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1. Ileap paGoThl

M3yduTh KacaTeabHyIo W BHJI0OOPA3HyIo OudypKaIHIO.

2. KACATEJIBHAYA BUOYPKAIINA

KacarenbHast Oudypkaius cBs3atna ¢ oOpalleHneM MYJIbTUILINKATOpa B 1,
T.€. B KpUTUYECKUil Touke (Touke budypkaiun nin 6udypKamoHHOM 3HAYCHUK
mapamerpa) CymecTByeT HerummepOboJndecKasi HelMoIBUKHAS TOUKA ¢ MYJTBTUILIH-
kaTopom +1.

3. MogaenabHoe oTobOparkeHus JiJisg onucanus oudypkaimm
(HopmasibHast popma)

Tpp1 = Fla,zp), Fla,x) =a+z+2° (1)
YpaBHeHUe JIJisl HEMOJIBUKHBIX TOUEK
Fla,z) —x =0, tie Fla,z)=a+x+ 2
Wi
at+z+rt—r=0=1"=—a

Orcrojia Tpu OTPHUIATE/IBHBIX 3HAYEHUsIX MapaMeTpa @ OTOOparKeHue nMeer
JIBE€ HEIOJIBUXKHBIEC TOUKHU:

r]=—v—a, x5=+vV—a, a<D0.

Haiinem nepsyto npoussognyto Gyuknuu F(a,x) mo x:

OF (a.x
ox
0F (a, )
[lojcraBuB B BhIpaskKeHue JIs o KOODJIMHATHI HEMOJIBUXKHDBIX TOYCK
T

.I'T 9, NOJIYIUM MYJIBTUIIJINKATOPBI:

OF (a,x7)
ox

OF (a,x3)

=1+22] =1—2y—a, 5
x

=14+225=1+2y—a.



YenoBue yeTodnBOCTH TUNEPOOINIECKO HETONBUKHON TOUKHM T] OTpeje-
JIIeTCA HEPaBEHCTBOM

0F (a,z7)
< Ox

PemmB 3T0 HepaBeHCTBO OTHOCUTEJILHO IapaMeTpa @, MOJYyYUM O0JIACTb

-1 =14+221 <+l -1<1—-2V—-a<+1

YCTONYNBOCTY HEMOJ[BUXKHOI TOUYKN X7:
—-1<a<0.

HenogpurkHuas To9Ka ] — 4/ —a CTAHOBUTCS HETUIEPOOIMIECKON ¢ MyJIbTH-
mmkaropoM +1 npu a = O:

OF(a,x
%:—1—1@1—2\/—@:4—1:@:0.
x
Hemnossmknast ToUKa ] = —y/—a CTAHOBUTCS HETUIIEPOOINIECKO# ¢ MYJILTUILIIN-
kaTopoM —1 npu a = —1:
oF ¥
%:—1@1—2\/%:—1:”;—1.
x

Henogpukuas Touka o5 = ++/—a HeycToitunsa Jijid Beex a < 0 Tak Kak:
*
0F (a,x})
Ox
Henojrurknast Touka T3 = ++/—a CTAHOBUTCA HErunepOOJIMIeCKOil TOJIBKO
B OJIHOM ciydae, korja a = 0:
*
OF (a, %)
Ox

>4+l 142v—a>1 upu a<0.

=+1<1+2vV/—a=1 upu a=0.

Takum obpazoM, KacaTeabHas OudypKalus CBsI3aHa ¢ HAPYIIEHUEM YCJIOBUS
IUMepOOTMIHOCTH HEMOJBUYKHBIX TOUEK T] o = 4/ —a 1pu a = 0, Korja MyJIbTH-
IJINKATOPBI oOpalaorcs B +1:

8F(a, :CTQ)

5 =+l 1+£2yV—a=+1 upu a=0.
x

CuefioBaresibHO TOYKa KacaTebHOM OudypKalmum — 970 3HAUCHUE [aPAMETPa,
a = 0.0,

oR—
KOTJIa KOT/Ia MYJIbTHILIMKATOPDI HEMOJBIKHBIX TOUEK T] 9 = £/ —a 00pammaiorcs
B +1. DT0 TOIBLKO HEOOXOIMMOE YCJIOBHE.
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06 0.0 06
S Em < —> >
Puc. 1. lo 6udypxamuu a < 0.0.

4. Omnwucanme 6udypkam

Bynem yBenmduparh napamerp a, cesig 3a NMOJOKEHHEM I o, a TakXKe 3a

*
aF(a> x1,2)
MYJIBTTUIMKATOPAMHA “or =14 2/—a.
x
[Ipu —1 < a < 0 orobpaxkenue umeer jiBe I'uiepdbOJIMUECKUE HEIIO)[BUXK-
Hble TOYKH, OJlHA U3 KOTOPBbIX YCTOWUMBas ¥] = —+/—a, a JApyrad Ty = \/—a —
HEeYyCTONYNBAsI.
IIpu yBesmiennn napamerpa a 0be HENOJBUAKHbIE TOUKY L] 5 = t4/—a cOu-
*
aF(a7 xl,?)
)katorest. [Ipu srom oba MyJibTUILIMKATOPA B e 1+ 2+y/—a crpemsarcs
x
OF (a,x3,)
» 1,2
+1. B Touke a = 0.0, rue B — = 14 2y/—a = +1 HenoaBMKHBIE TOYKH
x

Tio = Ev/—a cmuBatores, a rpabuk dynknun F(a, z) Kacaercs GHCCEKTPHUCH
y=x.
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(a) (6)

Puc. 2. (a) B Touke 6udypranuu a = 0.0. (6) Ilocre 6udypramuun a > 0.0

ITIpn a = 0.0 HenopBuUKHBIE TOUKN X] 5 = £/ —a = 0 cTaHOBATCA HErHUIIEP-
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Puc. 3. (a) Budypkamuonnas nnarpamma. (6) /o 6udyprarun a < 0.0. (B) B Touxe
oudypkanuu a = 0.0. (r) Iocae 6udyprarmuu a > 0.0

0.0

O0JIMUECKUMU C MYJILTUILJIMKATOPOM 1, 1ipuiem

2

0F(0,0) 0F=(0,0)

—— =41, —5—=2>0.

Ox Ox

CunentoBateibo, B Touke oudypkanun a = 0.0 cynecTByeT Moy ycToirauBast
cJieBa HerunepboImiecKas HENoJBUKHAA TouKa o] = x5 = 0.

[Tpu nepexosne uepe3 touky oudypkanuu a = 0.0, T.e. npu cMeHe 3HAKA
apamerTpa ¢ «<MUHyCa» Ha <ILJ0C», HENOJBUKHbIE TOUKHU T] 9 = $4/—a ucuesaior,
cruBasich npu a = 0.0 (em. Fig. 6).

5. CynepkputumyecKasa BujooOpa3Hada oudypKamnus

Cy1ecTByIOT JiBe MOAUMDUKANNUNA: CyOKPUTHIECKAsd U CYMepKPUTHICCKA.
Haunewm c cynepkpurnueckoii. Busoobpasnasi oudpypkalinst Tak>Ke cBsizaHa ¢ 00-
paleHueM MyJIbTUILIMKATOpa B +1.

MosenbHOe 0TObparkeHus J7ts omucanust Oudypkaiun (HopMasabHast hopMa):

T = Fla,zp), F(a,z) = (1+a)z —2°. (2)



YpaBHeHue J|jisi HEMOBUKHBIX TOUEK

Fla,z) —2 =0, e F(a,z)=(14+a)z—2°
VLITH

(1+a)z—2°—2=0=2°—ar=0.

x] = 0, a mpu a > 0 nmogaBydOTCA ere JiBe: 3333 = ++/a, a > 0. Haiizem
nepByto npou3BojHyio dhyukiwu F(a, ) 1m0 :

0F(a, )

_ a2
- 1+a— 32"
0F (a, )

[TojcraBuB B BhIpaxkeHue JiJist KOOPJMHATBI HENOJBUKHBIX TOUeK 2] = 0,

Ox
T3 = F4/a, 10J1y UM MyJILTHILIMKATODDI:
OF ¥ OF (a,x}
M:1+a, le—Z&.
ox ox

YcnoBue ycroitauBocTr runepOosindecKoil HeroIBUKHOM Toukn x7 = 0 orpe-
JIEJISIETCSs] HEPABEHCTBOM

OF (a,x¥)
= 0x

Permis 910 HEpaBEeHCTBO OTHOCUTEJILHO TTAPAMETPa @, MOJIYIUM 00JIaCTh YCTOWTH-

—1 <+l -1<l+a<l.

BOCTH HENOABUKHON Toukn x] = 0:
—2<a<0.

Henopsrrknas rouka ] = 0 CTAaHOBUTCA HErHIePOOIMUECKONR € MYJIBTUILIUKATO-
poM +1 nipu a = 0:
*
OF (a, z7)
Oz

HenoyBuzknas Touka o] = (0 cTaHOBUTCA HErunepOOJINIECKO ¢ MyIbTUILINKATO-

=+l l+a=+1=a=0.

poMm —1 nipu a = —2:

0F (a,x7)

=—1l1l4+a=-1=a=-2.
ox



YcjioBrE YCTORINBOCTH CUMMETPUUIHBIX THIIEPOOINIECKAX HEMOIBUKHBIX TO-
dek Th 3 = +v/a, a > 0 onpejessercs HepaBeHCTBOM

6F(a7 x; 3)
—1I<—<+1l&e -1<1-2a<+1.
ox
PemmB 3T0 HepaBeHCTBO OTHOCUTEJLHO IapaMeTpa @, IMOJYyYUM O0JIACTb
YCTOUYNBOCTH:
0<a<l.

Henopprxkubie Toukn o5 3 = £4/a cTAaHOBATCST HEMUTEPOOJMUECKUMHI € MYJTb-
Tuiinkaropom +1 npu a = 0:

aF(aa */L‘){ 2)
— =4l 1—-2a=4+1=a=0.
ox
HeroyuKHbie TOUKY T3 5 = ++/a cTaHoOBATCS HEIrMIEPOOTNIECKUMHU C MYJTh-
turimkaropom —1 npu a = 1.0:

OF (a,x}
OMari) |1 99=——1=a=10.
Ox
Takum obpazoM, BuI0oOOpasHasg OudypKamus cBg3aHa ¢ HapyIIeHueM YCJIo-
BUsI TUIEPOOIMYHOCTN HENoJ[BUKHBIX ToueK ] = 0, 253 = £+/—a upu a = 0.0,
KOI'JIa MYJIBTHILIMKATOPBI 00paliaoTes B +1.

6. Omnwmcanme dudypkanum

Byjiem yBenmiauBarh napamerp a, ciejd 3a nonoxkennem x1 = 0, x5 3 = +/a,

OFlory) |, sy
ox ’ ox '

IIpy —2 < a < 0 orobpakeHue MMeeT €JIMHCTBEHHYIO T'MIepOOINIECKYIO

a TaK2Ke€ 3a MYJIbTUILIINKATOPaMn

YCTOHYUBYIO HENOJBUKHYIO TOUKY ] = 0.

0F (a,z7)
[Tpn yBenwdennu mapamMerpa a MYJbTHILTHKATOD 0y - 1 4+ a crpe-
x
OF(a,z}
murcs K +1. IIpu a = 0.0, rje % = +1, HenojBnkHas Touka ] = 0
x

CTAHOBHUTCSI HETUIIEPOOTIUIECKOI.
[Ipudem, Kak MOXKHO BHJIeTh U3 rpaduka Gyukun F(a, ), TpousBojHbe B

OF(0,0 _ OF*0,0
or 0x?
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1.0 5 1.0

a<0 : a=0

—1.0L7 {1 —10l7

Puc. 4. (a) Ho 6udypkamuu a < 0.0. (6) B Touke 6udypranun a = 0.0

1.0
a>0

~10 | 1.0
Puc. 5. TTocsie 6udypkanuun a > 0.0.

AF3(0,0
ox?

x] = 0 acuITOTUYeCKH! yCTORUUBA.

= —6 < 0, o npu a = 0.0 HerunepdboJIIECKas HEIOABUKHAS TOUYKA

— * — —
Ilpu a = 0.0 nenojBuKHbIE TOUKU T)3 = y/—a = ( Takxke CraHOBATCH
HEeruIepooIMIecKUMI ¢ MyJIbTUILINKATOPOM +1, mpudem

OF(0,0) _ ,  0F(0.0)

or N
DF3(0,0

ox3
JIBUKHBIE TOUKU T3 = 0 TaKKe aCHITOTHIECKH YCTOHIUBBI.

[TockombKy = —6 < 0, 7o nupu a = 0.0 HerunepboJUIECKHE HEIo-

[Tpu nepexome uepe3 Touky oudypkannn a = 0.0, T.e. npu cMeHe 3HaAKA

napaMerpa ¢ «MHUHYCa» Ha <IUIIOC», HENoABMKHas Todyka x] = (0 craHoBHUTCH

*

OF (a,x})
Ox

HOBBIE TUIEPOOJIMIECKIe HEMOJBUKHBIE TOUKH Th 3 = +1/a, KOTOPbIE YCTORINBHI

runepoboJIMIecKkoil HeyCTOMIUBOI C > +1. IIpu 3TOM BO3HUMKAIOT JIBE

B JiManaszone uaMeHenus napamerpa 0 < a < 1.



0.8 l/L/
v ‘ /! //f !
Lo Al
0.8 ; | —
0.6 0.0 a 0.6
(a)
1.0 3 1.0 3 1.0

a<0 3 a=0 ; a>0

—1.0|” S ‘ a8
—1.0 3 1.0 —1.0 3 1.0 —1.0 ! 1.0
X X X

(6) (B) (r)

Puc. 6. (a) Budypkamuonnas nnarpamma. (6) /o 6udyprarun a < 0.0. (B) B Touxe
oudypkanuu a = 0.0. (r) Iocae 6udyprarmuu a > 0.0

7. 3amaHue Ha JJabopaTOpHYIO paboTy

HaiiiuTe HemoOABUXKHBIE TOYKU U OTBEYAIONINE UM MYJIbTUILIMKATOPHI OTOO-
paxenunsi Tpr1 = [F(a, ). 3gecs a — mapamerp. Vcmosnb3yst 9T0T pesysbrar,
BBIIOJIHATE KaYeCTBEHHbI aHaJIu3 KacaTe/IbHOW U BUJI00Opa3HOM OudypKaliuii.

7.1. BapwuaHTHI 3aJaHW

BapuanT 1.
(a) gy = F(a,z), k=0,1,2,...,

F(a,z) = a — 2°

(b) zpy1 = F(a,zr), k=0,1,2 ...,
F(a,z) = 0.22 4 ar — 2°.
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Bapuanr 2.
(a) xgpr1 = F(a,xr), k=0,1,2, ...

F(a,z) =1 — az”.

(b) Ll =F(a,xk), k=0,1,2,....

F(a,z) = ax — x°.

Bapuanr 3.
(a) xgp41 = F(a,x), k=0,1,2, ...

F(a,z) = Niww:t

(b) Th+1 :F(CL,ZE'k), k:O71727“"

F(a,z) = —x — ax + 2°.
Bapuanr 4.

(a) xgpr1 = F(a,xg), k=0,1,2, ...
F(a,z) =z +a— 2

(b) xpy1 = F(a,zr), k=0,1,2,...
F(a,z) =z + 0.5ar — 2°.

Bapuanr 5.
(a) xgr1 = F(a,xr), k=0,1,2, ...

11



F(a,z) =a—0.25 — 2%

(b) xpy1 = F(a,zr), k=0,1,2 ...,
F(a,r) = (0.5 + 1.25a)x — 2°.
BapuanTt 6.

(a) xpr1 = F(a,xr), k=0,1,2, ...,

F(a,z) =a—0.5—2°

(b) xpy1 = F(a,zr), k=0,1,2 ...,

ax
F(a,z) = =

Bapuanr 7.
(a) xpr1 = F(a,xr), k=0,1,2, ...,

F(a,z) = 0.25ax — 2°.

(b) Lha1 =F(a,xk), k=0,1,2,....,

1
F(a,z) = —— —x + 1.
ax

Ilopsamok BbIMOJIHEHUS PAabOTHI

1. Nzyuure TeopeTnyuecknii MaTepuall 1Mo KacaTeJabHON 1 CyNepKPUTUICCKON
BUJIOOOpa3HON OUMypKaAIKMAM U METOJMKY KaueCTBEHHOI'O aHaJIN3a.

2. Haiiure HenmoiBuKHbIe TOYKU U OTBEYAOIINE UM MYJIbTUILIAKATOPBI. JIst
3TOTO:

(a) Beimucars ypaBHeHUe JJis HAXOXKJICHUS HEMOJBIXKHBIX TOYEK:
F(a,z) —z = 0.
Penmth 910 ypaBHenue OTHOCUTENLHO .
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(6) Haiitn mepsyto mnpoussognyio dyuknuu F(a,x) o x: F'(a,x) =
OF (a,x)

or
(B) Ilycrb x, — peiicrBurenbblii Kopenb ypasuenus F(a,x) —x = 0, re.
F(a,z,) — x. = 0. Haiite Mmyasrunamkarop Henoasukuoit touku F'(a, x,),
MoJICTaBUB KOpeHb ypasHenust F'(a,x) —x = 0 B BhIpayKeHue Jist MpOu3BOJI-
noit F'(a,x).
Bamewanuve: Yncao meiicrBurensubix Kopueil ypasuenus F(a,x) —x = 0
€CTh TIUCJIO HEMOBUKIBIX TOUCK.

3. st Kark 10 HENOJBUXKHON TOUKM HaliTu obsiactb ycroituuoctu. [liist
9TOTO:

(a) Boimucarh ycjioBue yCTONIMBOCTH TUIIEPOOINTIECKON HEIOIBUYKHON TOU-
KU:

OF (a,x,)
ST o

PemmTh 5T0 HEPaBEHCTBO OTHOCUTEJILHO IAapaMeTpa @. DTO U €CTh 00JIaCThb

—1 < +1.

YCTOMYUBOCTU HEMO/IBUKHOI TOYKHU 110 HapamMerpy a (,&Hana30H 3HAUYEHUN
a).
(6) Ecam
OF (a,z,)
Ox

TO HEIIoJABH2>KHasA TOYKa HGYCTOﬁqHBa.

> 1,

(B) BeimucaTs ycmoBue HapyImenusi runepOOTUTHOCTH HEMOBIKHON TOUKM:

OF (a,x.) OF (a,x.)
B

PermmTh 9T1 ypaBHEeHWS OTHOCUTEIHLHO TTapaMeTpa a, TeEM CaMbIM PACCINTAThH
3HAYEHUsI @, IPU KOTOPHIX HEIOJBUXKHAsI TOUKA CTAHOBUTCS HErunepoOosimie-
CKO# ¢ MyJbTUILIUKATOpoM +1 mian —1, cooTBeTCTBEHHO.

(r) Ompenesnurs yCTORIMBOCTD HETHIEPOOTNIECKON HEMOBUKHOM TOUKA C
MYJIBTUIIRKATOPOM 1.

4. HamummTe nporpaMMy HOCTpoeHus: OiypKaIMOHHOM 1uarpaMMbl 1 ATe-
PaIMOHHBIX JArarpamMM. BhITOIHNTE KadecTBEHHBIH anaan3 OmdypKaIinon-
HOI'O 11epexo/ia, paccurTaB OUdypKaIMOHHYIO JiMarpaMMy U UTepaluOHHbIE
JuarpaMmbl 10 Oudypkamnuu, B TouKe OudypKanum u mocjae OudypKaiun
(cMm., mampumep, Fig. 6). Cdopmyupyiite BHIBOIBI.
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e 5. Odopmute order 10 JabopaTOpHO paboTe.
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