BUAA

o0
2
ag+ay(Xx—Xg)+as(Xx —x()" +..+a,(x —xo)" +..= D A (x—x()",
n=0

IJIe X0 — JAaHHOE YHCIIO, d(),a1,d5,a3... — H3BECTHBIC YUCIOBBIEC KO(PhHUIIH-
eHThl. B yactHOCTH, eciii Xo=0, TO mOTy4aeM CTEIICHHOW PAI:

o0
ap+a;X +2,X” +23X° +...+a,x" +..= > a,x", KOTOPBIA BCerja cxo-
n=0

autcs npu X =0,
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Ilpumep 1. 3anummure psA Y a, B pasBepHYTOl (opme
n=1

a,+a,+..+a, +..,ecau 3a0ad ool wieH a, = ——— psga. s

ATOr0 HAUJIUTE S5 MEPBBIX WICHOB Psa.
Pewenue.
[Tomaras:

n=1,umeeM a,; = =

n=2,umMeeM a, = =

n=3,AMeeM a; = = = = = ;

.T LT

sm4+1 smg

n=4,umeeM a, = = ;
V4. 2° 8

T oo

:sm5+1 i s1ng . | i J10 |
J5.25  J160 24160 80

Psn B pa3BepHyTOi PopMe 3anucu UMEET BUJ

(s

. . T
NN ) smg J10 sm—nJrl
F—t—+ + +.. Tl
28 12 8 80 T Jy.om
0 1’1_211

Ilpumep 2. Beraucnure cyMMy psija Z 5
n=0

n
X 3ot 23\ & (2 1 1 5 5 5
Pewenue. )’ :Z(—j —Z(_j L S ——
n=0 5 5 2 i 2 3 6

n=>5, UIMEEM as

+... .

n=0 50 n=0 1-— 1-
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Mp1 BOCTIOJIB30BaIUCh (POPMYIION NI CYMMBI CXOJSIICICS TEOMET-
PUYECKOM MPOTPECCUMU:

o 1
anzl—a (‘q‘<1)
n=0 —q
® sin* 2"
Ilpumep 3. UccnenoBare CXOOMMOCTH Pslia Z—Zn , IpUMEHSA
n=101+

IIPU3HAKN CPABHECHUS.
Pewenue. Wccnenyemplil psll ABISAETCS PSIAOM C HEOTPULATEIbHbI-
MU YJICHAMH, U JJISl BCEX HATYPAIBHBIX N BBIMOJHSIOTCS HEPABEHCTBA

o sin"2" 1 <i_(1j“
“n+2" n+2" 20 (2)

0

n
F€OMCTqu€CKaH IMpOorpeCCcus Z(—j CXO0O4uTCAdA, T.K. €€ 3HaMCHAa-
n=1

1
TEIb ( = 2 MEHbIIIE eANHULIBI. TakuM 00pa3oM, MO MPU3HAKY CPABHEHHUS

CXOIUTCS Y JAHHBIN PS/I.

22" n? +3

IIpumep 4. VccnenoBaTb CXOAUMOCTD psifa ). , IpuMe-
a1 (n+2)]

Hsig npu3Hak [{anambGepa.

Pewenue.

Hccnenyemsplil psaja SBISETCA PSAOM C MOJIOKUTEIbHBIMU YJIEHAMM.
Haitnem npenen otHouenus (n+1)-ro uieHa psija K n-oMmy WieHy psija

23 (n+1)* +3
2" 3(n+1)° +3-(n+2)!

lim 2l = fi — ((FDFDE
now @, nowe 203 p? 43 o 0.3 n? +3-(n+3)!

(n+2)!
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23n2 42044 (n+2)

lim =
n>e Yn2e3  (+3)-(n+2)!
2
=2-lim3\/n P i L _2.1.0=0.
n—>o n- +3 n—wo (N + 3)

a,
Urak lim —2+ <1, MpEeAe MEHbBIIE €IUHULBI U, MO Npu3HaKy Jla-
n—o .

naMOepa, UCCIIeNYEMBII psifi CXOIUTCS.

Ilpumep. BpruyucinTh 3HAYEHUE ONPEACICHHOIO HHTErpaia
1 2x

e’ —1
y= I dx ¢ TouHOCcThIO 110 0,001.
X
0
Pewenue.
e* —1
HNHuTterpan y sBiaseTcss HECOOCTBEHHBIM. Tak Kak lim =2, TO
x—0 X

nosioxkum F(0) = 2.
O603HaunM f(x) = e** —1. Paznoxum f(X) B cTeNeHHOH psx

fo=e? 1= B, @01 @O g
2! 3! n!
rae R, (x) - n-bIlid OCTATOK, JOIYCKAKOIMK OLeHKY Jlarpanxka.
[R,(0) < [x|™, tme M= max [f"V(x)].
(1’1 + 1)' x€[0,1]

Tak xak £ (x)=e?* .2™! y skcroHeHTa JOCTUTAET MAKCUMAJIBHO-

ro 3HA4YEHUS Ha HpaBOM KOHIIE OTpe3Ka, To M =e? - 2™, CreroBaresHo,
1 n+l
2.t 9.2
n+l< | X |1’l+l )

IRa ()= ( e T S

3HAUMHT,

1 1 2x 1 2 3 n
R
j@dx=je dx —j(2+2—x+2—x +. +2— n_1+&
x . 27 3

)dx =

n! X

2 3 4 n Lo
R
=(2x + A S N S x™) +I&dx:

21-2 33 41-4 n!-n o o X
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R, (x)

9 . 21’1+1

rae R, I—dx

X
OHCHI/IM R, CBepxy:

R 1 g.~n+l AN+l n+l |1
R, |<j| Ral) g [0 o =22 I

o m+D! (m+D!(n+1) |,
Tenepf, 1moj0epemM n Tak, 4ToObl
9 . 2n+1
<0,001.

(n+D!(n+1)

m+D!n+1)

Jlnst aTorO N 6yAemM uMeTh |R , [< 0,001 u Tpedyemasi TOUHOCTh

9
n=_y 02 = 4 >(0,001;
9.9 2835
10
n=9 02 = 4 <0,001.
10!-10 15750

29

Le2x _1 22 23 24 23 6 o7
I dx
0

3,7155 <J <3,7175.

Mt —t—+—+—F+—+—+—+
212 313 414 515 66 77 88 919

~3,7165,

HGO6XOI[I/IMO B34ATb B CYMMC 9 cjlaracMbix, 1 H€O6XOI[I/IMa$I TOY-

HOCTb 6YI[CT HAOCTUTHYTA.
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NuauBuayanbHbIe 3a1aHNUs

3ananue 1. 3anucarth psijg B pa3BepHyTOH (popme
a,+a, +...+a, +...eciu 3a1ad oOMH WieH an psjaa. Belpaxenue nis

00I11Iero YjieHa B3ATh B TaOIHLIE

n dn n dq
I1'2n n2
S 2 | m+2)
(_1)1’1+1 n2
3 2 2 SS
n“(n+1) n!
(-)" 2n—1
5 T 6 2 12
Jnm+1) n-(n+1)
iy 02 41 7-13-19-...-(6bn +1)
7 20 ! 8 (n3)!
2 10 n+1
nel N7 +1 - -
9 (_1) ' 211 31’1
11 D" -2n-1)(2n+5) 1-4-7-...-(3n—-2)
12} 2.7.12-...-(5n-3)
1+2" L T
_1 n . — SN —
13 | =D 3 14 | 277 5n
—1+2-(-n"*! Inn
15 ol 16 n
2 27n
17 | pmrh—— 1g | cos
30 (n+2)!
n? +1
(_1)n+1 .1’1+2 1
19 o’ 20| (n+1)+sinn
n.3n+1 1
21 | (D" o 22 | po’+l
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3ananue 2. Haiitu cymmy psina

n a n n a n
0 0 n n-1
Y ! 2 |y 3+
~ (n+5)(n+4) ~ el
3 i 2 4 i (1+2™)2
= (@-4)(n-06) I 4"
- 3 = 145"
5 6
r; n(n - 3) ; 32n-1
0 o0 n n+l
7 Z 1 2 Z 2" -3
no11 (0= 9)(n—10) o 3
o0 o0 n
9 Z 2z 10 Z @ -D
o (n+2)-n B L
o0 o0 n
1 Z 2 12 Z G+
= (n—=2)(n-4) B S
o0 0 2n n
n=8 (n - 4)(1’1 - 7) n=1 7n+1
> 1 2, 304
15 16
112216 (n—4)(n-5) g{ o301
0 0 2n+1 n
7y 2 RN Y ——
= (n+10)(n+38) = 10!
o9) 0 2n
19 Z 1 20 Z 1+2
n=2 n(n B 1) n=I 8n+1
3aganue 3. lccinenmoBaTrh CXOAUMOCTD psijia, PUMEHSS NPU3HAKHU
p p p
CpaBHEHUSA
n a, n ay,
1 i 2 i
n=l /N (Il +4) n=l 57 - +(n-1)
3 i 4 i
- 1/n(n +1) - n(n + 1)(n +2)
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5 o0 1 6 © (] n
E n-lnn El(;_n2+l)
7 2, sin’nvn 8 = 2" +1
nzzl nvn nz; 30 41
9 2, sin’n 10 2, cos’ 5n
E n? +1 ; n!

1 > n 12 S
Z‘i 5+n?-3n nZ=:1 vn? +4n

=
I

> 1 > 1
13 - 14
nzz‘i In n nZ:1 (n+l)-3n+5
2 Inn = n
15 16
; n3+1 ; n4+9
0 o0 2 An
~ (2n+1)(2n +5) ~ 2
= = 2n +1
19 Z n-sin — 20 et
~ 20 E n?(n+1)?

3ananue 4. VccrnenoBaTh CXOIUMOCTh psifia, IPUMEHsIA npu3Hak Jlanam-
oepa, Ko (c pagukaiom) u HHTErpaibHbIN pu3Hak Ko

n aIl an aIl
2
—  (n+1) © - - e V!
Ly lf_n
o 2" (=D Z o (ml)l 2%

2, (n!)? 0 " - n
o2 E{ n) 4o o 1+n?
00 2n+1 o b n 00 1
3 2n° +1
r; (n+1)! HZ:; Il2 HZ:‘E n(ln n)2
4 i 107 (2n)! “ (on+1\" < 1
2 2n+1)-(2n +3)

—
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=
&

iMs

(

2n jn
3n+5

o0 n o0 1
6 Z nZ.e™ © (2n2+2 Z
2
= 2 |t S el
= n"  (4n-3\" - 1
/ Z 30 . q! Z 5n+1j Z (n+3)-In(n+3)
n=1 Rt n=l n=l
- 2)\" © n’ — Inn
8 | > <n+1)-(—j n j > it
o 5 2; 10n+5 o Oon
9 = 1’12+5 n+2 n2 Il2
~ @m%+2)-2" nﬂ(sn—lj “~ n®+4
0 I,11’1 o0 n—l n 1 o0 1
10 (_j L
Zl (n)? zi n ) s Zl n-in2n

3aganme 5. Hailftu obOnactb cXOAUMOCTH (PYHKIHMOHAJIBHOTO psiaa

Zlfn (x).
N Bap. fa(X) N Bap. fu(x)
1 2 3 4
1 (x+1)" 2 n? +1
JVn 20 (x —2)"
3 (n+1)° (x+2)" 4 (x-2)"
2n+3 (3n+1)-9"
5 (X + 5)2n+1 6 (X i 2)11
4"(n+2)° n-8"
[ R )
(n+1) n™!
9 (X + 3)n 10 (_ 1)n+1
2" .n? (n+1)-In(n+1)-(x-3)"
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U S ey ?| e
n" (n+1)-9"
13 nin+1 n 14 3n+8 i
fl_3)(x_1) 8 )
15 (x -5)" 16 V2n+1
(n+4)-In(n +4) 2" (x+2)"
7 ) (x-2)" 18] )" (x-3)"
(n+1)-In(n+1) 2n+1)-16"
19 3n+2 20 | p2.x"
(n2 +9n + IXX + 2)11 n!

3apanue 6. Paznoxuth QpyHkiuio f(X) B ps M0 CTENEHAM X — Xo.

N Bap f(x) Xo | N Bap f(x) X0
1 2 3 4 5 6
1 sin(x+3) 0 2 -3 0

x%+x-2
2 | In(10x-3) 1 4 | ax+7 1
5 1 0 6 In(3x + 2) 1
x> —3x+2
7 o3x2 1 8 ex 3
9 2 0 10 | x%cos(x +1) 0
x> —4x+3
I1 | cos(x—2) 0 12 2x+2 0
3x% —2x —1
13 1314x2 14 | x-sin@x+1)
15 |In(x+2) 16 shx
~ +cos X
17 | e>*! 2 18 | 31+x 7
19 x+1 0 20 |[In(3x+1) 0,2

2x2 +3x -2
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3ananue 7. Boruncnuth 3HaueHue pyHkuuu f(x) B 3aJaHHON TOUKE
X0 (f(x0)) ¢ Tounoctbio 10 0,001.

n f(xo) n f(xo) n f(xo) n f(xo)

37 2 |Sin0.21 3 139 4 |Cos0,22
5 |1/4e 6 |Lnl,l 7 | Cos 0,4 8 |30
9 |Lnl2 10 | Sin9° 11 |Lnl,3 12 | Sin 10°
13 | 336 14 | Sin18° 15 | 31,06 16 | 1/4%
17 | 3145 18 | Cos 0,24 19 | 3246 20 |Ln1,05
21 | Cos 0,25 22 (Y72 23 |Lnl,5 24 |0
25 | Sin 36° 26 |Cos 15° 27 | 3130 28 |Ln1,08
29 | Sin 0.4 30 | 1/3e 31 |Cos0,31 32 | 27

b

3agnanue 8. BeranciauTe onpeneneHHbI HHTErPAIT If (x) dx ¢ TouHO-

cthio o 0,001.

N Bap f(x) b N Bap f(x) b
1 |cosx® 1 2 | 414x3 0,5
3 1 0,5 4 | In(1+x/2) 1

V1+x? X
5 sin X _1 0,5 6 o2X° 0,1
X X
7 |sin2x 0,5 8 | In(1+3x) 0,1
2 X
2
9 1n!1 +x ’ 0,8 10 <in \/g 0,5
X 2
11 e—zx2 0,2 12 1 1
Y8+ x3
13 | shx 1 14 1 0,5
———chx —-arctg X
X X
15 | cosv/x 1 16 |xIn(1+x3) 0,4
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1

7 | cos (10x?) 0,1 18 x 1

1

X
9 —7x2 0,5 20 arctg\/; 0,36

(OS]

N

8.
9.
10.

11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

KoHTpoJibHBbIEC BOIIPOCHI

[ToHSITHSI YMCIOBOTO Psifia, YACTUYHOM CYMMBI U OCTaTKa psjia, CXOIU-
MOCTHU U CYMMBI psJa.

[TpuOamKeHHOE BHIYUCIIEHUE CYMMBI Psijia ¥ OIICHKA MOTPEIIHOCTH.
Omnepanuu HaJ pagamMu (CyMMa U pa3HOCTh PSZIOB, MPOU3BEICHUE PsJia
Ha YMCJIO0, MPOU3BEICHUE PsAoB). TeopemMbl 0 CXOAUMOCTA CYMMBbI U
Pa3HOCTH PSAJOB, IPOU3BEICHUS Psijia HAa YKCIIO, TPOU3BEACHUS PSIIOB.
Kpurepuii Komm cxoaumMocTu 4ucioBoro psjaa.

HeoOxoauMbie TpU3HAKU CXOAUMOCTH PSIOB ([Ba MpU3HAKA: B Tep-
MUHAaX YWICHOB psifia U YACTUYHBIX CyMM psijaa). [IpuBectu npumepsl,
MOKA3bIBAIOIIME, YTO AT MPU3HAKKU HE SBJISIIOTCS TOCTATOYHBIMU MPHU-
3HAKaMU CXOJUMOCTH.

Omnpegenenne rapMoHHueckoro psiga. Ilouemy 3TOT psll Ha3bIBaeTcs
rapMoHu4YeckuM? YTo MOKHO CKa3aTh O CXOJUMOCTH 3TOTO psjia?
CdopmynupoBaTh NPU3HAKU CPABHEHUS JIJIS PAJIOB C MOJIOKUTEIIbHBI-
MU YJICHAMHU.
Cdopmynupoats npuszHak JlanamoOepa. [IpuBectu npumepsl.
Cdopmynupoats npusHak Ko ¢ pagukanom. [IpuBectu npumepsl.
ChopmynupoBaTh UHTETpaNIbHBIN Tpu3Hak Ko, [IpuMeHUTh 3TOT
MPU3HAK K UCCIIEIOBAHUIO CXOJIMMOCTH TapMOHUYECKOTO PsJIa.

Urto Ha3biBaeTCAd (PyHKIIMOHATBLHBIM PSIIOM?

O6nacTh CXOIUMOCTH (PYHKITMOHATILHOTO Psa.

Psn Teitnopa nist pyHkumu f(X) 0o CTeNeHsM X — a.

Uto Ha3bIBAETCS CTENEHHBIM PSIIOM?

O6sacTh CXOMMOCTH CTEIIEHHOTO psiia. Teopema AGens.

OneHka octarka (PyHKIMOHAIBHOTO psija.

[IprMeHeHrne CTENEHHBIX PSAOB K TPUOIMKEHHBIM BBIUUCIICHUSM.
Teopema o0 HEMMPEPHIBHOCTH CyMMBI (DYHKIIMOHAJIBHOTO PsJIa.

Teopema 0 MOWIEHHOM UHTETPUPOBAHUU U TTOWICHHOM audepeHiu-
poBaHuu (YHKIIMOHAIBHOTO PsJIa.

PaBHOMEpHasT cXOIMMOCTh CTENEHHOTO psaa. Teopema Beueprpac-
ca.
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Tema 9. UaTerpanbHoe ucuucieHme GyHKUMIA MHOTHX Iepe-
MEHHBIX. JJIEMEHThI TEOPUH IOJISI.

3agaua 1.

N3MeHUTh NOPSAIOK UHTETPUPOBAHKS B IOBTOPHOM MHTETPAJIE
y
[dy [f(x,y)dx.
1 0

Pewenue. O6nactb HHTErPUPOBAHUS OPTaHUYECHA IPSIMBIMH Y = 1,y
= _ x=0,x=2y. Ha puc.l. ona npeacrasmnsier tpaneuuto ABCD.

Y 4
D H
Al B
0 X'

Pucynok 1. O61acTh HHTErpUPOBAHUS
[Ipu uHTErpUpOBaHUU B APYrOM MOPSAKE, BHAYaAJE MO y, HEOOXO -
Mo pa3outs obsacts ABCD npsimoit BH, napamniensnoit Oy Ha 1Be 4acTy,
TaK KaK HWXKHSS JIMHUAS TPAHULBI 3TOM 00JACTU COCTOUT M3 JIBYX 4acTei
AB u BC, xoTopbie UMeIOT ypaBHeHUsl y =11 y = Xx/2.
[loaTOMy MHTErpan npu U3MEHEHUHU MOPSIKA UHTETPUPOBAHUS OKa-
)KCTCH paBHBIM CymMMe I[BYX I/IHTeraJIOB

Idyjf(x y)dx = Idxjf(x y)dy+_[dx jf(x y)dy.

2 x/2
3amaua 2.
N dxdy
Beraucnuthk ABOMHON UHTETpal I _[
w/x + y

rae D — kpyroBoe KoJibIl0, 3aKJTI0UYEHHOE MEKY OKPY>KHOCTAMHU
x* +y2 =1, x? er2 =4 (puc.2)
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Ay
x> +y> =4
> X
x> +y? =1

Pucynok 2. O6nacte uHTerpUpOoBaHus D
Pewenue. 1Ipeobpa3zyeM ABOWHOW HMHTETpall, OTHECEHHBIA K JeKap-
TOBBIM KOOpJUHATaM (X,y), B IBOMHON MHTErpaj B MOJSPHBIX KOOPAUHA-
Tax (p,p). UMeeM X =pcos®,y=psin@. SIkoOHaH COOTBETCTBYIOIIETO
nmpeoOpa3zoBaHus PaBeH .
OuyeBHAHO, YTO TOYKaM (X,y)€D B3aUMHO OJTHO3HAYHO COOTBETCTRBY-
foT Touku (p,p) obmactu G ={(p,0):0<p<2n, 1<p<2}. [losTomy

JIAHHBIN UHTETPAJl PABEH

1

271 2
dpdo = ||dpde = |do|dp =
c}[\/pzcosz(p+p2sin2(pp PEw J(;J. PEe '([ (P! P
2t |2 27
=J.p d(p:J.d(p:Zﬂ:.
0 |1 0

3agaum 3-4

Beuucnute  00beM  T€na, OTPAHMYEHHOTO  MOBEPXHOCTSIMHU
hz = x2 +y2 , z=h (h>0).Halitu koopamHaThl IIEHTpa Macc Tela,
pearoaras, 4YT0 OHO OJJHOPOIHO

Pewenue. JlanHoe Temo OrpaHUYECHO CHU3Y I[apabOIOUIOM
x* +y?
Z= Y CBEpXY IUIOCKOCTbIO Zz=h ¥ MPOEKTUPYETCS B KpPYyr

x* +y* <h mrockoctu XOY.
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v

Pucynok 3. O61acTh UHTETPUPOBAHUS

HCHOJ’IB3Y€M OUINHAPUYICCKHUC KOOPAUHATHI:

X = pCcoso,
y =psing,
zZ=1,
B KOTOPBIX YpaBHEHHE napadosionia Oyaer
=p2cos2(p+pzsin2(p e z:i
- , €. -

O0beM Tena paBeH

2 h 2
V= (ot = [fodantc = fanfocp o= faof -5 oo~
V) (V) 0 p2/h 0

h 3 3\2xn 3
h” h mth
— " |l do=| ——— | [dp=—".
I[ j 0 Y { 2 4 J j Y 3
KoopauHatsl ieHTpa Mace Telia BRIUUCISIOTCS 1o (hopMyiaM
M yA M MX
X, =—2, Y,=—2, Z.=—2, 1ne
M M M
M = [[[&(x,y, z)dxdydz,
V)
M,, = [[[x&(x,y.z)dxdydz,
(V)
= [[[ve(x.y.2)dxdydz,
V)
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My = [[]z&(x,y, 2)dxdydz,
(V)
rae &(X,y,z) — IUIOTHOCTh Tena B TOYke (X,y,z). s ogqHOpPOAHOTO Tema
MOYKHO TOJIOXKHTH §(X,y,z) =1.

Haxomum:
2 h 2
M = mpdpd(pdz J.d(pfpdp Idz J.d(pjl( hjpdp—
' 0 p2/h 0
I T
_g(z 4h)l, " |2 4 0@_3'

= ”_[p cos dpdpdz = Icoscpdcpjp dp Idz-
(V) 0 p?/h
2n 2

= :cosq)d(p.([pz(h—%Jdp = _gcosq)d(p.([(pzh—%Jdp =

0
h 27 4 4 4
d(p = jcoscp(h?—h—jd(p = £sin(p

2n 3 5
0 3 5h

2n h h 2n p4
.[sm(pd(p_[p dp Idz .fsm(pd(p_[( 2h—KJdp:

5

4 4 2n 4 271
T2h &J.mn(pd(p——&-coscp =0.
15 0
2 h h 2 h 2 h 2 h (2 p4
= [de[pdp [zdz = Idcpfp dp = jdcpfp[7——2j p=
0 0 0% /h 0 pz/h 0 0 2h

%%——J -1,

Taxum obpasom: X,=0, Y.=0, Z,=h TS
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NuauBuayaabHble 3aJaHUS

3amanme 1. I3MeHNUTH NOPATOK UHTETPUPOBAHUS B TIOBTOPHOM HH-
Terpajie, CAeNaB YepTek 00IaCTH MHTErPUPOBAHMUSL.

Ne | 3apanue Ne | 3amanue

1 |1 013 3
[dy [ £(x,y)dx Jdy [ fxy)dx
0 y 0 _\/ﬁ

2 |1 A2 11 | R VR22
jdx I f(x,y)dy Idx j f(x,y)dy
-1 0 0 0

3 a \/2ax—x2 12 | 2R «/2Ry—y2
J.dX f(x,y)dy j dy I f(x,y)dx
0 X R/2 0

4 | 2 4-x2 13 |6 x+2
Jao [ feoyay Jax | feoy)dy
N 2 2x—4

5 2 2x 14 3 6-2y
j dx j f(x,y)dy Jdy [ fxoydx
1 x 0 _\/E

6 | L X Z 27 15 | 4 +1e—x?
Idxjf(x,y)dy+jdx j f(x,y)dy Idx J‘ f(x,y)dy
0 0 10 0 16y2

8
7 | 2 l(3—X) 16 | 4 8x—x?
X 3 2

Idxjf(x,y)dy—kjdx j f(x,y)dy Idx j f(x,y)dy
0 0 1 0 2 0

8 |2 2-x 0 V4—x? 17 | 6 12x
jdx I f(x,y)dy+ jdx j f(x,y)dy Idx J- f(x,y)dy
0 0 -2 0 0 Jox—x>

9 |2 Jay? 1813
[dy [ fexydx Jay | fexy)dx
0 y—2 0 _\/25—7}’2




3aganue 2. BbIYUCIUTH ABOMHOW MHTErPas _[ _[ f(x,y)dxdy. [IpenBa-
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D

PUTCIIbHO CACJIATb YCPTCIK 00J1acTH HHTCTPHUPOBAHUSI.

NoNe f(x,y) YpaBHEHUS TUHUN, OTPAHUYHBAIOIINX
obnacts D
1 y2 V=X, y=2x,x=2,x=4
x
2 X3y2 X2+y2=R2
3 x2+y y:xz,yzzx
4 x2 Xx=2y=x,yx =1
2
y
5 cos(x +y) x=0,y=my=X
6 1-x2—y? x> +y?<1,x20,y>0
2 2
7 1 a>1 V=X,y=—X,X"+y =
a® —x —y2
8 Xz_yz V=X, Yy=—X,X =
9 X vy =x,x=0,y=1
fy
10 X _12 .
X2+y2 Y—2 Y=
11 X X+y:2,x2+(y—l)2=1
12 Y y=0,(x-D*+y*=1,(y20)
13 X +2y y=x-x%y=1-x%x=0
14 <2




74

15 X y? =2px,x =p
x2+y2

16 xy” y® =2px,x =p

17 Xy x2+y2:R2,XZO,yZO

18 y )<2+(y—a)2:a2

19 )(2+y2 X2+y2:2ax

20 a’—x%2—vy? X2 +y?=a’(x20)

3amanue 3. BeryuciauTh miomapb miockoi (Urypsl, OrpaHUuYeHHOM
JAHHBIMU JINHUSIMU.

NoeNe | YpaBHeHus nuHuM NoeNe | VpaBHeHus inHuM
1 | x=y?>-2y;x+y=0 15 | 3x%=25y; 5y> =9x
2 y:2—x;y2:4x+4 16 Xy=4Xx+y=5
3 y2:4X_X2;y2:2X 17 x+y=1x+3y=1;
X=y;X=2y
(BHE mapaboJIbI)
4 3y? =25x; 5x° =9y 18 | p=4sing;p=2sing
5 y=4x —x%;y=2x2 —5x 19 | p=acos2¢
6 Xx=4-y*;x+2y—4=0 20 | p=asin3g
7 p=2(1-cos@);p=2 21 | 2 +y?)? =2y
(BHE KapAMOHU/IbI)
8 p=2(1+cos¢);p=2cos0 22 (x2+y2)3 :az(x4+y4)
9 (X2 4 y2)5 _ a4x4y2 23 (X2 i y2)2 _ 232 (X2 . y2)

10 (x2 + y2)3 = a2x3y 24 (X2 + y2)2 = azxy
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11

2

25 | y=Vx;y=2Jx;x=4

(x2 + y2 )3 =a*x

12

(x2 + y2)5 = a6xy3 26 (x2 + y2) = 2a2(x2 — y2)

13

(x2 +y2)3 :a4y2 27 Y =COSX;y = COS2X;
y=0;(x20)

14

X =y;x =2y; 28 y=xy=5x;x=1
X+y=6;x+3y=6

KoHTpoJibHBIE BONIPOCHI

. ABoiinoi nnterpan. O01acTu UHTETPUPOBAHUS

. JIBOMHOU UHTETpas B MOJSPHBIX U KPUBOJIMHENHBIX KOOPIUHATAX.
. SIlkobuan peodpazoBaHUsI KOOPIUHAT

. 'eomeTprueckne npuiIoKeHus: IBOMHOTO NHTETpaja

. TpoitHOM MHTErpaj U ero NpUIOKEHUs

. KpuBOIMHENHBINM UHTETPAJl IEPBOTO U BTOPOIr'O poaa

. PaboTa 1o 3aMKHyTOMY KOHTYpY

. IloHsITHE ¥ TEOMETPUUECKUI CMBICH rpagrueHTa (yHKIIUU
9. BekTopHOE U CKalsIpHOE OIS

10.1lonsATHE MUBEPTEHLIMU U POTOPA

11.Teopema Octporpaackoro-I'aycca

O 1N LDt N WD -
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Tema 10. diaeMmeHTHI TEOPUU PYHKUMI KOMILJIEKCHOTO
NepeMeHHOTr0

Ceenenue pyHKIUIT KOMIUIEKCHOH NePeMEeHHON K PYHKIMAM
AefCTBUTEIbHOM NEPeMEHHOU

[TonsiTe PyHKIIMHU KOMIUIEKCHON TEPEMEHHON BBOJUTCS MO aHAJIO-
TUU C TIOHATHEM (PYHKIIMU AECHCTBUTEIBHOU MEPEMEHHOM.

[Iycte G — HEKOTOPOE MHOKECTBO TOYEK HA KOMIUIEKCHOM TUIOCKO-
ctu. 3aaaTh QyHKIUIO KoMITIekcHOH rmepemenHoi (PKII), onpeaenennyro
Ha G, 3HAYUT yKa3aTh MPaBUIIO, COMOCTABIISIIONIEE KXAOMY uuclHy z € G
HEKOTOPOE KOMIUIEKCHOE 4HCIO W (3aBucdamiee oT z). OOo3HaueHHE
w=f(2).

[TonoxuMm z =x+iy, w=u+iv. Hucno w, a 3HAYUT U KAXKJI0€ U3
YuCeN U U V 3aBUCHUT OT X U y, T.C. SIBIAETCS ACHUCTBUTEIHLHON (DYHKIIUEH:
u=u(x,y), v=v(x,y).

OOpaTHO, ecii 3aJjaHbl IB€ I€UCTBUTEIbHBIE ()YHKIIMU U U V, OIpe-
JICJICHHBIE HAa HEKOTOpOM MHokecTBe G, To BeIpaxkeHue u(x,y)+iv(x,y)

npeacrasisgeT coooit OKII z = x +1iy.

Taxkum obpazom, 3amanue Ha MHOXKecTBe G DKII f(x) paBHOCUIBEHO
3agannio Ha G ABYX JEUCTBUTENBbHBIX (QyHKIUN u(x,y) U v(x,y). CBs3b
Mexay GyHKIUsIMU f, U ¥ v yCTaHaBIMBAETCA C MIOMOIIBIO PABEHCTBA

S+ i) =ulx, y) +iv(x, ).

Ilpumepui.:

1. w=z’
w=(x+iy)" =x> +2xyi—y> = (x* —y*) +i2xy
u=(x>—-y?), v=2xy.

2. w=Rez z=x+Iiy Rez=x u=x v=0.
x [—
3.ou=—5—%5, v=-3 yz
X +y X“+y
: . _ 1
w=u-+iv= A A . A—— =—.

xz+y2 xz+y2 szry2 z-Z z
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Ipexea OKII B Touke

IlycTh z, — KOMIUJIEKCHOE YHUCJIO U € — IIOJOKUTEIBHOE IECUCTBHU-
TEJIBHOE YUCIIO0. Y CJIOBUMCS Ha3bIBaTh € OKPECTHOCTBIO YUCIIA Z, MHOMKE-

CTBO BCEX KOMIUICKCHBIX YHCEJI, YIOBJIETBOPSIOIINX YCIOBHUIO
| z -z, |< €. O003HaueHue u(z,).

['eoMeTprUUeCcK €-OKPECTHOCTh MPEACTABISET COO0M BHYTPEHHOCTD
Kpyra pajnyca € ¢ LIEeHTPOM B TOUKE Z,.

VY cnoBuMCs Takke Ha3bIBaTh IIPOKOJIOTON £-OKPECTHOCTHIO TOUKH Z,
Kpyr 0e3 ero LeHTpa, T.€. MHOXKECTBO TOYEK Z: |z —z, |< €, z # z,. O00-
3Ha4YeHUeE u(z,).

Onpeoenenue. 1lycthb f(z) — KOMIUIEKCHAasE (PyHKITUS, ONpeeICHHAs
B HEKOTOPOH OKPECTHOCTH TOYKH Z,, KPOME OBITh MOXET CaMOW TOYKHU

z,. Uucno ¢ HazpiBaercd npeaesnoM GpyHkuuu f(x) npu z— z,, ecnu Ve > 0
Ju(z,) : u(z,) BHIIOTHAETCS HEPABEHCTBO | f(z)—c|<€

Oo6o3Hauenue. ¢ = lim f(x).
Z—>Z))

Teopema (cBsi3b MEXIy MpelesiaMu TEUCTBUTEIBHBIX U KOMILICKC-
HBIX (DYHKIUN).

Iycts 20 =X0 +lyg, c=a+ib Torma
(lim u(x,y) = a,

X—>X()
lim f(x)=c < < °
2229 lim v(x,y) = b,
Y=)0
\x—)x()

z=x+iy, f()=u+iv

IS

C nomouipl0 3TOM TEOPEMBI M3BECTHBIC CBOMCTBA MPEAEIOB JCi-
CTBUTEJIbHBIX (DYHKIMI MTEPEHOCATCS Ha KOMIUIEKCHbBIE (PYHKITHUHN:

1. mpeaen oT CyMMBbI paBeH CyMME IIPeJIeIIOB;

2. mpenelt MPOU3BEICHUS PAaBEH IPOU3BECHUIO TIPEICIIOB;

3. mpejies1 YaCTHOTO PaBEH OTHOIICHUIO TPEJIESIOB YHMCIUTENS U 3Ha-
MEHaTeJIs, €CJIU MpeJiesl 3HaMeHaTe s OTJIMYEH OT HYJIS.

3ameuanue. OnpeneneHue npeaeia AaHo 06e3 ydera 4ucia oo.
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Juddepenuuposanue OKII

Onpeoenenue. Ilycte ¢ynkmusa f(z) KOMIUIEKCHOM TEpEeMEHHOM

onpejieJieHa B HEKOTOPOH OKPECTHOCTHM TOUKH 0. IIpom3BojHON 5TOM
(YHKIIMH B TOUKEe “0 Ha3bIBACTCS YHCIIO
S(zy+Az) - f(2)
s )
Onpeoenenue. Oyukuus f(x) HazbiBaeTcs auddepeHunpyemMoii B

TOYKE z,, €CJIA €€ NpupauieHue Af B 3TOH TOYKE MOKHO IIPEJICTaBUTh B
BUJIC

"(zo) = li Az=z-z,.
f(zp) = lim z—z,

AN =cAz +0Az

rae Af = f(z)— f(z,), Az =z—z,, C— HEKOTOPOE KOMIIJIEKCHOE YHCII0, HE

3aBUCsAIIEe OT Az, a o0 — QyHKIUSA, 3aBUCAImas oT Az, nmpudeM lim o =0.
Z—>Z()

Teopema (HeoOX0aMMOE W JIOCTaTOYHOE yclioBHE AuddepeHmupye-
MOCTH).

Jiis  nuddepenupyeMocty PyHKIuM f(z) B TOUKE z, HEOOXOAUMO
U IOCTATOYHO CYILIECTBOBAHUE IPOU3BOAHON QyHKIHH ['(z,).
Ilpumepui.:
1. Haittn f(z)=z"
A =2° =z = (2, + A2)” — 2} =2z,Az + (Az)’
A . 2zAz+ (Az)?

lim = lim(2z, + Az) =2z,
Az—0 Az Az—0 Az—0
f'(z)=2z .
2. f(z)=Rez
Zy =X, +iy, Rez=1x,
Az = Ax +iAy

Af =x, +Ax —x, = Ax
Af Ax {O, Ax =0,

Az Ax+ihy |, Ay=0.
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. A
Her equnoro npeaena npu Az — 0, lim Ef HE CYUIECTBYET, CIIEN0-
-0

BarenbHO f(x)=Rez He nuddepenunpyema.

JInst pyHKIIMK KOMILJIEKCHOM MepeMeHHON npaBuia nuddepeHuupo-
BaHUS TaKUeE ke, Kak U 11 PyHKIMU JeHCTBUTEIBHON EPEeMEHHOM

(f+'g)'=f'+g’; (cf) =cf (f-g=fg+fg;

(gj ) ﬂgg;jg’; (f(g(2) = f"(g(2))-&'(2).

Onepauuonuoe ucyuci/ienue

Omnpenenenune. JIro0as kommekcHas pyHkuus f(t) nelcTBUTEIBHOTO
apryMeHTa t Ha3bIBA€TCS OPUTHHAJIOM, €CJIM OHA YJIOBJIETBOPSET CIEIy-
IOIIIUM YCJIOBUSIM:

1) f(t) — xycouHo-HenpepbIBHAS DYHKIUA, T.€. HA JIIOOOM KOHEUHOM
OTpPE3KE UMEET JIMIIIh KOHEUYHOE YHCIIO TOYEK pa3phiBa 1-ro poja;

2) f(t)y=0 mpu t<0;

3) f(t) — pyHKIMS OTPaHUYEHHOTO POCTA, T. €. CYIIECTBYIOT TaKHe
nocTosiHHbie M>0 U s, 4TO 151 BCeX t BBITOJIHSAETCSI COOTHOIIICHUE

| D) [<M-e* (1

HwxHsisl TpaHb So BCEX YHMCEI S, I KOTOPBIX CHpPaBEIJIMBO HEpa-
BeHCTBO (1), Ha3bIBaeTCs mokasatesneM pocta GyHkuun f(t).

[Ipocreiiieid GyHKIMEH-OPUTUHAIOM SIBJISETCA TaK Ha3bIBacMas
eaAuHUYHas GyHKIM XeBUCcanaa:

n(t):{l, t>0

0, <0
OueBuaHO, yMHOXKEeHUE QyHKIUMU @(t) HA M(t) “racut’ 3Ty PyHK-

1o npu t<0 U ocTaBiseT 0€3 U3MEHEHUs IIpu npu ¢ > 0, T. e.

f(t)=olt)n(r)= {;P’(f )»t 20

<0

Onpeoenenue. N3o6paxenuem pynkuuu f(t) (mo Jlammacy) Ha3biBa-
eTcsl PYHKIUS KOMIUIEKCHOTO MEPEMEHHOTO p=s+iG, ompeaenseMasi CooT-
HOIIICHHEM:
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F(p)=[f(t)e " dt, ®)

IJIe MHTErpayl OepeTcsl Mo MOJOXKUTENIbHOU Tosyocu. dpazy “dyHkius
f(t) umeet cBoum nzo6pakenueM F(p)” OyneM 3anuchiBaTh CUMBOJIOM:

f(t) = F(p) mmx F(p) + £(1).

Teopema 1. [Ins Bcsikoro opurunana f(t) usoOpaxenue F(p) ompe-
JIEJICHO B TMOJIYIUIOCKOCTH Rep>sg , rae so - mokaszarens pocta misa f(t), u
SBJISICTCS] B 9TOM MOJIYIIJIOCKOCTH aHATUTUYECKON (DYHKITHEH.

Teopema 2. Ecnu pynkuus f apnsiercss opurudanom u F(p) cimyxut
ee n300paxeHueM, To B JTI000H ToUKe t, B KOTOpor GpyHKIMs f HempephIB-

Ha, CIpPAaBEIJIMBO PABEHCTBO:
F0)=="Te F(p)ap, 6

r7ie MHTErpan Oepercs BAOIb o000 mpsmoil Rep=a>sy) u moHuMaeTcs B
CMBICJIC TJIAaBHOTO 3HAYEHMS, T. €. KaK Mpeaesl HHTerpajja BIOJIb OTpPE3Ka
[a-1b; a+ib] mpu b—0 .

1 a+io

Teopema 3. Opurunan f(t) BnosiHe onpenensieTcs CBOUM M300paxke-
HueM F(p) ¢ TOUHOCTBIO /10 3HAYEHUI B TOUKax pa3peiBa f(t).

Teopema paznoxenus. [lycte pynkuus F(p):

1) MmepoMop(dHa U npaBUIIbHA B HEKOTOPOU MONYIIOCKOCTU Rep>so;

2) cymectByeT cucrema  okpyxHocte C, @ [p|<Ry,
Ri<R»<...<Rp,—00, Ha KOTOpOM F(p) CTpeMUTCS K HYJIO paBHOMEPHO OT-
HOCHUTEIBHO arg p;

a+ico
3) ans mrboro a>sy abCOMIOTHO CXOJUTCS MHTErpal jeptF (p)dp.
a—1
Torna opurunanom F(p) cimyxut (ymHOXkeHHas Ha 1(t)) GyHKIUS
S(0)= 3 resF(pe”, )
(pi) Pr
I7Ie CyMMa BBIUETOB O€peTcs MO BCEM OCOOBIM TOUKaM Pk GyHKIIMH
F(p) B nopsiike HeyObIBaHUS UX MOJYJICH.
1. CBoiicTBO MUHEMHOCTH. {7151 MIOOBIX (KOMITJIEKCHBIX ) TTOCTOSTHHBIX

anp: of(ty+ B-gt)+ oF(p)t B-G(p).
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2. Teopema nogo6us. s nro6oro nmoctostHHOTO >0
(P
fla- t)+—FH ()
o \a

3. Muddepennmporanue opurunana. Ecnu dyukuus f(t) Henpepbis-
Ha ipu >0 u £(t) mm Boobme  f(™(t) aBnsgeTca opuruHazoM, TO

f(t) + pF(p)—£(0) (6)
17RI0 |
£O(t) + p"F(p)—p™'f(0)—p™*f (0)-...-f *1(0), (7)
rae nog f%(0) moHrmaercs mpaBoe IpeesIbHOE 3HAYCHUE lim0 *0) .
t—>+

4. JIndbdepenmupoBanue wu3zooOpaxkenus: Juddepenuupopanue
M300pake€HMST CBOJUTCS K YMHOKEHMIO Ha —t OpUTHMHAaIa, Uil BOOOIIIe
F(p) + (-1)"t"f(1). (8)
5. UnTerpupoBanue opuruHaia. HTErpupoBaHue OpuUruHajga CBO-
TUTCS K JCICHUIO N300paKeHUS HA P

j £t)dt = F(p) 9)
0 P

6. UurerpupoBanne mzoOpaxkeHus. Eciu mHTErpan IF ( p)dp CXO-
p
IUTCS, TO OH CIY>KUT n300pakeHrem GpyHkuu f(t)/t :

) r (o (10)

(MHTErpUpOBaHKUE M300PAKEHUSI PABHOCUIIBHO JICJICHUIO Ha t OPUTH-
HaJa).
7. Teopema 3amazapiBaHus. Jj1s 1F000T0 MOJIOKUTEIBHOTO T
f(t-t) ~ eP"“F(p) (11)
(BKJIFOUEHHE OpWTHMHAJIa ¢ 3ala3fblBaHMEM Ha T PaBHOCUJIBHO
YMHOKEHUIO U300pakeHus Ha ePv).
8. Teopema onepexxenus. s 1100010 MOJIOKUTEILHOTO T

Fle+7)+e"(F(p)= | fle)e"dn (12)

9. Teopema cmernenus. Jjist 1r000T0 KOMILJIEKCHOTO Po

t
e 10+ Fp-po) (13)
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(“cmenienue” u300pakeHUs: Ha Po PABHOCWIBHO YMHOXXEHHUIO OPH-

Dot
ruHana Ha € ).

10. Teopema ymuoxxkenus (3. bopens) ( wim Teopema O CBEPTKE).

[TpousBenenne nByx mzoopaxxennit F(p) u G(p) sBIseTcss n300paxeHUeM,
npudeM

z £(x)- gt =)z + F(p)-Glp) (14)
11. UnTerpan [droamens.
pF<p>-G<p>+f<o>g<r>+gfxr)-g(z—r)dr (15)

KpOMe TOT0, UMCIOT MCCTO CJICAYIOIIUC IMPCACIbHBIC COOTHOICHHNA:
) lim pF(p)=lim f(r)
P—>© t—>+0

Re p—+w0
2) lim pF ( p) = f(0), ecuu cymecTByer npexen
Rel;_—):j-oo
lim f(¢) = f (o)
3) | %t)dt = [F(p)dp, ecnu cxomuTcst HECOOGCTBEHHBINH MHTETPA
0 0
j—f (t)dt.
o 1
TaOnuiia OpUrMHAIOB U UX H300paKCHUH
No Opurunan N300paxkeHue
1 1
n(t) P
2 1
eOLt p —o
!
’ tn ]Z+1 , neN
4 p
sinPt D*+




&3

S P
cosft p*+p?
6 p
sh3t pz _ Bz
7 p
chpt P BZ
8 n!
tneat (p . a)l’l+1
9 B
e*'sinft (p—a)? +p>
10 p—a
ecosft (p—a)? +p
11 2Bp
t-sin[3t (p2 n B2)2
12 Pt —p>
t-cospt (pz +Bz)2




84

NuauBuayanbHbIe 3a1aHNUs

3ananue 1. Ilonw3ysach ompeaeneHUeM, HAUTH U300pakeHUs Clie-
OYIOIIUX (PYHKIIHUH:

1.1. t 1.2. sin t 1.3. cost
1.4. cht 1.5. e’ l.6. 2
1.7. sin 2t 1.8. cos 2t 1.9. sh2t
1.10. 3 1.11. 1-2¢ 1.12.  sin 3t
3ananue 2. Haiitu opurrHaimbl Mo 3aaHHBIM U300paKCHUSIM:
3.1 p+4 e’
a) — ; 6) L.
p +4p+5 p~ =25
3.2 | e_4p
a : 6) —
) pr+2p ) s
3.3 3p-T7 e P
a) — ; o) ——.
p - +4p+8 (p+7)p
3.4 5 e P
a) 3 ; 6) —
p(p”—2p+)5) P’ +9
3.5 p e_O’SP
a) — ; 6
p +8p+25 (p—-Dp
3.6 10 e 1P
a) 5 ; 0) .
p(p” +2p+10) p+7
3.7 2— -3
p(p+3) pr+p+l
3.8 +3 —2p
a) L= 6) —< .
p(p—2) p°—4p+13
39 3p—2 e_3p
a) — ; 0) :
p +4p+3 (p—=8)p
3.10 6p e’
a) 5 ; 0) — .
(p+3)(p~ +16) p> =36
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3ananue 3. OnepalOHHBIM METOJOM PEeUIUTh TudQepeHIuaIbLHbIe
yPaBHEHHS, YAOBICTBOPSIONINE 33/JAHHBIM HAYaIbHBIM YCJIOBUSIM:

4.1 x"+x'=1-t, 42 x"+x=2"%
x(O=x"(=0 x(0)=Lx" (=0
43 x"—4x'+3x=0, 4.4 x"—x=sint,
x(0)=6,x"(0)=10; x(0)=-1,x"(0)=0.
45 x"+4x'+29=0, 46 5" —x'=te,
2(M=0,x(0)=15 (0 =x(0)=0
47 a"-x"=t, 48 x"+x'=cost,
x(M=x"(=x"(0)=0, x(0)=2,x(0)=0.
49 x"—4x'+5x=0, 410 x"43x" =¢",
(0)=0,x(0)=1; (=1 x"(0)=-2.

KoHTpoabHbIE BONIPOCHI

1. KoMIutekcHEBIE Yncia U IEUCTBUS HAJl HUMHA

2. JlubdepennpanbHoe ucyucieHne GyHKIUA KOMIUIEKCHOTO Tiepe-
MeHHoro. Y ciaoBue Komu-Pumana

3. BbIUeThl U UX TPUMEHEHUS

4. TIpeobpazoBanus Jlamnaca

5. Opurunan v nuzo0paxenne GyHKIUU
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Tema 11, 12. Teopus BeposiTHOCTE! M MaTeMaTHYeCKas
CTATHCTHKA

Teopust BEpOSITHOCTA UMEET JICJIO C SIBICHUSIMH, UCXOJ KOTOPBIX 3a-
paHee mpejcKa3aTh HEBO3MOXKHO. C TakUMU SIBJICHUSIMU 4YacTO MPUXO-
JIUTCS UMETh JEJO, U MOTOMY HeoOXoauMa Teopus, KoTopas Morya Obl
OMHCHIBATh TaKue sBIICHHS. [IpuMephl Takux COOBITHI: MOIMAJaHue TPH
cTpenbOe, 0TKa3 MexaHu3Ma MPHU 3arnpoce, BbINajeHue repda mpu opoca-
HUU MOHETHI U T. 1.

WcnipiTaHuEe WM OMBIT - CO3/IaHUE HEKOTOPOTO KOMILUIEKCA yCIOBUM,
KOTOPBIA MBI, 10 KpaliHEel Mepe B IMPHUHIIMIEC, MOXEM BOCIIPOH3BOIHTH
MHOrokpatHo. [Ipumep: cTpenrba 1o MuilieHu, OpocaHue MOHETHI U T. 1.

CoObITHE WX BO3MOXKHBIA UCXOJT - J1000€ SBJICHUE, KOTOPOE MOXKET
MPOU3OUTH WJIM HE TIPOU3OUTH B pe3yJibTaTe omnbiTa. [IpuMep: nmpomax npu
CTpesibOe M0 MUIIIEHHU, BHITIAJIEHUE OpJia IPU OpPOCAHUM MOHETHI, TOSIBIIEC-
HUE TPEX OYKOB MPU OPOCAHUM UTPATHHON KOCTH (KyOUKa) U T. .

PaznuyaroT sieMeHTapHbIE HEPa3JIOKHUMbIE COOBITHUS U COCTaBHbBIC
Pa3I0KUMbIE€ COOBITHS

CoObITHst 0603Hauarorest A,B,C u T. 1.

[ToHsITHST WCHBITAHUS, MCXO0JA, DJIEMEHTAPHOTO COOBITHUS SIBISIOTCS
NEPBUYHBIMU TIOHATUSMH TEOPUH BEPOSITHOCTEH M MOTOMY (HOpMajbHO
OHU HE ONpeAeIAOTCA. MOXHO JaTh JIMIIb HEKOTOPOE UX OMHUCAHHUE.

CoObITHE Ha3bIBAETCSI JOCTOBEPHBIM, €CIIA OHO 00S13aTEIBHO MPOUC-
XOJIUT B pe3yJIbTaTe UCTbITaHus, 0003HauaeTcs U.

CoObITHE Ha3bIBAETCS HEBO3MOXHBIM, €CJIM OHO HUKOTJA HE MOXKET
POUCXOJUTH B PE3yIbTaTEe UCIIBITAHUS, 0003HaYaeTcs V.

CoObITHE Ha3bIBAETCS CIYyYAHBIM, €CJIM OHO MOXET MPOU30UTHU B pe-
3yJIbTaTe UCIIBITAHUS, @ MOXKET U HE TIPOU3OMUTH.

Hcxonpl onbiTa 00s3aTENbHO CXEMATU3UPYIOTCA, T. €. YKa3bIBAKOTCS
3apaHee J0 OIbITa, U CYUTAETCS, YTO JPYTHE UCXOJbl HEBO3MOXHBI. U3
CKa3aHHOTO SICHO, YTO B TEOPUU BEPOSITHOCTEN PacCMaTPUBAIOTCS TOJBKO
TaKue COOBITHS, KOTOPBIE MOTYT IIPOUCXOIUTH B MACCOBOM IMOPSIJIKE.

[Tycts A u B n1Ba coObITHS.

Cymmoii 1Byx coObituit A u B Ha3zwiBaeTcsa coOwiTre C, KOTOpoOe Co-
CTOWT B TOSIBIICHUH WM COOBITHSA A mnu coObiTus B nunu A u B coBmecT-
Ho. O0o3HauaeTcs AUB nimu A+B, untaercs A unm B.



87

[IpousBenennem nByx coobiTuii A 1 B Ha3eiBaercs coobitue C, KOTO-
poe coctout B mosieieHuM A u B coBmecTtHO. Ob603HavaeTcs ANB unu
AB, uutaercs A u B.

Ecau B pe3ynbpTare mosiBIeHUs COOBITHA A BCET/1a IPOUCXOIUT COOBI-
Te B, TO roBopsT, uTo B sBiIsieTCs YacTHBIM ciiydaeM A wiu B BXoauT B
A. O6o3nauaercst BCA.

Ecoiu BCA u AcB, 1o roBopsT, uto A 1 B sxBuBanenTHsl. O603Ha-
yaercsa A=B.

CoOpITHE, KOTOPOE COCTOMT B TOM, YTO COOBITHE A HE MPOHUCXOIUT,
oOo3Hauaetrcd A, yuTaeTcs He A.

[Tpumep 1. OmnbIT cocTOUT B OpocaHuu UrpajibHou kocTtu. IIycTh co-
obiTHEe A;- BbImazeHue yncia i (1 oukoB). Torma coosiTe D - Boimanenue
YETHOI'0 YKCJIa OYKOB paBHO D=A,+A4+As u coObiTuE B - BhInageHue He
ooiee Tpex oukoB B=A+As+A3. CoosiTue BD=A,, coosiTe A;CB.

J[714 TEOMETPUUECKUX WILTKOCTPALIMK TaHHBIX TOHATHH UCIIOJIb3YOTCS
nuarpamMMbl BeeHHa. M300pa3um NMpocTpaHCTBO AIEMEHTAPHBIX COOBITHI
B BHJIC KBajpaTa, a COOBbITUS OyJeM H300pakaTh 3aIllITPUXOBAHHBIMU
ITOJIMHOKECTBAMU 3TOTO KBajpara. Toraa

2 || 4|l@ |||

/;

U \Y A B AUB ANB A
Puc.1. I'eomerprueckast WILTFOCTPALIMS MHOKECTBEHHBIX MTOHSITUN

Omnpenenenue. [lycTb MpoCTpaHCTBO 3JIEMEHTAPHBIX COOBITHI 00pa-
3y€eT MOJHYIO IPYIILY ONapHO-HECOBMECTHBIX PABHOBEPOSATHBIX COOBITUI
E; (i=1,2, ... ,n). 'oBopsT, uto E; OnaronpusiTCTBYeT COOBITUIO A, ecliu
EicA. Ilycth coObITUIO A OJIarompUsTCTBYET M W3 N COOBITHM MOJTHOMN
rpynnsl. Torga BepoatHocTh P(A) coObiTus A paBHa:

P(A4) = %

[Ipumep. Ilpu omHOKpaTHOM OpOCaHUM UrpaIbHOM KOCTH BEpOST-
HOCTb IOSIBJICHMS JIFOOOT0 Yuciia 04koB OT 1 10 6 paBHa 1/6, Tak Kak OJia-
TONPUSITCTBYET MOSIBIICHUIO COOBITUS m=1 COOBbITHE, a BCEr0 UMEEM IOJI-
HYIO TPYIIY U3 h=6 paBHOBO3MOXHBIX COOBITHI, & BEPOSTHOCTh MOSIBIIE-
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HUS YETHOTO YMCJIa 0YKOB paBHa 0,5 Tak Kak OJarompHsITCTBYET MOsBIIE-
HUIO COOBITHSI M=3 COOBITUM, a BCETO UMEEM TPYNITy U3 N=6 COOBITU.

Kitaccuueckoe omnpenerneHue BEPOATHOCTH MPUTOJHO, B OCHOBHOM,
JUTs1 00J1aCTH a3apTHBIX UTP.

DJIeMeHTbI KOMOMHATOPUKH
[Ipu ompeneneHur BEpPOSTHOCTEH KIACCHUUYECKUM CIOCOOOM HY>KHO
paccMaTpuBaTh pa3IMYHbIE UCXOJIbI ONbITa. [IpU 3TOM UCIONIB3YIOTCS TMO-
HATUSA KOMOWHATOpUKH. OMNOPHBIM KOHCIEKT MO OCHOBHBIM MOHSATHUSIM
UMEET BUJT

OMOPHbIA KOHCMEKT MO PA3AE/NY "KOMBUHATOPUKA"

Cpen BEIOpaHHBIX
37IEMEHTOB €CTh
O/INHAKOBHIE?

A HET
= = =
BriGpannsie m e ’ ' Buopam{me.r‘n
3IIEMEHTOB HYKHO o = (m+n-1)! mi(n—m)! l¢— | DJIEMCHTOB HYKHO
PAa3MeCTHTB 110 M (n—1)! = Pa3MeCTHTh 110 M
Pa3IHYHBIM Hert paen:ttxumm
mecTam? (MOpAIoK mecTaM? (TOpAI0K
HMEET 3HaUECHHE) HMEET 3HAUCHHE)
] Ja
As Her v
v -
Het — o n e B
m=n? AmM m 4, = - | —— W=
: =n (n—m)!
n
Ha l Ha
n! })” — n'
Pl 15, )=

nt...-n!

Onpeoenenue: BEPOATHOCTh COOBITHSI A Tpu yclioBuu, uTo B mpo-
U30IIJI0, HA3bIBAETCS YCIOBHOMW BEPOSITHOCTbIO U 00O3HAYaeTCs
P(A/B).

Teopema. BeposarHocts P(AB) npousBenenus coObiTuii A 1 B paBHa
npousBeieHNI0 BeposaTHocTe P(B) coObiThs B Ha BeposSTHOCTH COOBITHS
A nipu ycnoBuu, uto B mpon3zonuio.

P(AB) = P(A)P(B/ A) = P(B)P(A/B).

JlokazarenbcTBO. [IycTh IPOCTPAHCTBO AIIEMEHTAPHBIX COOBITHH CO-

CTOUT U3 N PaBHOBEPOSITHBIX U MOMAPHO-HECOBMECTHBIX COObITUH. [TycTh
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COOBITHIO A OJAronpusATCTBYIOT M COOBITHUM, COObITHIO B - Gnaronpust-
CTBYIOT / coObITUIl cOOBbITHIO AB 0OnaronpusiTCTBYIOT T COOBITHI (r</,
r<m). Torna

P(4B) =5 P(B) = L3 P(4/B) ="
P(AB) = % - % — P(B)P(A/ B);

Teopema nokazana. [l obmiero ciydas dopmyny (3) mpuHUMAIOT
0e3 JoKa3aTeNbCTBAa B KauecTBe ompeneneHus. M3 mokaszaHHoro ciemyer,
yto eciau P(B)#0, To

P(4B)

P(A/B)= 25 P8/ 4)=14B)

P(A)

Ecnu P(B)=0, To P(A/B) He onpenesneHo.

Omnpenenenne. CoObiTne B HaspIBaeTcs HE3aBHCHMBIM OT A, eciu
P(B/A)=P(B).

CrnencrBue 1. Eciin B He 3aBucur ot A, TO

P(AB)=P(A)P(B).

JlokazarenbcTBO cieayeT u3 Gopmyisl (3) u ycnosust P(B/A)=P(B).

CaenctBue 2. Eciu B He 3aBucut ot A, T0 A He 3aBucut ot B. Cre-
IyeT U3 MPpeablayInuX GopMy.

CaenctBue 3. Ecan A He 3aBucuT oT B, TO He3aBUCHUMEI COOBITHSI A
u B; AuB; Au B.

Ha npakTrvke HE3aBUCUMOCTh OMNPEACIAETCS U3 MHTYUTHBHBIX CO00-
paxxeHni. Tak 0OYE€BUIHO, YTO MOIAJAHUE B MUILIEHb Yy OJTHOTO CTPEJIKA HE
3aBUCHUT OT MOMadaHUM JIPyTOro.

IIpumep. Tpu cTpenka Npou3BOAAT MO MUILIEHHU IO OJHOMY BBICTpE-
7y, BEpOSITHOCTH MONAIaHuK COOTBETCTBEHHO paBHbI: p=0,8; q=0,6; r=0,5.
HaiiTu BeposSTHOCTh TOTO, YTO B MUIIICHU POBHO JBa MOMA aHUS.

Pemenue. O603HaUNM

A-cobbITHE “TIOnananue 1-ro crpenka’;

B-coObITHE “nonaganue 2-ro cTpenka’;

C-coOpbITHE “TIONaganue 3-To CTpenKa’;

D-co0rpITHe “B MuieHu 2 momagasusg’.

N3 ycnosust umeem D=AB C+A BC+ ABC. U3 Teopem nmonydaem
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P(D)=P(AB C)+P(A BC)+P( ABC)=
P(A)P(B)P( C)+P(A)P( B)P(C)+P( A)P(B)P(C)=0,8*0,6%(1-
0,5)+0,8*(1-0,6)*0,5+(1-0,2)*0,6*0,5=0,46.

[TycTh uMeeTcs rpynia nonapHOo-HECOBMECTHBIX COOBITUHN 4, 4,,..., 4,

U coOpITHE B, KOTOpOE MOXKET MPOU30UTH C OJJHUM U TOJBKO C OJTHUM W3
coobITHIl A,k =1,2,...,n. Torga

P(B)=P(4)P(BI 4)+ P(4,)P(B/ 4)) + ...+ P(4,)P(B/ A,)= Y P(4,)P(B/ 4).
k=1
Ota popMyna HazpiBaeTCs (GOPMYJION TTOJTHONW BEPOSTHOCTH.

CxeMa He3aBHCHMMbIX HCNIBITAHUH

1. ®opmyaa bepuyin

[Iyctb A HEKOTOpPOE COOBITHE, BEPOATHOCTH MOSBICHUS KOTOPOTO B
€AMHUYHOM UcCHbITaHUU paBHa p. [IpoBenem n ucnsitanuii. Eciiu BeposT-
HOCTB TIOSIBJICHUSI COOBITHSI A HE 3aBUCHUT OT YHCJa MPOBEACHHBIX U pe-
3yJbTaTa NPEAbIAYIIUX UCIBITAHUNA U HE U3MEHSETCA INPU NPOBEACHUU
UCIIBITAHUI, TO Mbl UIMEEM CXEMY HE3aBHCUMBIX UCIbITaHU. O003HaUYUM
BEPOSATHOCTh TOT'0, 4TO COObITHE A mosiBUTCS k pa3 cpenu n UCHBITaHUI
OykBoil P, (k).

O6o3Haunm B; - cimiaraemoe cymmbl. B kaxkJioM ciaraeMoM COOBITHE
A BcTpeuaeTcs B KauecTBe COMHOXuUTeNst kK paz u A n-k pa3. Bepost-
HOCTH ciaraemoro B; pasma P(B;)=p*q™*. IIpoHyMepyeM UCHBITaHUS HO-
Mepamu j=1,2,....n. Pa3znuuHble ciiaraeMble ONpeaesstoTCs BBIOOPOM HO-
MEpPOB HUCHIBITAHUM, IIPU KOTOPBIX MOSBIAETCA A. UUCIO pa3iavyHBIX I10-
NapHO-HECOBMECTHBIX CIAra€MbIX PAaBHO YMCIIY COUYETAHUM M3 N AJIEMEH-
ToB 110 k, 0603HauaeTcs CyX.
OTkyja nojiyyaem:

P,(ky=Cip*q"™.
Tac
C,],f _ I’l'
k\(n—k)!
p - BCpOSITHOCTB ITOABJICHUSA CO6BITI/I$I B CAMHUYHOM HUCIIBITaAHHU,
q - BEpOSITHOCTh HETOSIBJICHHS COOBITHS, q=1—,
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n!=1-2-3-....n.

Ota ¢opmyina HazbiBaeTca Gpopmyiioit bepuyim.

IIpumep. HaliTu BepoSATHOCTH TOTO, YTO NMPHU 7 OPOCAHUSIX MOHETHI 2
paza nosBuTcs repo.

Pemenue. ITo ycaoButo n=7, k=2, p=1/2. Torna

P,(2)=C;0.5%0.5" = 2L 0164

128

(Cxema HEe3aBUCHMBIX HCIBITAHUN ONPENEISIET CIYyYalHYH BEJINYU-
HYy, KOTOpasl Ha3bIBaeTCd OMHOMMAILHO pachpeseicHHon. Ee Bo3aMoXKHBIE
3HadyeHus pasHbl 0,1,2,...,n. Ha npakTuke Hy>KHO YMETh OINPEJEsiTh BEpPO-
ATHOCTbh TOTO, YTO YUCJIO MOSIBICHUN COOBITUSA JISKUT B HEKOTOPBIX Mpe-
nenax. Jljist Takoro mojcyeTa Hy>KHO MOJICUUTATh BEPOSTHOCTD MOSBICHUS
KaKJIOr0 3HAUYCHMS, a 3aTeM MPOCYMMHUpPOBaTh UX. Cxema HEe3aBHUCHUMBIX
UCIIBITAHUI IUPOKO HCIOJIb3YETCS MPU CTATUCTUYECKOM KOHTPOJIE.

2. JlokaabHas Teopema Myappa-Jlanuiaca

[Ipu nocrarouno Gosbmux n U k BerauciaeHus no gopmyne bepnyii-
JIM CTAHOBSITCS TPOMO3AKUMHU. [lo3TOMY N1J1 TaKuUX BBIYMCICHHUI UCIIOb-
3ytotca popmyna Myaspa-Jlamnaca.

Teopema. ITycTh BEpOSITHOCTh TOSIBJICHUS COOBITUS A B €IMHUYHOM
ucnbiTanuu paBHa p (0<p<l). Toraa mpu n—»oo

lim P, (k) = —

—— (%),
nsco Jnpq

x2

2

rac

D)=
P = o
_k—np

x= .
N 1pq

Teopema naercs 6€3 moka3zarenbcTBa. Ha mpakTHUKe BRIYUCICHUE
BEPOSATHOCTH 10 hopmyJie (2) MPOU3BOAAT MPHU JOCTATOYHO OOJBIINX 1.
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3. MurerpaasHas teopema Myaspa-Jlaniaca.

O603Haunm P, (k; <m < k,) BEpOATHOCTb TOr0: YTO YUCIO IMOSBIIE-

HUWA m Jexut B npeaenax ot ki o ko. OOpatute BHHMMaHUE, 4TO ClieBa
HECTPOIr0o€ HEPABEHCTBO, a CIIpaBa CTPOTOE.
Teopema. I1ycTb BEpOSTHOCTD MOSBJICHHS COOBITHS A B €IUHUYHOM
ucnbiTanuu paBHa p(0<p<Il). Torga npu n—oo
x2

p
lim P, (k Sm<k)=L e 2dx,
now "1 2 o

kl —np
Jnpq’
_ky—np

P e

Teopema nmaercs 6e3 mokaszatenbcTBa. sl BHIYMCIICHUS] WHTErpaja
BBOJIUTCS (PYHKIIUS

o=

t2

D(x) = \/— j e 2dt,
Ee 3nauenust npuBoaarcs B TabIuIEe B pa3HbIX yueOHUKaX. OyHKIUS
00J1ajaeT CBOMCTBOM HEUYETHOCTH, T. €. P(—x) = —D(x).



93

NuauBuayanbHbIe 3a1aHNUs

3apanue 1 PemuTh KOMOMHATOPHYIO 3a/1a4y

. CkonpkuMHu criocobamMu MOXKHO paccaauth 2N + 4 KycTa pa3indHbIX
OpOoJ BJIOJIb AJUIEH C ABYX CTOPOH?

. B maraszun noctynuio N + 8 BU0B pa3nuyHbIX Urpymek. CKOIbKUMHU
croco0aMu UX MOKHO PACTOJIOKUTh HA BUTPUHE?

. K Gen3okononke ogHoBpeMeHHO noabexaja N + 1 mammua. CKOJbKH-
MU CIIOCOOaMHU OHM MOTYT OpraHHW30BaTh O4epe.ib?

. Jlst TpoM3BOICTBA MPOIYKIHUHN 3aBOAY-U3TOTOBUTEN) HYXKHO 3aKIHO-
yuth N + 5 noroBopoB ¢ N + 5 3aBogaMu-nioctaBIiukamMu. CKOJIBKUMH
CIIOCcO0aMHU 3TO MOKHO CJI€NIaTh?

. CraHoK ¢ mporpaMMHBIM YIIPABJICHUEM BBINOJHSAECT N + 7 onepanui.
CKOJIBKMMHU CITOCO0AMHU MOXKHO COCTaBUTh MPOrpaMMy pabOThI CTaHKa
C BBINOJIHEHHEM BCEX OIEPALMU MO0 OJHOMY pazy”?

. Mecsunpiii peneptyap kuHoTeaTpa coctaBisier N + 10 ¢uiabmoB.
CKoIbKMMHU CTIOCOO0AaMU MOXXHO COCTaBUTH IUIaH MpoKaTa KUHODUIb-
MOB, €CJIM KaXJbIi (DHIBM MOXHO MTOKa3aTh OJUH pa3?

. B xonkypce npuaumanu ydactue 2N + 9 pgerckux cagoB. CKOJIbKUMH
Croco06aMu MOTYT pacrlpeIeTUThCS MeCTa MEXKy HUMHU?

. B razete HeoOxoauMo pazMecTuth N + 8 0OBSIBICHUI APYT 3a APYTOM.
CKOJIBKMMU CTIOCO0aMH 3TO MOKHO CHIEJIaTh?

. B ancam6i1¢e N + 6 myxurH u N + 6 skeHIIUH. CKOJIBKUMH CIIOCOOaMuU
UX MOKHO PAcCTaBUTh Ha CIICHE B PAJ TaK, YTOObI HUKAKUE JIBA MYX-
YUHBI 1 HUKAKUE JIBE XKEHIIUHBI HE CTOSIIA PSAOM?

10. B Buneoreke Haxomurcsa N + 7 BuaeokacceT. CKOJIBKUMHU CIIOCOOaMU

X MOYKHO pPAacCTaBUTh Ha TMOJKE?
3apanue 2 Pemuth 3amauy, ucnoiasiys dopmyny balieca

BeposaTHOCTh MoOpakeHusi caMoJjeTa NMPU OJWHOYHOM BBICTpEJE IS
nepBoro pakerHoro pacuera paBHa 0.02(N + 1), a g1 BTOporo —
0.03(N + 1). Kaxxgoe U3 opyauil TpoOU3BOAUT MO OJHOMY BBICTPEIY,
IpPUYEM 3apErUCTPUPOBAHO OJIHO MoMajanue B camosieT. Kakosa Bepo-
ATHOCTh, YTO YJAYHBIN BBICTPEI IPUHAJIC)KUT IEPBOMY pacuery?

Kaxxnplii U3 TAaHKOB HE3aBUCUMO CJIEJIaJ BBICTPEII 10 HEKOTOPOMY 00b-
eKTy. BEposATHOCTh MOpaKEHUS 1IN NEPBbIM TaHKOM paBHa (.7, BTO-
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peiM — 0.1N. OOBbeKT mopaxkeH oaHUM TonaganueM. OnpenenuTb Be-
POSITHOCTH TOTO, YTO OOBEKT MOPAKEH BTOPHIM TAHKOM.

[TapTus Tpansuctopos, cpeau koTopbix 10% nedexTHbIX, MOCTymuiIa
Ha npoBepky. Cama mpoBepKa TaKoBa, YTO C BEposTHOCTHIO 0,9 0OHa-
pykuBaeTcs aedeKT (€ClIu OH €CTh) U CYIIECTBYET HEHYJIEBas BEPOST-
HOoCcTh 0.01(N + 1) Toro, yTo ucmpaBHBIN TpaH3UCTOP OyAET MpU3HAH
nedexkTHbIM. ClydaiiHO BHIOpAHHBIM U3 MApTUH TPAH3UCTOP ObLI MPH-
3HaH JedekTHbIM. KakoBa BEpOSTHOCTH TOTrO, YTO HAa CaMOM JIeJie
TPaAH3UCTOP UC-ITPABEH?

Ha cknag moctynaer mpoaykius Tpex ¢Galdpuk, mpuyue MpoyKIHs
nepBoit ¢padpuxu cocrasiseT (20+2N)%, Bropoit — 46%, ocTaabHbIC —
TpeTber. M3BECTHO, UTO CPEAHUM MPOLECHT HECTAHNAPTHBIX W3AECIUU
st iepBoit ¢adpuku paBeH 3N%, nns Bropoit — 2N%, 11 TpeTbeid —
N%. HaiiTu BEpOSTHOCTH TOr0, 4TO HayAady B3SITOE HECTAHAAPTHOE
u3JIeNue MPOU3BEICHO Ha nepBoi padbpuke.

OpHoTunHBIE TPUOOPHI BBIMYCKAIOTCS TPEeMs 3aBOJaMH B KOJUYe-
ctBeHHOM oTHomeHurd N + 1, N + 2, N + 3, mpuuem BEpOsSTHOCTH Opa-
Ka JUIS 9TUX 3aBOJIOB cooTBeTcTBeHHO paBHbI 0,1; 0,2; 0,3. IIpudop,
NPUOOPETEHHBI HAYYHO-UCCIEA0BATEIIbCKUM HHCTUTYTOM, OKa3ajcs
OpakoBaHHbIM. KakoBa BEpOSTHOCTH TOTO, YTO JAHHBIM MPUOOP Mpo-
U3BEJICH MEPBBIM 3aBOJOM (MapKa 3aBoja Ha MpuOOpe OTCYTCTBYET)?
Ha ckiane HaxomsTcsa neTanu, U3TOTOBJIICHHBIE HA ABYX 3aBogax. W3-
BECTHO, UTO 00BEM MPOIYKIIMU MEPBOTO 3aBoja B N+1 pa3 npeBbliaet
00beM MPOAYKIHMHU BTOPOro 3aBoja. BeposTHocTH Opaka Ha MEPBOM
3aBojie 0,05, na BropoMm 3aBojae — 0,01. Haynauy B3dras neranp okaza-
jach OpakoBaHHOM. KakoBa BEpOSTHOCTh TOTO, UTO JI€TaIh U3TOTOBJIE-
Ha MEPBBIM 3aBOJAOM?

B rpynmne u3z N + 25 yenoBek, OpUIIEANINX CAaBAaTh 3K3aMEH IO TEO-
pun BeposiTHOCTEN, uMeetrcst 10 OTIMYHUKOB, 7 MOATOTOBJIEHHBIX XO-
poIIo, 5 — YJIOBJIETBOPUTEIBHO, & OCTAJIbHBIE — IIOXO MOJTOTOBJIEHBI.
Ot1nuuHuKkM 3HaOT Bce 30 BOMPOCOB MPOTrpamMMBbl, XOPOIIO MOJATOTOB-
neHHbie — N + 20, HOATOTOBJIEHHBIE YJIOBJIETBOPUTEILHO — 15, U 11j10-
X0 MOJAroTOBJIEHHbIE 3HatOT 10 BompocoB. BeI3BaHHBIN Haygaudy CTy-
JICHT OTBETWJI Ha JIBa 3aJlaHHBIX Bompoca. HalTu BEpoOsSITHOCTH TOTO,
YTO CTYJCHT MOATOTOBJICH OTIUYHO WUJIH XOPOIIIO.

Tpu cTpenka MpoU3BOJAT MO OJHOMY BBICTPENY B OJHY U Ty K€ MHU-
meHb. BeposTHOCTh monajgaHusi B MUIIEHb MPU OJHOM BBICTpEIE IS
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KOKI0TO0 M3 CTpedkoB cooTBeTcTBeHHO paBHbl 0,0IN, 0,01(N+1),
0,01(N +2). KakoBa BepOSITHOCTh TOT'O, UTO BTOPOM CTPETIOK MpoMax-
HYJICSI, €CJIM TTOCJI€ BBICTPEJIOB B MUIIIEHH OKA3aJIOCh JBE MPOOOUHBI?

9. Ilpubop cocTouT U3 ABYX IMOCJIEAOBATEIBHO BKJIIOYEHHBIX Y3JIOB.
HanéxHocTh (BEpOSITHOCTh 0€30TKa3HON pabOThl B TEUEHHE BPEMEHU
T) mepporo y31a paBua 0,01 1(N+2), sBroporo — 0,01 1(N+5). 3a Bpems
UCTIBITaHUsl MpuOopa B TeueHHUE BpeMeHU T 3aperucTpupoBaH OTKa3
npubopa. HaliTu BEpOSITHOCTh TOT'0, UTO OTKA3aJl TOJILKO MEPBBIN y3eIl.

10.B simuke HaxoAsTCA OJWHAKOBBIC W3EIMS, U3TOTOBIICHHBIE HAa JBYX
apromarax: 10N u3nenuii M3roToBJIEHO NMEPBbIM aBTOMarom, 30+N -
BTOpBIM. bpak B nmpoykiiuu nepBoro apromara cocranisier 2N%, BTo-
poro — 3N%. HaiiTu BeposSTHOCTH TOTO, YTO CIIy4ailHO BBHIOpAHOE W3-
JI€JIUEe U3TOTOBJIEHO MEPBBIM aBTOMATOM, €CJIM OHO OKa3ajoch Opako-
BaHHBIM.
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