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BBenenue

B JaHHBIX MCTOAWYCCKHUX PCKOMCHAANUAX HM3JOXKCHBI MATCpuajibl 110
pa3acity «I[CJ'II/IMOCTB qHuCCJ, €€ CBOMCTBA M IMPUIIOKCHUA» KYPCOB «DIeMEeHTHI

anreOpbl U TEOPUU YHCEI» U «ANredpa U TEOPUS YUCEID).

PaccMoTpeHBI ciiemyronue TeMbl: TeopeMa JICJICHUs C OCTaTKOM, CBOMCTBa
JETMMOCTH 4ucen, npocteie U coctaBHble uncia, HOJ u HOK, nenas u apoOHas
4JacTh 4yucia, GyHKIMS DWiepa, YuCiIo U CymMMa JeiauTeel HaTypalbHOTO YHCIa,

LEIHbIE IPOOH.
[To kaxxno¥ TemMe MPEACTABIICHBI:

1)  KkpaTKue TEOPETHUYECKHUE MOJIOKEHUS;

2)  TepeueHb BOMPOCOB, BBIHOCUMBIX Ha MPAKTUUECKOE 3a/IaHHE;

3) mpuMepsl pEUICHUs THIIOB 3a/la4, BBIHOCHMBIX Ha IIPAKTHYECKOE
3aHATUE;

4)  3ama4yu, BHIHOCUMbIC Ha CAMOCTOSTEIIbHYIO paOOTy CTYACHTOB.

JlaHHBIE METOJIMYECKHE PEKOMEHAAIMU MpeaHa3HAYEHBbI JJIsi TPOBEACHUS
MPAKTUYECKUX 3aHATUH M0 JUCIUIUIMHAM «Anredpa W Teopusl 4HCE» U
«JneMeHThl airedpsl M TEOpUU uucel» s crTylaeHtoB HOro-3amagHoro
roCyapCTBEHHOTO YHUBEPCUTETA HaIpaBlIeHUU moArotoBku: « HPpopMannonHas
oe3omacHoCThY, «MartemaTtudyeckoe obecrieueHne U aJIMUHHCTPUPOBAHHUE

MH()OPMAITMOHHBIX CUCTEM.

IIo n310XEHHBIM B JaHHBIX MCTOJHUYCCKHUX PCKOMCHIAIHAX MaTCpHaiaM
MOXXHO PCKOMCHA0BATH IPCIIOAAaBaTCIIO ITPOBCACHHC 8-MHu 4acoB MPaKTHYCCKUX

3aHATHH 1O CIEAYIOLIEMY TUIaHY:

L4 HpOCTBIC U cocTaBHBIC unciia. KaHoHnueckoe MMpEACTAaBJICHUC LICIIOTO

yucna. (2 yaca)



o Llenass u apoOHas yacth uymcina. Oynkuusa Dinepa. Yucno u cymma
JeuTeNel HaTypaJIbHOTO YKcia. (2 yaca)
o HO/] u ero nuneitnoe npeacrasnenne, HOK. (2 yaca)

o HenpepriBHBIC 1 TTOAXOAAIIIME IpooOH. (2 Haca)

[Ipy BBINIOJIHEHUU NPAKTUYECKUX 3aJaHUN B KaXKIOW 3agade BblOepeTe
3aJaHUE€ U3 CBOEr0 BapuaHTa. BapuaHT omnpezaensercs mo mnocieaHed nudpe
HOMEpa 3a4eTHOM KHIKKU. OTUeT 1Mo paboTe JOHKEH COEePKaTh PEIICHUs 3a7a4 U
BBIBOJIbI C IIOJHBIM MX 0OocHOBaHMeM. OTueT o pabore 0pOpMUTH HA JIUCTaX
dopmara A 4. Ha TuTynbHOM JaHCTE AODKHO OBITH YKAa3aHO: YHHUBEPCHUTET,
¢dakynbTeT, Kadeapa, mpeaMeT, HOMep NPAaKTUUECKOTO 3aHITHsI, BApUaHT, TPYIIIIA,

HUCIIOJITHUTCIIb, HpOBprIIOHlHﬁ.



PABOTA Ne 1 IIpocTbie M COCTABHBIE YHC/IA, KAHOHHYECKOE IPeICTABJICHHE

COCTaBHOI'O YHucCJIa

IIe.m;: HN3Y4YUTb IIOHATHUA HIPOCTOr0 M COCTABHOIO 4YHCIA, TCOPEMY O
OCCKOHEYHOCTH MHOXKECTBA IMPOCTBIX YHCCII, TCOpEMY MACIICHUA C OCTATKOM,
HaYYUTLHCA IIPOBEPATH ITPOCTOTY YHCIIA U HAXOAUTH KAaHOHHUYCCKOC IMPCACTABICHUC

COCTAaBHOI'O 4HCJIa.

BOHpOCbI, BBIHOCHUMbIC HAa IIPAKTHYECKOC 3aHATHE.

1. TeopeMa nenMMOCTH ¢ OCTaTKOM. J[eTMMOCTB U €€ CBOWCTBA.

2. [IpocToe u cocTaBHOE HATypabHbIE YKCTIA.

3. Pemero Dparocdena, 0eCKOHEUHOCTh MHOXKECTBA MPOCTHIX YUCEI.

4. Pa3yioxeHue 1enoro 4ucia Ha MpPOCThIE MHOKHUTENIN, KAaHOHUYECKOE

npeaCTaBJICHUC COCTABHOI'O YHCJIA.

KpaTKne TCOPETHYECCKHUE CBEACHUA.

Teopus uncen 3aHUMAETCS U3yYEHUEM CBOWCTB LEJIBIX yucell. LlenbiMu Mbl
OyzneM Has3plBaTh HE TOJBKO 4YHCIAa HaTypaiabHoro psaa 1, 2, 3,
(TOJIOKUTETBHBIE 1IEJIbIE), HO TaK)Ke HYJIb M OTpHUIlaTeIbHbIe Iiehble —1 , —2, —3
, .. . Tak 4TO, pacIoJIOKUB 1IEJIbIE YHUCIIa B BO3PACTAIOIIEM MOPSIKE, MOTYIUM P,
B KOTOPOM Pa3HOCTh ME&XIy OONBIIMM W MCHBIINM COCEAHUMH UYJCHAMHU BCET/Ia
OyzeT paBHA €IMHUIIC.

Ha mHOXecTBe menbix yucen OylaeM paccMaTpuBaTh OIEpaluyd CYMMBbI
a+b, pasnoctn a-b m mpomssenenme ab nByx menaslx a m D, KoTOpBIE TaKXKE
SIBJISIFOTCS TI€JTBIMH.

B cnyuae, korma s menbix a U b cymecTByer mesioe (, 4TO MMeEeM
paBeHCTBO a=b(, To Oyaem roBoputh, uto a Aenutcsa Ha b (aib), win uyto b nemut

a (bla). B aT0 citydae erie roBopsT, uTo a kpatHo b i b nenmurens a.



TEOPEMA. a) Eciu a xpatHo ¢, ¢ kpaTtHO b, TO a xpatHO b.
b) Eciu (axc)ib m a:b, to u cib . [Ipuuem, BepHo 1 obpatHOE:
ecm a:bm cib, To (axc)ib .

¢) Ecom aib, To a™:b".

TEOPEMA. Bcskoe 1enoe a mpeacTaBiseTcsl €IMHCTBEHHBIM CIIOCOOOM C

IIPH [TOJIOKHUTEILHOM 11ejIoM b paBencTBoM Bumaa = bqg +ru 0 < r < b.

B aToM ciryyae ¢ Ha3bIBA€TCS HEMOJHBIM YAaCTHBIM, 4 T OCTATKOM OT JEJIEHUS
aHab.

Ecim nonoXuresbHoe Ynceio P AEINUTCS TOIBKO Ha MOJIOKUTEbHBIE uncia 1 u p,
TO OHO HAa3bIBACTCA NPOCTBIM. B NPOTMBHOM cCilydae, T.e. KOIZJa €CTb U Jpyrue
HOJIOKUTEITBHBIE JEIUTENH, ITO YUCIIO HA3bIBAETCS COCTABHBIM. | COBEPIIEHHO 0C000€E
YHCII0, Y HETO €IMHCTBEHHBIN JICJIUTEb.

Eciu B psmy HaTypaiabHbIX YHCENl UCKIIOUUTH 1, TO mepBoe uucio 2 Oyaer
NpOCTbIM. BbluepkrBas B JAJIBHEHIIEM 4YMCIIA, KPATHBIE 2, MbI IOJyYHM IIEPBOE HE
BbIYEpKHYTOE uKcio 3. OHo OyzAeT npocThiM. BeryepkuBast fasee uncia KpaTHbIe 3, Mbl
MOJyYMM IIEPBOE HE BBIYEPKHYTOE 4YHCIO S. OHO TOXKE SBISIETCA IMPOCTBIM. JTOT
IIPOLIECC MOYKHO IIPOJOJDKATH M MbI IOJyYUM IOCIJIEN0BATEIBHOCTD IPOCTBIX YHCEIL
Cam 1mpomecC HAalOMMHAET <«IIPOCEUBAHWE», W TOJYyYWI HA3BaHHE «PELIETO

OparocdeHay.

TEOPEMA. Ecnu HarypanbHOE YMCIIO ¢ HE JEJIUTCS HAa IPOCTHIE YMCia P

Takue, 9To P°< ¢, TO 3TO YUCJIO ¢ IIPOCTOE.
TEOPEMA. MHOk€eCTBO MPOCTHIX Yynced OECKOHEUHO.

TEOPEMA. Jlnsa mr060ro HaTypajabHOIO YKcia N CYIIECTBYET MPOMEKYTOK
NOAPSA UAYIIMX HATYypAIbHBIX YHUCEN JJIMHHBI N , HE COJAEp)KAIIMH MPOCTHIX

YUCCII.



TEOPEMA. Ilycts HaTypampHOe umciio Oomnbine 1. Torma HamMeHBIIHIA
MOJIOKUTEIIBHBIN IEIUTEND YNCIIA, OTIWYHBINA or I, SIBIIIETCS  MPOCTHIM

YHUCJIOM.

TEOPEMA. Kaxioe HaTypalibHOE YKCIIO @ MPEACTABIACTCS €IUHCTBEHHBIM

) (24 a
00pa3oB B BHJIE IIPOU3BEICHHUS CTCIICHEH IIPOCTBIX YHCENI A = Py * ... Py ¢

OTO NpeACTaBIEHUE HATYPAIILHOTO YMCIIA HA3hIBAECTCS] KAHOHUYECKUM.

I[J'IH ICIIOro 4rcjia UMCCT MCCTO TAKOC KC IMPCACTABJICHUC, IIPOCTO IICPCI HUM

CTaBHUTCs 3HAK - .

TEOPEMA. Yucno b = p;* ... p,f * aBnseTcs menureneM ducia

k

a a -
a=p;" ..y TOTIa M TOJILKO TOT/a, KOrJAa I KaXIOro | MMEET MECTO

HEpaBEHCTBO f5; < ;.
IIpuMepsI BbINIOTHEHUS 32 JAHU.

3agaua 1. Haiitu Bce npocTteie uncna ot 10 mo 20.

Boimuiem 3TH yucia U NpUMEHUM «pemieTo JpaTtocheHay.

10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20.

BoeluepkHeM cHavasia yucna, kpatabeie 2. OcTaHyTcsl CeIyOLuUe YUCIa.
11, 13, 15, 17, 19.

Teneps BeuepkHEM uKcia, KpaTHbIe 3. [ lomydnm nocienoBaTenbHOCTD YMCeN
11, 13,17, 19.

Vake IIPOBEPSATH JIEIMMOCTh Ha 5 HeT HeoOX0MMOCTH, T.K. 52>20.

3anaua 2. Pa3jioxkuTh Ha POCThbIe MHOXKUTE M 6!
BriHeceM cHavana 2 U3 T€X MHOXKUTEJEH, KOTOPbIE KPaHbI 2, 3aT€M BBIHECEM €I1IE
pa3 2 u3 OCTaBIIMXCS MHOXMTEJIEH, KpaTHhIX 2. M3 ocTaBIIMXCS TOCJE 3TOrO

MHOUTeIEeH BbiHECeM 3 . [lomyuum crnenyrolee npeacTaBlIeHUE.



6!=1-2-3-4-5-6=2-2-2+(3-2-5-3)=2432-5,

3ajgaua 3. BelsicHUTE, SIBJISIETCS JIK JAHHOE YHCJIO MPOCTHIM MJIM COCTABHBIM.
a = 29. IIpoBepsieM JeIMMOCTb 3TOIO YMCIIa HA MPOCTBIE YKCIA, KBAAPAT KOTOPIX HE
MIPEBOCXOANT @. ITO MPOCThIC uncia 2, 3, 5. Hu Ha onHO U3 HUX 29 HE JENUTCS, 3HAYMT,

OHO ABJEICTCA IIPOCTBIM.

3amaya 4. HaiiTu BhICHIYIO CTENIEHb YHMCJIA 2 B PA3JI0:KeHNH Yuciaa §8!.
bynem 1ercTBOBaTh Tak ’Ke Kak B 337a4€ 2 OTHOCUTEIILHO TOJIBKO IIPOCTOTO YHCIa 2.
81=1-2:3-4-5-6-7-8=2-2-2-2:(3-2:5-3-7-4)=242-2-(3:5-7-2)=2422-2-(3-5-7)=

=27-(3-5-7). Takum 06pa3oM, CTENEeHb 2 B PA3IOKEHUH Yncia 8! paBHa 7.

3anaua S. [IpeacraButh B kKaHOHU4Yecko# ¢opme uuciao 2015.

2025=5-405=5-5-81=52-3-27=52-3-3-9=52-3- 3 - 3 - 3=3%.52,

3amaua 6. Pa3ne uTh YHCJI0 @ HA MOJIOKUTETbHOE YUCI0 D ¢ ocTaTkoM.
a=20974,b = 37.

MO0>KHO YHUCIIO a AETUTh Ha YUCIIO O «yTOJIKOM.

20974 | 37
205 512
47
37
104
4
30
Taxkum obpazom, noryyaem 20974=37-512+30 , nmpuyem 0 < 30 < 37.



[IpakTnyeckue 3aJaHusi 10 BADUAHTAM.

3aganue 1. HaiiTu Bce mpocThle YHcIa MeKIY YucaamMu a, b:

Bapuanr 1. a =150; b =180; Bapuanr 2. a =250; b =280;
Bapuanr 3. a=130; b =160, Bapuant 4. a=230; b =260;
Bapuanr 5. a=110; b =140; Bapuanr 6. a =200; b =240;
Bapuanr 7. a=90; b =120; Bapuant 8. a=250; b =290;
Bapuanr 9. a=40; b =90; Bapuanr 10. a =230; b =270.

3ananue 2. Pa3/io:KuTh HA MPOCThIE MHOKUTEJIN:

Bapuanr 1. n =10!; Bapuant 2. n=141,
Bapuant 3. n =111!; BapuanTt 4. n = 8!;
Bapmuanr 5. n =14!; Bapuanr 6. n=16!;
Bapuant 7. n =13!; Bapuant 8. n = 111;
Bapuant 9. n=18!, Bapmuant 10. n=19!.

SaJaHne 3. BLIHCHI/ITe, ABJAKOTCH JIKM YUC/IA MIPOCTBIMHA UJIN

COCTABHBIMMU:
Bapuant 1. 2657; Bapuanr 2. 101;
Bapuant 3. 401; Bapuanr 4. 103;
Bapuanrt 5. 2667; Bapuanr 6. 1001;
Bapuant 7. 104; Bapuanr 8. 1003;
Bapuant 9. 2669; Bapuant 10. 203.

3ananue 4. HaiiTu BbICIIMeE CTEeNeHU Yucea 2, 3, 5, 7, 11, 13, Ha koTopbIe

JeJUTCH yucJo N!:



Bapuanr 1. n =40!; Bapuant 2. n=34!;

Bapuanr 3. n =31!; Bapuanr 4. n = 18!;
Bapuant 5. n =34!; Bapuant 6. n=26!;
Bapuanr 7. n =23!; Bapuanr 8. n = 211!;
Bapuant 9. n=28!; BapuanTt 10. n=39!.

3ananue S. [IpeacrtaBuTh B KAHOHMYECKOH (hopMe YUCI0:

Bapuant 1. a=8279884; Bapuant 2. a= 8105722,
Bapuant 3. a=1488972; Bapuanr 4. a=6223781,
Bapuanr 5. a=1101433; Bapuanr 6. a =2024013;
Bapuantr 7. a=9090117; Bapuant 8. a=2501313;
Bapuant 9. a =4091334; Bapmuant 10. a =2301027.

3apanue 6. Pa3neuTh 4HCJI0 @ HA MOJIOKUTEIbHOE YU CJI0 b ¢ craTkom.

Bapuanr 1. a=2024013, b =90; Bapuanr 2 a=1488972, b =270;
Bapuanr 3. a=2301027, b =120; Bapuanr 4. a=1101433, b =290;
Bapuant 5. a=2501313, b =140; BapuanT 6. a=9090117, b =240;
Bapuanr 7. a=8279884, b =160; Bapuanr 8. a=4091334, b =260;
BapuanT 9. a =6223781, b =180; BapuanT 10. a =8105722, b =280.



PABOTA Ne 2 enas u xpoOHas yacTu yucaa. Dynkuus Jisiepa. Yucsio u

Cymma IleJIl/ITeJIeﬁ HaTypaJbHOI'0 Yuc/jia.

Hesb: U3yuynuTh MOHITHUS 1ETON U JPOOHON YacCTH JACHCTBUTEIIBHOTO YUCIIA,
MYJIBTUIIMKATUBHON (QYHKIMH, (DYHKIMIO Diijiepa JIJIs HaTypajabHOIO apryMEHTa,

GyHKIMY YUCIa U CYMMBI INTUTENIeH HAaTypaibHOTO YKCIa.

BOl'[pOCLI, BBIHOCHMMBIC Ha IIPAKTHYECKOC 3aHATHC.

[enast u npoOHast yacTh AESHCTBUTEIBLHOTO yncia. X cBolicTBa.
MynbTUIITMKATUBHBIE (PYHKIIMA U UX CBOMCTBA.
Uucno HaTypadbHBIX JEIUTENICH 1EI0T0 Yncia.

CymMa HaTypanbpHBIX JEIUTENEH LENOT0 Yncia.

o ~ w0 Ddp

OyHKIMSA Dilliepa U ee CBOMCTBA.
KparTkue Teopernueckue cBegeHUs.

HanbGonpiee eJI0C 4rcCjio, HC MPCBOCXOAAIICE AAHHOI'O I[GP'ICTBHTCJ]LHOFO

YHCiIa @ Ha3bIBACTCS €ro 1eJI0N YacThio, KOTopas 0003HavYaeTcs Kak [a].

TEOPEMA. a) [d]< a.

b) [a+n]=n+[a], rme n nenoe umco.

Pa3HocTh MeXIy YMCIOM M €ro IEJOW YacThi0 HA3bIBAECTCS €ro JIPOOHOM

qacteio. a — [a] = {a}.

TEOPEMA. a) 0 < {a} < 1;
b) a=[a]+{a}.

TEOPEMA. Iloka3arenb, ¢ KOTOPbIM JaHHOE IIPOCTOE P BXOIHUT B

npou3BecHKE N!, paBeH E] + [;‘—2] + [;—3] + o



@yHKIMSA HAa HATYpPAJIbHOM ApTryMEHTE HA3bIBAECTCS MYJIbTUIUIMKATUBHOW,

CCJIM OHa yAOBJICTBOPACT CICAYIOIIUM YCIIOBUSM:
1) f(1)=1;
2) f(ab)=f(a)f(b).

TEOPEMA. [Ilycte HaTypaJpHOE UYHCIO HMMEET KAaHOHHYECKOE

495

a ) o
NpeaACTaBJICHUE A = pll pk . TOFI[a CymMmMa 3HAa4YCHHU MYJIbTUINIIMKATHBHOU

¢dyukuu f OT Bcex menurenel 3TOro Yuciia a BEIYUCIIIETCS 110 popMyIie:

Sasaf(@) = (14 fpr) + @D + -+ f(pI)) - o - (L + f(pe) +
f@H ++f (p:")), npuyeM, B ciydae a = 1, mpaBasi 4acTh CUMTAETCS PaBHOM
1.

O0603uaunM depe3 T(a) IHCI0 MOJ0KHUTEIBHBIX ACTUTEICH Yrcia d.

TEOPEMA. Ecim a = p;* ...pp* , T0
t(a) =(a; + D(a, + 1) - ... - (ap + 1).

3ametum, uto st a = p* umeem 7(a) = (a + 1).

O603HaunM vepes 0(a) CymMMy MOJIOKUTEIbHBIX JCIUTENeH Yrcia a.

TEOPEMA. Ecim a = p;* ...po* , T0

ai+1 Xk+1
p -1 p -1
o(a) = +—— .. - E—— wm
p1—1 Pr—1

o@=(1+p 4+ ") (14 pe+-+ 0o

Oyukius Diinepa @(a) onpeaenseTcst s BCEX LEbIX MOJOKUTEIbHBIX a U
npecTaBisieT co0oro uncio npeacrasureneit psaa 0, 1 ... (a-1) B3auMHO MPOCTHIX

c a.

TEOPEMA. ¢(a) < a — 1.



3amerrM, 4T0 @(a) =a — 1 Torma M TOIBKO TOrAa, KOTAa a SIBIISETCS

HpOCTI)IM YUCJIIOM.
TEOPEMA. Eciu a = p% , 10 () = p% — p*~ 1.
TEOPEMA. Ecim a = p;* ...po* , T0

p@=a Il(1-).

TEOPEMA. Ecim a = p;* ...po* , T0

o) = [T, (p - ph).

TEOPEMA. Ecim a = p;* ...p.* , T0
2dja (d) = p(a).

IIpuMepsI BBINIOTHEHUS 32 JAHUM.

3ananmue 1. Haiitu neayio u 7podHyo yactu ot 3+vV12 .
3ametnm, uto 3% <12 < 4%, 3maunr 3 <V12<4. A moromy [3+V12]=

3+[V12]= 3+3=6. Ha ocHOBaHWH OIpEICICHUS JOPOOHOH YacTH HMEeM

{3+V12}=3+V12 - [3+V12]=3+V12 -6=V12 — 3.

3ananue 2. Beruucants pynkuuio Jilsiepa @(a) aias unciaa 725.

HaiineM kaHOHMYECKOE MpeACcTaBIeHUE unciaa 725.

725 = 52 - 29
Tor;:[ago(725)=725-(1—§)-(1—2—19)=5-4-28=560.



3aganmne 3. BoluuCaUTh, YMCJI0 JeuTesiedl T(a) A 4YUCIa, YKa3aHHOIO B

3aJaHuM 2.

1(725) = 2+ 11+ 1) = 6.

3aganne 4. BolyuCcauTh CymMMmMYy JejuTesied o(a), IJisl YUCIa, YKA3aHHOTO B

3aIaHuM 2.

2+1_ _ - —
0(725): 52+ 1_291+1 1=125 1 841 1=31_30=930.
5—-1 29-1 4 28

3anaﬂne 5. HaﬁTH Nnora3arTeJjib, C KOTOprM YUCJI0 a BXOJIUT B N !:
a=3,n=17.

74, o7
[Tokazarens yucia 3 B pa3noKeHUU uncia 7! paBeH [§]+[5]:2+0=2.

3ananue 6. ITo n3BecTHol pynkuun Jiijgepa @ (a) HaiiTh uncio a = 2% - 3F -

57 - 7% ¢(a) = 64

Acuno,utoa =20, =0,y =>0,6 = 0.

1) Chayama npeanojoKuM, 4YTo Bce oOHHU cTporo Oombmie 0. Torma B

y 1
COOTBETCTBUH ¢ popmynoit ¢(a) = a - X, (1 — p—) MOJIyYHM PaBEHCTBO:
i

1 1 1 1 8
64=a-(1-3)-(1-3)-(1-3)-(1-7)=a =

2 3 5 7 35
[Tocne coxpamenus moayuuMm 35-8 = a, T.e. a = 280. Ho 310 4uncio He
JETUTCS Ha 3, 3HAUYMT HAIlle MPEAIooxkeHue, uro f > 0, He BepHO.

2) Bymem mnpenamnosnaraTh Temepb, YTO OJWH M3 TMoKaszaTened paseH O.

PaccmoTpum nepBbiii u3 HuX a = 0, a octanbHble Oosbie 0.

Torna OyneM umeTs paBeHCTBO: 64 = a - (1 - %) : (1 - i) ' (1 - %) = %

Otcrona a = 35. Ho 35 He nenutcs Ha 3, T.e. mpeamnoyioxkeHue, uro > 0

HE BEPHO.

3) IIpenmonoxum, uto f = 0, a oCTalbHBIC MMOKA3aTeId IOJOKUTCIbHEIE. B

JTOM CiIy4ae I/IMCCM64=a'(1—%)'(1—§)'(1—%)=§.



Orctona 3a = 35-16. JleBas wuacTh JeiauTcs Ha 3, a TMpaBas HET.
[TonyuyeHHOE POTUBOPEUUE JOKA3BIBAET, YTO ATOTO CIydasl TOXKE OBITh HE
MOYKET.

4) Tpennonoxum, 4to ¥ = 0, a OCTaJbHbIC MOKA3aTeIH IOJIOKUTEIbHbIC. B
1 1 1 4
ATOM ciiydae umeeM 64 =a - (1 —3) 1—5 (1 —-)=7aTe.
a=7-32=2%-71
Ho B 3TOM pa3nokeHuu HET 3, 4TO MPOTUBOPEUUT HPEATNOT0KEHUIO.

5) Hakonen, mnpeamnonoxum, d9ro o6 =0, a ocrajgpbHbIe ITOKa3aTeIH

MIOJIOKUTEIBbHBIE. B 3TOM cityyae nmeem:

64=a-(1—%)-(1—§)-(1—§)=1—5a Te.a=240=2%-31.51,

Crnenaem npoBepKy.

240 (1 1) (1 1) (1 1)—240 1.2 4—64
2 3 5/ 2 35
OtBet: a = 240.

[IpakTHyeckue 3a1aHNs 10 BAPUAHTAM.

3ananme 1. HaiiTu mesyro u IpoOHYI0 YaCTH OT:

Bapuasnr 1. a) 3,75; 6)—— B) 5 +V17; 1) 3+s1n—, m1,5— tan—
Bapuanr 2. a) —3,75; 6) 175 ;B) =5 + V17, 1) 3-sin%; 1)—1,5 — tan~;
Bapmanr 3. a) 6,7; 0)2 — — B) 1,3+ cos— r) 2+ cos—, n)1l+ smg
Bapuanr 4. a) —6,7; 6)—2 — ? ;8) 1,3 — cos=; 1) V200; 1) 1 — sinZ;

Bapuant 5.2) 2% 6)3 — 1g0,7:8)Z; 1) Y20; n)~1—sin;

Bapuanr 6. 2) e=2,718..; 6) " °%; 5) VI10; 1) —4,15; 11,25 +17

;B) —/110; 1) 4,15; 11,25 —17;

720, 5) 1,3 +sinZ; 1) —(4/580 + 1); - 2

Bapuanr 7. a) -e=-2,718..; ) 1—\/5

Bapuanr 8. a) -16,7; 6)




Bapuant 9. a) -7,75; 6)3 — —; B) —5 + V17; 1) -3-sin%; 1) 1,5 + tan’;

7
Bapuanr 10. 2) 1 — v/21; 6)V117; B)In12;r) 4 + cos%; n)—g;

3apanue 2. Beruucaurs pyHkuuio Jisiepa @ (a) 1Js Yucedr:

Bapuanr 1. (a=820); Bapuanr 2. (a = 460);
Bapuanr 3. (a = 825); Bapuanr 4. (a=396);
Bapwuanr 5. (a =2310); Bapuanr 6. (a=2520);
Bapmanr 7. (a = 720); Bapuanr 8. (a =3630);
Bapuanr 9. (a = 375); Bapuant 10. (a = 390);
Bapwuanr 15. (a = 320). Bapuanr 16. (a = 5610).

3ajganne 3. BbluncJauTh YUCII0 AeauTesiel T(a) s uynces, YKa3aHHbIX B

3aJJaHNHA 2.

3amanue 4. BeruucauTs cymmy Jaesauresieii o(a), 151 YAcesl, YKA3aHHBIX B

3aJaHNH 2.

3ananme S. HaiiTu noka3areJib, ¢ KOTOPbIM YHCJI0 @ BXOAUT B NI:

Bapuanr 1. a=2, n =1101,; Bapuanr 2. a=3, n=140",
Bapmuanr 3. a=5, n =101!, Bapuant 4. a=7, n = 80!;
Bapuant 5. a =11, n =314!; BapuanT 6. a=2, n=160!;
Bapuanr 7. a=3, n =130!,; Bapuanr 8. a=5, n = 111;
Bapuanr 9. a=7, n=180!; Bapuanrt 10. a=11, n=190!.

3ananmue 6. [1o 3HauyeHu1o u3BecTHOM pyHkuum Jiijepa @(a) HaiiTn

ypeao a = 2%-38 .57 .79,

Bapuanr 1. ¢(a)=48; Bapuanr 2. ¢(a)=320;
Bapuanr 3. ¢(a)=1152; Bapuanr 4. ¢ (a)=128;
Bapuanr S. ¢ (a)=560; Bapuanr 6. @ (a)=144;
Bapuanr 7. ¢ (a)=768; Bapuanr 8. ¢ (a)=432;

Bapuanr 9. ¢(a)=240; Bapuanr 10. ¢ (a)=320.



PABOTA Ne3. Han6oabiuii 001U 1eJIUTeIb U ero JUHeiHoe

NnpeacraBjJacHUC. Haumensbuiee o01iee KpaTHoO¢€.

Henp: uzyunts nonstusa HOJ[ m HOK, ux cBoiicTBa, Teopemy EBknmnma o

HO/I, HayuuTbhcs HaxoauTh JuHEHHOe npeacTtasienue HOJI.

BOl'[pOCLI, BBIHOCMMBIC Ha IIPAKTHYECKOC 3aHATHC.

1. IlongTne oOmero meauTens, HaWOOJBIIEro OOIIEero ASJIUTENs,
CIIOCOOBI €T0 BHIYUCIICHHUS.

2. [lonsiTue 0OIIETO KpaTHOTO, HAWUMEHBIIETO OOIIEr0 KpaTHOTro,
CIOCOOBI €r0 BBIUUCIICHHUS.

3. Teopema EBknmaa wu  Haxoxnenne HOJl, ero mnuHeiHOro
MpeACTaBICHUSI.

4, Csoiictea HOJ/[ 1 HOK.

Kparkue TeopeTrudeckue cBeieHUs.

Besikoe menoe, aensiee 0JHOBPEMEHHO IIeIble Yncaa a, b, ..., t, Ha3pIBaeTCs
X OOIIUM JEITUTEIIEM.

Jlenutenb 0, KOTOPBIN AETUTCS Ha JIIO00M pyroi OOIIHi IeUTeIb Yucel a,
b, .., t, HaspBaerci MX HAUOOJBIIAM OOLIMM JEJIUTEIEM U 0003HAYAETCS

cumBosiom HO/I(a, b, .... t) wim npocro (a, b, .... t).

TEOPEMA. HauOounpwminii 1o BeIWYUHE U3 OOIIMUX IEJIUTENEH SBIISETCS

HAUOOJIBIIAM OOIIAM JEIUTEIEM.

Ecmu (a, b, ..., t)=1 , T0 uncna a, b, ..., t Ha3BpIBalOTCA B3aMMHO ITPOCTBHIMH.
Ecnu kaxxmoe u3 uucen a, b, ..., t B3aMMHO TIPOCTO ¢ KaKABIM IPYTHM U3 HHX, TO
IOCJIEI0BATEABHOCTh @, D, ..., 1 Ha3BIBAIOTCS MOCIEIOBATEIBLHOCTh IIOMAPHO

IMPOCTBIX YHCCII.



O‘IGBI/II[HO, 4quciia MoImapHoO HNPOCThIC BCCTa U B3aWMMHO ITPOCTHIC. B ciy4dac

JKC IBYX YHCCJI ITOHATHUA «IIOIIaPHO ITPOCTHIC» U «B3AMMHO IIPOCTLIC» COBIIAAAIOT.

TEOPEMA. Eciu a kpatHo b, To COBOKYITHOCTH OOIIMX AETUTEIICH YUCEIT a

ub coBIIagacT ¢ COBOKYITHOCTBIO JICIATEIICH OJHOTO b; B 4aCTHOCTH B 9TOM CJIy4ac

(a,b) =b.

TEOPEMA. Eciiu a = bg + ¢, TO COBOKYITHOCTh OOIIUX ACITUTENICH YhCeN a

ub COBIIAJACT C COBOKYIIHOCTBIO O6HII/IX I[CJ'IHTCJ'ICIZ yrcen b u C, B 4aCTHOCTHU

(a, b) = (b, c).

AJITOPUTM EBKJIUJIA. Ilycth @ 1 b — monoxwurenbHbIe nienbie U a> b .
HaxonuMm psi paBeHCTB:

a=bgq,+1r,0<nr, <b

b=rq,+nr,0<rn<n

=103 +13,0<1r3<n,

Th-2 = Th-1Qn T T, 0 <15 <739

Th-1 = mqn+1, T.€. Tpyq = 0.

TEOPEMA. B cooTBeTrcTBHM € aiaropuT™MoM EBKIMAa HMEOT MECTO
paBeHctBa (a, b) = (b, )= (r1, 13)=...= (1y—1, )="1,. Jdpyrumu ciaoBamu,
HanOOJBIITUH OOIIHMI JENUTENb ABYX MOJOKUTEIBHBIX YHCENI PaBEH IMOCIICIHEMY

oriinuHoMy oT 0 ocTaTky B asiroputme EBknnaa.

TEOPEMA. /151 m00BIX IENBIX YKCET @ U D CyIecTBYIOT TaKHUe IIeIbIe X U

Yy , 9TO KMEET MECTO PaBEHCTBO (a, b)= X a+ Yy D.
TEOPEMA. ((a, b), ¢)=(a, (b, ¢))=(a, b, c).

TEOPEMA. a) (ma, mb)= m(a, b);

b) Ecniu d obmuii menurens umcen a u b, To mmeer Mecto

a b\ _ (ab)

aBCHCTBO: |—,— ) =
p (d’d) d



TEOPEMA. a) Ecau (a, b)=1, 10 (ac, b)= (c, b).

b) Eciu (a, b)=1 u aC genurcs Ha b, TO C AenuTces Ha b.

TEOPEMA. a = p;* ...p.*, b = pi* ...pf", To (a, b)=pI* ...pY*, tae y; =

min(a;, 5;).

Besikoe 1ienmoe K, kpaTHoe BceX MaHHBIX uncend a, b, ..., t, Ha3pIBaeTcs uX

obmmM KpatHeiM 1 0003Havaetcs: K=OK][q, b, ..., t].

Besikoe menoe K, kpatHoe BceX JaHHBIX 4mcen a, b, ..., t u mensiieecs Ha
mo0oe apyroe olIee KpaTHOE ITUX YHCEN, Ha3bIBACTCS MX HAMMEHBIIMM OOIIUM

KpaTHBIM U o0o3Hadaercsa: K=HOK]a, b, ...,t] = [a, b, ..., t].

TEOPEMA. HauMeHblliee MOJI0XKUTEIBHOE KpaTHOE YKcen 4, b, ..., t Oyner

ABJIATBCA X HAMMCHBIIINM O6H_II/IM KpaTHbIM.

ab

TEOPEMA. [a, b]=r—-.

TEOPEMA. [[4, b], c]=[a, [b, c]]=[a, b, c].

TEOPEMA. a = p;* ...py%, b = pj* ...pf", to [a, b]=p;* ..p1*, THe ¥; =

max(a;, ;) ans Kaxaoro i.

IIpumepbI BbINOJIHEHUS 32 IAHMIA.

3aganue 1. Berancaurs HOJI d = (a;b;c) aBymst cmocodamu: (347, 327, 630).

1) Pa3noxuM JaHHBIC YKCIIa HA TPOCTHIC MHOKUTEITH.
347=347 — npocroe uncno; 327=3-109; 630=23-3%5,
13 pa3noxeHuit BUIHO, YTO OOLINX MPOCTHIX AenuTeneit Het. [Toatomy
HO/ (347, 327, 630)=1.

2) Tak xak 347 npoctoe uncio, a 327 < 347, 1o (347, 327)=1. A Toraa umeeMm
(347, 327, 630)=((347, 327), 630)=(1, 630)=1.



3apanme 2. lloab3ysch anropurmom EBkinaa seruncautbs HO/I u Beipasutb

€ro 4yepe3 ucxoanble unciaa: 347, 327.

[Ipumenum anroput™ EBKiMIa K AaHHBIM YHWCHa. 3alMIIEM €ro IMO3TallHO

COOTBETCTBYIOIIUMH PAaBEHCTBAMHU.
347 = 1-327+20, npuaem 0<20<327.
327 =16-20+7, 0<7<20.

20 = 2-7+6, 0<6<7.

7 =1-6+1, 0<1<6.

ScHo, uto 1 mocnenuuit oTimuHbl OT 0 ocTaTok B anroputme EBknuaa. [loatomy

(347, 327) = 1.

Jns HaxoxaeHus JmHEnHOro npeacrtasiaeHus droro HOJL uepe3 nexonnelie dncia

6YII€M IMOCJICAOBATCIIBHO BbIPpAXKAaTh OCTATKH YCPC3 NCXOAHBIC YHCJlIA.

20 = 347-1-327=1-347 - 1-327. [loacTtaBuM 3TO BBIpaKEHHUE BO BTOPOE PABEHCTBO

u3 anropurma EBkiuna.
327 = 16-(1-347 - 1-327)+7= 16-347 - 16-327 +7.
OTtcroz1a BBIpa3uM OCTATOK 7 4epe3 UCXOAHBIC YUCIIA.

7 = 327 — (16-347 - 16-327) = - 16-347+17-327. IloacTaBuM 3TO JUHEHHOE

MPEJICTABJICHUE OCTaTKa 7 B TPEThE PAaBEHCTBO M3 aaroputMma EBkinaa.
20 = 2:7+6=2:(- 16-347+17-327)+6.

BripazuMm octaTok 6 JIMHEIHO Yepe3 UCXOIHbIC YUCTIA.

6 = 20-(2-(- 16-347+17-327)) = (1-347 - 1-327)- 2-(- 16-347+17-327) =

= 33-:347-35-327. TloactaBuM »5TO JMHEWHOE TIPEJICTABIEHWE OCTaTka 6 B

IMOCJICOAHEC PABCHCTBO B AJITOPUTMC EBKJ’II/II[a.



7 = 1- (33-:347-35-327) +1. 3ameHuM 7 Ha €ro JMHEHHOE MPEACTABICHUE uYepe3

HCXOAHBIC YHUCIIA.

(- 16-347+17-327) = 1- (33:-347-35-327) +1. Orcroga BbIpakaeM IMOCJCIHUM

oTan4YHEIA 0T 0 ocTaTOK B asiropuTMe EBKIHIA depe3 UCXOAHbBIE YncTa.
1=(-16-347+17-327) - 1- (33-347-35-327) = -49-347 + 52-327.
Cnenaem npoBepky. -49-347 + 52-:327 = -17003 + 17004 = 1.

Otser HO/1(347, 327)= 1 =-49-347 + 52-327.

3amanue 3. s map umcesi 3aIaHUA 2 HAWITH HAUMEHbIIee o0lIee KPaTHoe.
Pesyabrar Bbruncienus HOK npoBeputhb pasiioxkeHneM 4mces Ha MPOCThIE

MHOKUTCJIN.

347-327 113469
HO/1(347,327)

HOK(347, 327)= = 113469.

HOK(347, 327)= 347-3-:109=1134369.

3ananue 4. Cokparure ciaeaywmue aApo0H, NPeACTABUB YHCJINTEIb U

1599

3JHAMCHaTEJ/Ib I[pOﬁI/I B KAHOHN4Y€¢CKOM BH/€: ﬁ .

1599  2:3:7°  2:7® 686

2058 31341  13-41 533

3ananue S. Iloab3ysick pacmiMpeHHbIM ajaropurmMoM EBKiIuaa BBIYHCIHTH
HO/I u BbIpa3uth ero 4epe3 ucxoannie unciaa: 347, 327, 630.

Panee 6b110 ycTanoBieHo, uto (347, 327, 630) = ((347, 327), 630) = (1, 630) = 1.
[Tpuuem, (347,327)=1 u 1=-49-347 + 52-327.

3ameTum, uto u3 paBeHctsa (1, 630)=1cnenyert, uto 1=1- 1 + 0- 630. YuursiBas
MOJIyYeHHOE MpeACTABICHHE JIJIs | yepe3 UCXOHBIE JIBA YUCIIa, TOTyYaeM

1=1-1+ 0- 630=1=1- (-49-347 + 52-:327) + 0- 630 = -49-347 + 52-:327 + 0- 630.
Oto u Oyaet nuHelHbIM npeactaBienueM HO/JI.

HO/I (347, 327, 630) = -49-347 + 52-327 + 0- 630.



IIpakTnyeckue 3aJaHus 10 BAPUAHTAM.

3apanuel. Beruncaurs HOJI d = (a;b;C) nByms cnocodamu:

Bapuanr 1. (2737; 9163; 9639). Bapuanr 2. (1411; 4641; 5253).
Bapuanr 3. (9163; 2737; 9639). Bapuanr 4. (374; 1599; 9061).
Bapuanr 5. (299; 391; 667). Bapuanr 6. (588; 2058; 2849).
Bapuanr 7. (31605; 13524; 12915). Bapmanr 8. (279; 3725 1395).
Bapuanr 9. (2988; 3735; 8134). Bapuanr 10. (420; 6305 1155).

3amanue 2. Iloas3ysics anropurmom EBkinaa seruuciants HOJl 1 BbIpa3uthb

€ro 4epe3 uCxoaHbiec Ynucjaa:

Bapuanr 1. (822; 1734). Bapmuanr 2. (4623; 3743).
Bapuant 3. (4373; 826). Bapuanr 4. (3791; 3281).
Bapuanrt 5. (1073; 3683). Bapuanr 6. (2576; 154).
Bapuanr 7. (546; 231). Bapuanr 8. (10015 6253).
Bapumanr 9. (1517; 2257). Bapmuanr 10. (2737; 9639).

3aganme 3. Jl1s nmap yMceJ1 3a1aHUA 2 HAWTH HaMMeHbIIIee 001ee KPaTHOeE.
Pesyabrar Bbrumucienus HOK nposepurh pasioxeHuneM 4uces Ha NMPOCThbIE

MHOKHUTCJIN.

3ananue 4. Cokparure cjeaywmue Apo0H, NPeACTABUB YHCJINTEIb U

3JHAMCHaTEJ/Ib I[pOﬁI/I B KAHOHH4Y€¢CKOM BH/] €.

Bapmuant 1. 17501/11137. Bapuant 2. 1491/2247.
Bapuanr 3. 237419/294817. Bapuanr 4. 1253/406.
Bapuanr 5. 438875/747843. Bapuant 6. 127936/161919.

Bapuant 7. 2227/9911. Bapuanr 8. 22243/23777.



Bapuant 9. 2405/4433. BapuanTt 10. 3587/2743.

3amanue 5. Iloab3ysick pacmiMpeHHbIM ajaropurMoM EBkiuaa BBIYHCIHTH

HO/I u BbIpa3uTh €ro 4yepe3 HCXOAHbIC YUCJIA:

Bapwuanr 1. (943; 2737; 667); Bapwuanr 2. (3655; 2516; 154);
Bapuanr 3. (667; 299; 12915); Bapuanr 4. (731; 663, 9639);
Bapuanr 5. (899; 493; 9639); Bapwuanr 6. (91476; 3960; 1395);
Bapuanr 7. (1445; 629; 2257), Bapuanr 8. (588; 2058; 9061);

Bapuanr 9. (903; 731; 13524); Bapuanr 10. (689; 702; 5253).



PABOTA Ne4. Ilennbie apoom.

Heanb: [103HAKOMHUTHCS C TOHATHSIMH IETHBIX U TOAXOASIINAX APOOEi, criocodamu

HX BBIYUCJIICHUA U IIPUMCHCHUS.
BOHpOCLI, BBIHOCMMBIC Ha IIPAKTHYECKOC 3aHATHC.

[IpaBuiibHas 1IeTIHAS APOOB U CIIOCOOBI €€ BHIUUCIICHHUE.
[Togxoasmue 1podu U UX CBOMCTBA.

Haxoxaenue yucia no 3HaYEHUIO €To IEMHON IPOOH.

> W o

[TpubnmKeHHOE BEIYMCIIECHUE YUCTIa Yepe3 MOAXOIAIINE TPOOH.

KpaTKne TCOPETHYECCKHUE CBEACHUA.

[Tycts @ -mo6oe BemecTBeHHOE unciio. O603HaunM OyKBOIO @, = [a] memyro

1
yacTh yKcia a . Eciu yucno a He uenoe, Toraa a = qq + — ., Tae a; > 1. Touno
1

TaK K€ MPH HeIeNbIX A4, Ay, ..., Ag_, UMEEM

1
a=q0+a—1,rz[ea1>1;

1
a1=q1+a—,1“):[ea2>1;
2

1
As—2 = qs—1 +—,THC A5 > 1.
S

BBHJIy Y€TO MOJy4aeM CISAYIOIIee Pa3IOKEHHUE a B HEMIPEPHIBHYIO POOB:

a=q0+
q1+ q2+



[lpu uppanmMoHaTBEHOM @ BCSKOE Qg OyIeT WPpalMOHANBHBIM W IPOIECC
MOKET OBITh MPOJOJDKEH CKOJIb YrOJHO J0Jro (HeorpaHudeHHo). Ecimu xe a

PalluOHAJIbBHOC YHUCJIO, TO OHO MOKCT OBITH MpcaACTaBJICHO HGCOKp&TPIMOfI I[pO6BIO

n
a = ; C IOJIOKHUTCIBbHBIM 3HAMCHATCIICM. TOFI[a 9TOT IMPOHCCC KOHCYCH U

MpecTaBIIsIeTCs yepe3 anroputM EBkiuaa.
n=m-qy+nr,0<r <m;
m=r;-q;+1,0<nr <r;
Ts—p = Ts_1q5-1 + 75, 0<ry < 75_4;
Ts—1 = 75(s-
Nnu pasnenuB KaXKJo€ PABEHCTBO Ha JIEJIUTENIb U B TMOCIEIHEW apoou

MCPCHCCA YUCINUTCIIb B 3HAMCHATCIIb ITOJTYyUHUM:

HOI[CTaBJ'I?IH HCIIOJIHBIC Y4dCTHBIC B KaXXIO0C IIPCABIAYIICC BBIPAKCHUC

OKOHYATCIIbHO IOJIYyYHUM:




KpaTko 3T0 npuHATO 3aMuChIBaTh CIEAYIOIIUM 00Pa30M:

n
a=—=140; 41,92, - 45-1,qs]
Hpobu 8y =qq, 61 =qo + qi = [q0; q1], ... Ha3BIBAIOTCA MOIXOASIINMHU
1

JTPOOSIMHU.

P.
[lpennonaras, uro 6; = Q—‘ MO>KHO 3aIlMCaTh PEKYPPEHTHBIE COOTHOIICHHUS

i

JUIS. BEIYUCJIICHUN YMCIINTEIIEN U 3HaAMEHATEIIEH.

TEOPEMA. Pi =4q;- Pi—l + Pi—Z;
Qi =q; Qi1 +Qi—2.
Hnst  enuHooOpasust mOpuUHATO cuuTath, uto Py =1, Q,=0. Toraa

BBIYHMCJIICHHUC ITOAXOIAIIHNX I[pO6CI>'I y,ZIO6HO IIPOBOAUTE UYCPC3 3aIIOJIHCHHUC

CIICAYIOIICH TaOIHIIBI.

q do q1 q2 | ---| qi-1 qi qs
P 1 PO P1 P2 e Pi—l Pl=ql.Pl—1+Pl—2 cee PS
Q |0 Qo Q1 Qy | -] Qi—q Qi=¢q;"Qi-1+Qi—2 |- Qs

TEOPEMA. Jlns mo0oro i Q; SABISCTCS LEIbIM YHCIIOM, a

P; — HaTypaJIbHBIM.

TEOPEMA. Jlns mo6oro i P; < P 4.

TEOPEMA. Jns i>0 umeem P; - Q;_; — Q; * Pi_; = (—1)%.
TEOPEMA. (P;,Q;) = 1.

TEOPEMA. Ecnu nocneanee yacTHoe B airoputMe EBkinaa oTiimyHo oT 1,
TO TIPEACTABJICHUE PAIMOHAIBHOTO 4YHCIa B BHUAC HEMPEPHIBHON Ipodu

€ IMHCTBEHHO.




TEOPEMA. Jlns mroboro

i 1(322%'—2 < Qa2i " Qi1 > Dzits , T.€. IOAXOIAIINE

2i-2 Py Pai—q Pait1

I[p06I/I C YCTHBIMH HOMCPpAMHU TOJIBKO BO3paCTar0T, 4 C HCUCTHBIMHA — Y6I>IBaIOT.

TEOPEMA. Jlnst i >1 BeIOJHSACTCS paBEHCTBO §; — ;1 = % :
i'di-1

TEOPEMA. [lns | >1 BBINOTHSACTCS HEPABEHCTBO

1

< .
1Qi*Qi-1l

n
Z_6;
m

IIpuMepsI BbINIOTHEHUS 32 JAHUM.

3aganue 1. Pa3inoxurs npocryw apoods % B IPAaBWIBHYI0 LENHYI0 Apo0b U

o o a 143
HAUTHU BCC €€ NMOAXOAAIINC IlpOﬁH, eCJin Z :3—1 .

[Iprumenum anroput™ EBkinnaa.
143=31-4+19, 1.e. q¢ = 4.
31=19-1+12, 1.e. q; = 1.
19=12-1+7, 1. q, = 1.
12=7-1+5, 1.3 = 1.
7=51+2,1e.q, = 1.
5=2-2+1, 1.€. q5 = 2.

2=1-2+0.

143

Takum obpazom eV

[4;1,1,1,1,2]

CocTtaBuM Ta0IUITy BRIYUCICHUS TTOAXOISAIINX APOOEH.

q Q=4 ¢ =1]q,=1|q3=1[qs=1|q5=2|qgs=2

p 1 4 5 9 14 23 60 143

Q 0 1 1 2 3 5 13 31
Takum obpazom, noiryyaeM &8y = 4, 6; =5, 6, = g, 83 = %, 5, = ?




60 143
O =—, 0, = —.

57 13" Y67 31
3aganne 2. COKpPATHTHL Cleaylomue Apo0H, MOJab3ysCh MX Pa3JI0OKEHHEM B

[1080% ) 0652—£
ICIHYIO0 IpO0L. 77 =7~ .

Kak ™Mbl 3Haem, noaxondiiue JpoOM HE COKpaTUMbl. B  pemeHun

. 143
NPEABLAYILEN 3a0a4l MBI IIOJIYYWId, 4TO0 0, = —. ClenoBaTebHo, dTa APOOb HE
67 31

COKpaTuMa.

. . a 141
3amanue 3. HailTm 3HaueHHe HECOKPATHMMON IpPoOoM — = —

o 3HAYCHHUIO
b 31

LeMmHoi Apoou.
Kak u B 3amaue 1 nmpumenum anropurm EBkinuaa.
141=31-4+17, 31=17-1+14, 17=14-1+3, 14=3- 4+2, 3=2-1+1, 2=1-2+0.

3HauMT, uMeeM: qp =4, q1 = 1,9, =1,q3=4,q,=1,q5 = 2.

CocTtaBuM TaOIUITy IJI BBIYUCICHUS TOAXOISAIITUX APOOCH.

qo = 4

g =1

q; =1

qz =4

qs =1

qs = 2

4

5

9

41

50

141

1

1

2

9

11

31

[Tocnenusas moaxoxsmas IpoOh paBHA MCXOJHOMY YHCITY, a MOAXOISIINC
JIpoOU SIBJISIFOTCSI HECOKPATHUMBIMU Jipo0simu. ClieoBaTeIbHO HUCXOJHAs JIpoOb

ABJISIETCSI HECOKPATUMOI.

3ananue 4. Pa3jio:KuTh B LIENHYI0 1P00b % U 3aMEHUTH MOAXOAAIEeH IPOObI0

P a 51521
X econ k=6.-= .
Qe b 1423

[Iprumenum anroput™ EBkiunaa.
15521=1423-10+1291, t.e. q, = 10.
1423=1291-1+132, 1.e. q; = 1.
1291=132-9+103, T.e. g, = 9.
132=103:1+29, t.e. q3 = 1.




103=29-3+16, T.e. q, = 3.
29=16-1+13, 1.e. g5 = 1.
16=13-1+3, .. qs = 1.
13=3-4+1, 1. q7; =4 .
3=1-3+0, T.e. qg = 3.

CocTaBum TabIHIly A7 BEIYUCICHUS MOAXOIAIINX JPOOECH.

q G=101 1] 9 [ 1] 3 [ 1 [g=1] 4 3
1| 10 |11 [109|120| 469 | 589 |1058 | 4821 | 15521
0 1 1 [ 10 |11 | 43 | 54 | 97 | 442 |1423
Py _ 1058

Takum o0pazom,

3aganue S. Jlns 3aganusa Ne 1 ¢ momMombi0 moaxoAsiliux Apodeil HalTH

npudJInKeHne K Apoodu % ¢ TouHocThI0 10 0,001.

UtoObl mosyunth TOuHOCTH 0,001 y Hac nOmKHO OBITH MpousBenacHUue Q; -

HMEEM — =
Q

6

Q;_1 ObITH OoJIe, mu paBuo 1000.

97 '

BYI[eM HAaXOJIUTh OTHU HpOI/ISBCI[GHI/IH IIOCJICI0BATCIBbHO IJIA paSHBIX |
i=1:Q,-Qy,=1-1=1 < 1000.
i=2: 0, Q, =2-1=2 < 1000.
i=3: 05-Q, =32 =6 < 1000.
i=4:Q, Qs =5-3 =15 < 1000.
i=5: Q< - Q, = 135 = 45 < 1000.

i=6: Q- Qs = 3113 = 403 < 1000.

Ho yxe mocnenuss noaxoasmas apodb Jg

143

143

a
T.€. Pa3HOCTH i 0g =———=

31

31

0. Tlooromy maHHas TOAXOASIIAs APOOH

oOecreynBaeT HeOOXOAUMYIO TOYHOCTb.

43
= - PaBHA HCXOJIHOMY 4HUCITTY,




IIpakTnyeckue 3aJaHus 0 BAPDUAHTAM.

3amanue 1. Pa3noxurs mpocry apoods % B NPABWJIbHYI0 LENHYIO APO0b U

[ . a
HAWTH Bce e€ Mmoaxoasiue Apoou, ecjiu > PaBHoO:

137 521
Bapuanrt 1. —; Bapuanr 2. —;
31 143
247 313
Bapuanr 3. —; Bapuanr 4.— —;
74 57
77 53
Bapuanr 5. — ; Bapuanr 6.— —;
187 217’
23
Bapuanr 7. —; Bapuant 8.
18 143’
36 83
Bapuanr 9. —; Bapuant 10. — —
19 217

3aganmne 2. CokpaTurh cleaywinue JApo0H, MOJIb3YfACh HUX Pa3JIOKEHUEM B
LHEIMHYI0 IPo0b.

241
Bapuanr 1. — BapuanT 2.
p 3953’ P 6059’
821 32671
BapnaHT3-——— Bapuanr 4. ;
2147 10027
180 227
BapnaHTS — BapnaHT6 —
1829’ 9911’
043 1857
BapnaHT7 — Bapuanr 8. —;
3427’ 9153
1241 3953
Bapuanr 9. — Bapuant 10. — .
6059’ 1027

o o a o
3amanue 3. HaiiTu 3HaueHHe HECOKPATUMOM JApPoOH , 110 3HAYEHHIO NEeMHOH

apoou:
BapuaHt 1.% =[-2; 1,3,1,1,5]; BapuaHt 2.% =[2; 1,19, 1, 3];
Bapuanr 3. % =1[2; 1,1,3,1,2]; BapuaHt 4.% =[1;1,2,3,4];

BapuaHt 5.% =[0; 4,1,2,5, 6]; Bapuanr 6. = =[-3; 1,2,1,1,5];



Bapmanr 7. = = [-5; 2,1,1,3,2]; Bapuanr 8. % =[1;3,2,4,3,1,1,1,5];

S T

Bapuant 9. - =[1; 3,1,1,5]; Bapuant 10. - =[2; 1,3,1,1,5].

a
b

3ananme 4. Pa3noxuth B LeNHYI0 Ipo0b % U 3AMEHUTH NOAX0As el APoObIo

P
X ecoin k = 6.
Qk

2121 314
Bapuant 1. —; Bapuanr 2. —;
1500 450
652 9321
Bapuanr 3. —; Bapmuanr 4. ;
636 10959
2485 840
Bapuanrt 5. ———; Bapuanrt 6. — —;
1638 1872
891 1872
Bapuanr 7. —; Bapuant 8. ——;
1530 1560
3129 3523
Bapuant 9. ; Bapuant 10. —— .
10281 1300

3amanue 5. {ns 3agmanus Ne 1 ¢ moMompbr NOAXOASIIUX ApPodedl HalTH

NpudJINKeHne K Apodu % ¢ TouHocthIo 10 0,001.
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B 1aHHBIX METOAMYECKUX PEKOMEHIAIUSIX HU3JI0KEHBI MaTepHUaJIbl
1o paznenaM «CpaBHeHus uncesl. CpaBHEHUH ¢ HEM3BECTHBIM. CHCTEMBI
CpaBHEHHUM. IlepBooOpasHbie KOPHH M HMHIEKCHL.» KYPCOB «DJIEMEHTHI

anreOpbl U TEOPUU YUCET» U «Airedpa U TEOpHs YUCEID».

PaccmoTpensl creayromue TEMbl: CPaBHEHME YMCEJI, CUCTEMBI
BBIUCTOB, CBOMCTBA YHCJIOBBIX CpaBHeHI/If/'I, IMPUIIOKCHHUA YHUCIIOBBIX
CpaBHeHHﬁ, CpaBHCHHA C OJHUM HCU3BCCTHBLIM, PCIICHUA CpaBHeHI/IfI C
HEU3BCCTHBIM, CHUCTCMBbI CpaBHeHI/Iﬁ C HEHU3BECTHBIM M CIIOCOOBI HX
peuIeHNs, nepBoOOpa3Hble KOPHH M HWHIEKCHI, HAXOXIEHUE NEepBOOOPa3HBIX

KOpHCﬁ 1 BBIYUCIICHUEC NHACKCOB.
ITo xaxx101 TEME MPEACTABIICHBI:

1) KxpaTKHe TEOPETHYCCKHE ITOJIOKCHUS,;

2) mepeveHb BOMPOCOB, BBIHOCUMBIX Ha MPAKTUYCCKOE 3aJaHuE;

3) mpuMepsI PEIICHKS THIIOBBIX 3a7a4, BEIHOCHMbBIX Ha
MPAKTUYECKOE 3aHSTHUE;

4) 3a1auu, BRIHOCHMBIE Ha CAMOCTOSITEIBHYIO PabOTy CTY/ICHTOB.

JlaHHbIE METOIMYECKHE PEKOMEHJALMU MpeAHa3HAUYCHbl JJIs
OPOBEACHUSI MPAKTUYECKUX 3aHATUUA MO JUCHUIUIMHAM «DJEMEHTHI
aJreOpbl U TEOPUHN YUCeN» U «Anredpa u Teopus YUcem» IS CTYyIE€HTOB
Oro-3amagHoro  rocyJapCTBEHHOIO  YHHBEPCUTETA  HANpPaBICHHUUN
NOATOTOBKH:  HMH(pOpMAIlMOHHAsT  OE€30MacHOCTh,  MareMaTHYeCKOe

oOecrieueHne u aJIMUHUCTPUPOBAHNE HH(DOPMAITMOHHBIX CUCTEM.



IIo wm37I0XKE€HHBIM B JAHHBIX METOJUYECKHUX PECKOMCHAAIUAX
MarcpruajiaM MOKHO PCKOMCHIOBATH IMPCIIOAaABATCIIIO ITPOBCACHUC 8-Mu

4aCOB MPAKTUYECKUX 3aHITUN MO CIEAYIOMIEMY IUIAHY:

e YucnoBble CpaBHEHUS M UX CBoMcTBa.(2 yaca)

e CucTeMbl BBIYETOB IO MOYJIO0. [IpHI0KeHHS YHCIOBBIX
cpaBHeHHMH. (2 yaca)

e (CpaBHeHUs ¢ HEM3BECTHBIM. CpaBHEHHMS IEPBOM CTETICHH.
(2 yaca)

e Cucremsl cpaBHeHUH. [IepBo0Opa3HbIe KOPHU U MHICKCHI. (2
yaca)

[Ipy BBIMOJHEHWM NPAKTUYECKUX 3aJ]aHMK B KaXKIOW 3ajade
BbIOEpETE 3aJaHME M3 CBOEro BapuaHTa. BapuaHT ompenensercd Mo
nocJieTHeH 1udpe HoMepa 3a4eTHOW KHIDKKU. OTUeT 1Mo padoTe TOKEH
CoJIepKaTh PEIICHUS 3a/Ja4 U BBIBOJBI C IOJHBIM WX O0OOCHOBAHHUEM.
Otyer mo pabore opopmuth Ha Jucrax ¢opmatra A4 B Qopmare
WORD. Ha TUTYJbHOM JIUCTE NOJKHO OBITh YKa3aHO: YHUBEPCHUTET,
dakynprer, Kadeapa, NpeIMET, HOMEpP MPAKTHYSCKOTO0 3aHATHS,

BAPUAHT, TPYIIA, UCIIOJTHUTENb, POBEPSFOLINN.



PABOTA Ne 1 (5) YucsioBble cpaBHEeHHsI H HX CBOiiCTBA

IIe.m;: HN3YYUTDH INOHATUC CPABHCHUS 110 YHUCIIOBOMY MOJAYJITO,
CBOMCTBA YHUCJIOBBIX CpaBHCHHﬁ, IMO3HAKOMHUTLCA C IIPUITOKCHUAMU

YUCJIOBBIX CPABHEHUM.

BOHpOCbI, BBIHOCUMBIC HA IPAKTHYECCKOC 3aHATHUC.

[IpoBepka CpaBHUMOCTH YHCET IO MOAYJIIO.
Kraccel 1 cCTEMBI BBIYETOB 10 YUCIOBOMY MOAYIIIO.

CBOMCTBA YNCIIOBBIX CPABHEHUM.

> W oe

HpI/IJIO}KGHI/ISI TCOPHUHN YHCIIOBBIX CpaBHeHHﬁ.

KpaTKne TCOPETHYECCKHUE CBEACHUA.

I[Ba OCJabIX 4YUCIa a U b Ha3wIBaroTCs CpaBHUMBIMH 110 ITIOJIOZKUTCIIBHOMY

monymo m (a = b (mod m)), eciiu uX pa3HOCTb @ — b IeaUTCS HAa M.

TEOPEMA. OTHoLIEHHE CpaBHEHUS YUCET = SIBISIETCS

1) pednexcuBHBIM, T.€. a = a (mod m),

2) CHMMETPHUYHBIM, T.¢. ecii a = b (mod m) , 10 b = a (mod m),

3) TpaH3UTHBHBIM, T.e. ecii @ = b (mod m) u b = c (mod m), To a =
¢ (mod m).

PednexcruBHble, CHMMETPUYHBIE W TPAH3UTHBHBIC OWMHAPHBIE OTHOIICHUS

Ha3bIBAIOTCs OTHOILICHUAMM OKBUBAJICHTHOCTH.

TEOPEMA. a = b (mod m) Torma m TOJBKO TOTAQ, KOTJa OCTATKH OT

JesneHust uucen a ub Ha m  OyIyT OJJMHAKOBBIMHU.

HOBTOMy CPaBHUMBIC YK CJIa HA3bIBAIOT PABHOOCTATOYHBIMMU.



TEOEPEMA. Eciu a=b(modm) , TO 4YHCIO @ MOXET OBITh

IpeACTaBICHO B CIAEAYIONIEM BUAC @ = b + m -t Tpu HEKOTOPOM ¢t .

TEOPEMA. CpaBHEHMS MOKHO IIOYJIEHHO CKJIAJIbIBATh, T.€. €CIU

a=b(modm) uc=d (modm), oumeema +c = b +d (mod m) .

TEOPEMA. Cnaraemoe, cTosiiiee B Kakoil JIMOO 4acTU CPaBHEHUS, MOKHO

IMCPCHCCTHU B APYI'YIO HaCThb CpaBHeHI/Iﬁ C IIPOTUBOIIOJOKHBIM 3HAKOM.

TEOPEMA. K mo6oii 13 yacTel CpaBHEHHS MOXHO MPUOABUTH YHUCIIO,

KpaTHOE MOJYJIIO.
TEOPEMA. CpaBHeHUsI MOKHO MTOWIEHHO MEPEMHOXKATh.

TEOPEMA. O6e yacTu CpaBHEHHMS MOKHO YMHOXAaTh Ha OJAHO U TO XKe

HCJIOC YUCJIO.

TEOPEMA. OO6e 4dyacTu CpaBHEHUS MOXHO BO3BOAUTH B JIOOYIO

HATypaJbHYIO CTEIEHb.

TEOPEMA. Eciiu a = b (mod m), (a, b)=d u (m, d)=1, To umeeM BepHOE

b
CpaBHEHHE % =- (mod m).

TEOPEMA. Eciiu a = b (mod m),ud|m ,1t0a = b (mod d) .

TEOPEMA. Eciu a = b (mod m;) u a = b (mod m,) , a m = [my,m,],

T0o a = b (mod m).

TEOPEMA. Eciu a = b (mod m) ud|m , d|a, 1o d|b.



TEOPEMA. Eciu a = b (mod m) , 1o (a,m) = (b, m).

IIpuMeps! BbINOTHEHHS 32 JAHUI

3agauya 1. Kakue u3 cjiexyonmx CpaBHeHU SIBJISIIOTCSH BEPHbIMMU:

11=-2(mod7),—-5=9 (mod?7).

JIJ1s TIepBOTO CpaBHEHUS paccMOTpuM pa3HOCTh 11-(-2)=13. OHo He nenutcs
Ha 7, 3HAYUT MEPBOE CpaBHEHUE HE BEPHO. MOXKHO 3TO YCTAaHOBUTH YEPE3 OCTATKU
OT JEJCHHUS 4Yucel Ha MOayib. 11=7+4, -2= (-1)-7+5. OcTtatku He paBHBI: 4#5.
[ToaTOMYy CpaBHEHHUE HE BEPHO.

Jlis  BTOpOrO  cpaBHeHHS pasHOCTh (-5)-9=-14 ngemurcas Ha 7.
CrienoBaTeNbHO, cpaBHeHHMe BepHoe. -5=(-1)-7+2, 9=1-7+2, T.e. ocTraTku OT

JCJICHUA Ha 7 PaBHBI, 4TO IIOATBCPIKAACT BECPHOCTb CPABHCHU .

3agaua 2. HaiiTu 1Be mocaexqnuune nudpel unciaa a”: 11°,

Haiitu aBe mocneanue nuudpel yuciaa 3TO 3HAYUT HAZO CPABHUTH 3TO YUCIIO
C HAMMEHBIITUM HEOTPHUIIATEIbHBIM BbIYETOM 110 MOay: IO 100.
11° = r (mod 100) . Ha ocHOBaHMM CBOWCTB CpaBHEHUW NPOBENEM
npeoOpa3oBaHue JaHHOTO CPAaBHEHUSI.

11° = (118) - 11 = (11)* - 11 = r(mod 100)
112 = 121 = 21(mod 100), 3paunt 11° = (21)* - 11 = (212)% - 11 (mod 100)
21%2 = 441 = 41(mod 100) , 35aunur 11° = (41)? - 11 (mod 100)

(41)? =1681= 81(mod 100), mosromy 11° = 81-11 = 191 = 91(mod 100).

Takum obpasom, ase nociexuue mudpsl uncna 11° mpexacrabusior coboit

qucyo 91.

3agaua 3. HaiiTu ocTaToK OT AejeHus unciaa a”" Ham: a=29°, m =7.
29=28+1,1.e. 29 = 1 (mod 7), a notomy 29°= (1)° = 1 (mod 7)

Takum 06pa3oM, 0cTaToK OT esenns uncia 29° na 7 pasen 1.

3apaua 4. HaiiTu ocTaToK OT AejieHUusi cyMMbI @ + b + ¢ Ha 4yucjo m:

1380 + 7804+121231 'y =11,



CHauana BBIMHUCINM OCTATKU OT JieieHus Ha 11 kaXioro ciaraeMoro u3 JaHHOM
CYMMBL.

13%0= 280 = ((2)H)?2° = 1620 = 520 = 2510 = 310 = 95 = (—2)5 =
—32 = 1(mod 11),

78= ((7)?)*° = (49)*° = 50 = (529)2 = 12 = 1(mod 11),

121231= 11231 = 1 (mod 11),

Orcrona umeem 13%0 + 789+12131= (1 + 1 + 1) = 3(mod 11).

Taxum 06pa3om, ocTaTok oT Aenenns uncia 1380 + 789+1212%1 ya 11 papen 3.

3agaua S. BeiBeauTe NpU3HAKU AeJIUMOCTH Ha 3.

3aMeTHM, 9TO KaXJI0€ YHCIO A,y _q ... 10y MOXKHO TPEJICTABUTH B BHUJC
cymMMHl a, 10" +a,_; 10" 1+ .-+ a; - 10 + a,. KpomMe TOro, 3amerum,
yt0 10 = 1(mod 3) u 3Hauur 10% = 1(mod 3). A notomy umeeM:
ApQp_q ... Q109 = ap 10"+ a,_; 10" 1 +--+a,-10+ay, = a, +
An_q + -+ a +ag(mod 3) .

N3 aroit hopMyIbl U OIy4aeM NpU3HAK JEIUMOCTH Ha 3.

Yucno odenumcs Ha 3 mo20a u MOAbLKO MmMo20d, K020a CyMMa e20 yugp

oenumces Ha 3.

Hpamnqecmle 3aJaHU4A 110 BapuaHTaM

3ananue 1. Kakue u3 ciexyomux cpaBHeHU SBJIAIOTCH BEPHBIMM:

Bapuant 1. 1 = -5(mod 6); BapuanT 2. 546 = 0(mod 13);
Bapuant 3. 21 =1 (mod 4); Bapuant 4. 121347 = 92817(mod 10);
Bapwuanr 5. 31 =-9(mod 10); Bapuanr 6. 35 = 27(mod 8);

Bapuanr 7. 99 = 11 (mod 4); Bapuanr 8. 1347 = 817(mod 10);
Bapuant 9. 10 = -14(mod 6); Bapuant 10. 546 = 0(mod 13).

3ananmue 2. HaiiTu nBe nocaeanue uudpsol yncia a":

Bapuanr 1. 9% ; Bapuanr 2. 9°;



Bapuanr 3. 6% Bapuanr 4. 8% ;

Bapuanr 5. 4% ; Bapuanr 6. 2'%;
Bapuanr 7. 19%%; Bapuanr 8. 131°% ;
Bapuanr 9. 2434%2; Bapuanr 10. 17,

3aganue 3. HaliTi ocTATOK OT JAe/IeHUS YHUCIA ¢" HA M

Bapuanr 1. 201 |, m=9; Bapuanr 2. 383", m=45;
Bapuanr 3. 1093, m=14; Bapuanr 4. 439! |, m=60;
Bapmuanr 5. 2932”° |, m=48; Bapuanr 6. 93*, m=11;
Bapmuanr 7. 3%, m=11; Bapuanr 8. 20", m=9;
Bapnant 9. 3?%° m=101; Bapmuanr 10. 11%, m=80.

3aganue 4. HaiiTu ocTaTok OT esieHusi cyMMbl @ + b + ¢ Ha yucj0 m:
Bapuanr 1. 380 + 780412131 m=11; Bapuanr 2. 3100+ 51004744324 'm=7;
Bapuanr 3. 2190+3190+11%° m=5; Bapmnanr 4. 50 +7°0+11% m=12;
Bapuanr 5. 12123 + 1443244780 m=13; Bapuant 6. 7%+ 11%+15° m=80;
Bapuanr 7. 320 + 72094+15° m=101; Bapuant 8. 580+ 71004121231 m=13;

Bapuant 9. 50 + 7°0+11% m=12; Bapuant 10. 1319+ 5%+15° m=18.

3ajganue S. BoiBeauTe NpU3HAKU AeJIUMOCTH HA:

BapuaunTt 1. m=9; Bapuant 2. m=45;
Bapuant 3. m=14; BapuanT 4. m=61,
Bapuanrt 5. m=15; Bapuant 6. m=16;
Bapuant 7. m=13; Bapuant 8. m=12;

Bapuant 9. m=11; Bapuant 10. m=8.



PABOTA Ne 2 (6) Pa3zan4uHble CHCTeMBbI BBIYETOB MO MOIYJIIO0.

IIe.m;: HU3YUYUTb MNOHATHUA CUCTCMbI BBIYCTOB M HX PA3JINYHBIC
BHUbI, IOBHAKOMHUTLCA C PA3JIMYHBIMHA cIrocooamu HaXO0XACHHUSA CHUCTCM
BBIYCTOB, OCBOUTD CITOCOOBI ITPOBCPKHU Ha6opa YUCCJI Ha COOTBCTCTBHUC

ONPEICIIEHHON CUCTEME BBIYETOB.

BOHpOCbI, BBIHOCHMBbIC HA ITPAKTHYECKOEC 3aHATHC.

1. HaXO)KIIeHI/IG Pa3JINYHBIX BBIYCTOB 110 YN CJIIOBOMY MOIYJIIO.
2. Omnucanue KJIaCCOB BBIYETOB I10 MOAYJIIO.
3. CocraBiieHrE HOJHBIX CUCTEM BBIYETOB.

4, Haxoxcz{eHHe IMPUBCACHHBLIX CUCTCM BBIYCTOB.

KpaTKne TCOPETHYECCKHUE CBEACHUA.

MuoxectBo umcen {a=b+m-t | rae t— 1menoe 4YKUCIO} HaA3bIBACTCS
KJIACCOM YHCeJl, CPAaBHUMBIX C b TI0O MOZIYJIIO 1M, WITK KJIACCOM BBIUETOB.
JIto6oe 4mucio 3TOro Kijacca Ha3bIBA€TCA MPEACTABUTENEM, WIH BBIYETOM

9TOI'0 KJjiacca 1o MOAYJIr0 m.

TEOPEMA. Eciu {a = b + m - t | rae t — nenoe 4nucio} u
b=m-q+r,0<r<m,roxkinacc {a =b+m-t|raet— uenoe 4yucio}

paBeH kiaccy {a = r +m -t | rue t — 1uenoe Yucio}.

HpI/I 9TOM YHMCJIO T HA3bIBACTCA HAMMCHBIINM HCOTPHULATCIIBHBIM BbBIYCTOM
ATOro Kjiacca. Beruer u3 3Toro KJ1acca, I/IMGIOHII/Iﬁ HauMeHbIee abCOoIIOTHOE
3HaquHﬁ, Ha3bIBacTCsl a0COJIIOTHO HAMMEHBLIIMM BBIUETOM. Kitacc BBIUETOB
MOXET OIIPEACIIATHCSA JIFOOBIM CBOMM MpCACTaBUTCIICM.

COBOKYHHOCTB BBIYCTOB CTPOT'0 ITO OAHOMY H3 KaXXJIOT'O KJIaCCa HA3bIBACTCA

MOJIHOW CUCTEMOU BBIYETOB IO JAHHOMY MOJYJIO.



TEOPEMA. Paznuunble m yuces, onapHO HE CPaBHUMBIX MEXKIY COOOM

0 MOJYJIIO 1, 00pa3yIoT MOJHYI0 CUCTEMY BBIYETOB.

TEOPEMA. UYwucna 0,1,..,m-—1 00pa3yloT TMOJIHYIO CHCTEMY

HAaNMMCHBIINX HCOTPHUIATCIbHBIX BBIYCTOB 110 MOAYJIIO M.

TEOPEMA. Yucna 1,..,m 00pa3yloT MOJHYIO CHUCTEMY HaWMEHBIIUX

ITOJIOKHUTECIbHBIX BBIYCTOB I1I0 MOAYJIIO M.

TEOPEMA. Tlpu HeueTHOM M MOJHOW CUCTEMOW aOCOJIIOTHO HAMMEHBIIIHNX

m-1 m—1
BBIYETOB ABJIACTCA COBOKYMHOCTB: — ——, ..., -1,0,1, ..., -

TEOPEMA. Ilpu 4yeTHOM M MOJHOW CUCTEMON aOCOIIOTHO HAMMEHBIIHNX

BBIYCTOB ABJIACTCA OJJHA M3 CICAYIONINX HOCHCI[OBaTeHBHOCTCﬁi

m

“241,..,-1,01, . wm =2 -1,01,.., 2 1.
2 2 2 2

Kmacc Ha3piBaeTCcsl B3aUMHO IMPOCTBIM C MOJAYJIEM, €CJIK €TI0 IMPCACTABUTCIIb

B3aWMMHO IIPOCT C 9THUM MOOYJICM.

TEOPEMA. Ecnu knacc B3auMHO NPOCT C MOJYJIEM, TO 3TO € BEPHO JJIs

JIF000TO MMpCACTAaBUTCIIA OTOTO Kjlacca.

[IpuBeneHHOM CUCTEMOM BBIYETOB IO MOJIYJIO M HA3bIBAETCS CUCTEMA

BBIYCTOB, B3ATBHIX II0 OJHOMY M3 KaXXJO0I'0 KJIaCCa, BBAMMHO ITPOCTOro ¢ MOAYJICM

m.

TEOPEMA. B nipuBeeHHON CUCTEME BBIYETOB MO MOIYJIIO M COJEPKUTCS

@ (m) snemenToB. (@ (m) — pyukuus Ditepa.)

TEOPEMA. JIxo6sie ¢ (m) umcen, MomapHO HECPABHUMBIE 110 MOAYIIIO M H
B3aUMHO MPOCThIE C 3TUM MOJIYJIeM, OOpa3yiOT MPHUBEACHHYIO CHCTEMY

BBIYCTOB.



IIpuMepsI BBITIOTHEHUS 32 JAHUH.

3anaﬂue 1. 3aMeHHUTD YHCJI0 @ HAUMEHBIIUM 110 a0COJTI0OTHOM BCJIMYHNHE, A

TaKKe HauMeHbIIMM I0JIOKUTEJIbHBIM BHIYETOM IO MOAYJIK0 M,
a=82m=87.

3ametuM, uyto 0<82<87. [Iloatomy 82 sBuseTcs HAMMEHBIIUM
IIOJIOKATENIBHBIM ~ BBIYETOM  Kjacca 1o Moxymoo 87. Jlng HaxoxaeHus
HaMMEHBIIETO 10 a0COMIOTHON BEJIMUMHE BBIYETAa PACCMOTPHUM JiBa ymcia 82 u 82-
87=-5 u3 sroro e kiacca. SIcHo, uro |—5| < |82|. [ToaTOMy HaMMEHBIIHM I10

a0COJIFOTHOM BEJIMYMHE BBIUETOM JaHHOT'O KJIacCa 6y,[[€T YHCIIo -5.

3aganme 2. 3anucarb NOJHYK CHCTEMY HAUMEHbIINX HEOTPULATEIbHBIX U

HAMMEHbIIHX 10 A0COJIOTHOM BeJIMYHHE BLIYETOB 110 MOAYJI0 M. M = 25.

B cooTBeTcTBUM ¢ TEOpUEH OJTHONM CUCTEMON HAUMEHBIITUX

HEOTPHUIATENbHBIX Yncen OyIeT ABIATHCS MOCIEI0BATENIbHOCTD:
0,1,23,4,56,7,8,9, 10,11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24.

Yucno 25 sBaseTcss HEYETHBIM, TO3TOMY MOJTHOM CUCTEMOMN aOCOJIFOTHO

HAaMMCHBIINX BbIYCTOB 6yneT ABJITBCA IMOCJICA0OBATCIbHOCTD.

-12,-11, -10, -9, -8, -7, -6, -5, -4,-3,-2,-1,0,1, 2, 3,4, 5,6, 7, 8, 9, 10, 11, 12,

3aganue 3. [IpoBepuTh, 00pa3yIOT JIM YHCIA (A1, A2,...,dn) HOJHYIO
CHCTEMY BbIY€TOB 0 MOAYJI0 M:
(-23, - 43, -33, 36, 25, 21,31,-2,11, 13, -12, -5, 8, 9, -10), m=15.

B marHOM MHOXECTBE 15 pa3audHBIX YuCe, T.€. TPEOOBaHHUE O YUCIIC
AJIEMEHTOB B CUCTEME BBIUETOB BBINOJHAETCS. J[JI1 cpaBHEHUS UX T10
MIPUHAJICKHOCTH OJTHOMY KJIACCY BBIUYMCIUM MX OCTAaTKH IPH JeJIeHUH Ha 15.

-23=15-(-2)+7, T.e. B JaHHOM CJIy4ae OCTaTOK PaBEH 7.

-43=15-(-3)+2, T.e. B JaHHOM Clly4ae OCTaTOK paBeH 2.



-33=15:(-3)+12, T.c. B JaHHOM CJIy4ae OCTaTOK paBeH 12.

36=15-2+6, T.e. B JaHHOM CJIy4ae OCTaTOK paBeH 6.

25=15-1+10, T.e. B aHHOM citydae ocTaTok paBeH 10.

21=15-1+6, T.c. B JaHHOM CJIy4ae OCTaTOK paBeH O.

31=15-2+1, T.e. B JTaHHOM CJIy4ae OCTaTOK paBeH 1.

-2=15-(-1)+13, T.e. B JaHHOM CJly4ae OCTAaTOK paBeH 13.

11=15-0+11, T.e. B JaHHOM cJly4ae ocTaTOK paBeH 11.

13=15:0+13, T.e. B 1aHHOM CTy4yae OCTaTOK paBeH 13.

-12=15-(-1)+ 3, T.e. B JaHHOM Clly4ae OCTATOK PaBEH 3.

-5=15-(-1)+10, T.e. B JaHHOM cJTy4ae ocTaToK paBeH 10.

8=15- 0+8, T.e. B JaHHOM ClTy4ae OCTaTOK paBeH &.

9=15- 0+9, T.e. B JaHHOM CJTIy4ae OCTaTOK paBeH 9.

-10=15-(-1)+ 5, T.c. B JAaHHOM CJIy4ae OCTATOK PaBCH 5.

Tak xak ocrtatku 6, 10, 13 mOBTOPSIOTCS, TO COOTBETCTBYIOLIHME MapbI
YHCEN B3AThl U3 OJMHAKOBBIX KJIACCOB BBHIYETOB, a 3HAYMT, JIAaHHAS COBOKYITHOCTh

YHCEJ HE SBJISIETCS MOJIHOM CUCTEMOM BBIUETOB IO MOAYJIO 15.

3ananue 4. [IpoBepuTh, 00pa3yIOT JIN YHCIA (A1, A2,...,dn) TPHUBEAEHHYIO
cucTeMy BbIYeTOB mo moayiaw m: (-21, - 13, -19, 3, 11, 19, 20), m=25.
Brruncnum QpyHKIMIO Ditnepa oT Moxys. 25=52. TTostomy
1
0(25) = 25 - (1 - E) = 20.
A B JTaHHO# MO YCIIOBUIO TIOCIIE0BATEIILHOCTH YHCEII TOJIBKO 7 DJIIEMEHTOB,

IIOATOMY OHA HE SIBJISETCSA NMPUBEAEHHON CUCTEMON BBIYETOB 110 MOIYJIIO 25.
3aganue S. CKoJIbKO 3JIEMEHTOB BXOAMT B IPHMBEACHHYIO CUCTEMY BbIY€TOB
no MmoayJaw m: m=15.

N3 Teopumn M3BECTHO, YTO NPUBEICHHAS CHCTEMAa BBIYETOB IO MOIYIIIO M

coaepxkutcs @(mM) saeMeHTOB. Bpruucium 3HadeHue (yHKIuM Diepa oT

momyns: @(15) = 15 - (1 —%) : (1 —é) = 8, T.x. 15=3-5.



CnenoBaresibHO, B TIPUBEICHHOM CHUCTEME BBIYETOB MO MOAYJIO 15

COAEPKUTCS 8 IIEMEHTOB.
IIpakTHuyeckue 3a1aHNA 110 BAPUAHTAM

3apanue 1. 3aMeHUTb YHMCJI0 g HAMMEHBIIMM 110 a0COJIIOTHOM BeJIMUYMHE, a

TaKKe¢ HAMMCHBIIUM ITOJI0KHUTECJIbHBIM BBIYETOM 110 MOAYJIIO M.

Bapuant 1. a = 185, m=12; Bapuanr 2. a=84, m=09;
Bapmuanr 3. a = 180, m=10; Bapuanr 4. a=82, m=09;
BapuanT 5.a =85, m=11; BapuanT 6. a =84, m =8§;
Bapuanr 7. a = 103, m=87; Bapuanr 8. a =84, m = 16;
BapuanTt 9. a =15, m=10; BapuanT 10.2=81, m=09.

3amanue 2. 3anucaTh NOJHY0 CHCTEMY HAMMEHBbIIMX HEOTPUIATEIbHBIX H

HAMMEHbIIHX 10 A0COJIOTHOM BeJIMYHHE BLIYETOB 110 MOAYJ0 M.

BapuanT 1. m = 12; Bapuanr 2. m=09;

Bapuant 3. m = 10; Bapuantr 4. m = 13;
Bapuaunt 5. m = 22; BapuanTt 6. m = 29;
Bapuaunt 7. m = 20; Bapuaunr 8. m = 23;
Bapuant 9. m = 11; Bapuant 10. m = 19.

3ananue 3. [IpoBepuTh, 00pa3yIOT JIN YHCIA (A1, A2,...,dn) TOJTHYIO

CHCTEMY BbIY€TOB 10 MOAYJII M:

Bapuanr 1. (-253, - 138, 170, 393, 965, 2000, 47, 1660), m=8;

Bapuant 2. (-181, - 303, 597, 242, 135, 186, -43, 32), m=8§;

Bapuanr 3. (-40, - 45, 31, 26, - 48, - 34), m=6;

Bapwuanr 4. (-23, - 43, -33, 36, 25, 21, 31), m=7;

Bapuanr 5. (- 18, - 11, -4, 15, 22, 17), m=6;

Bapuanr 6. (- 15, 11, 12, 18, 19), m=5;

Bapuanr 7. (- 17, 18, 20,-9, 10, 23), m=6;



Bapuanrt 8. (- 14, - 13, 16, 10, 18, 20, -16), m=7;
Bapuant 9. (- 12, 13, -16, 9, 16, 23), m=6;
Bapuant 10. (-21, - 13, -19, 3, 11, 19, 20), m=7.

3aganue 4. [IpoBepuTh, 00Pa3yIOT JIU YHCIA (A1, A2,...,dn) TPHUBEIEHHYIO
CHCTeMY BBIYETOB IO MOJIYJII0 M:
Bapuant 1. (- 349, - 193, 231, 401), m=12;
Bapmant 2. (-247, - 133, -197, 385), m=13;
Bapmuant 3. (13, -13, 29, -9, 12, 32), m=10;
Bapuantr 4. (-4,-2,-1,1,2,4), m=9;
Bapmanr 5. (13, - 13, 29, -9, -1, 2,-3, 28, 9, 10), m=11,
Bapmuant 6. (1, 5,11, 13,17, 19, 23, 25, 29, 31, 37, 41, -2), m=14;
Bapuant 7. (-253, - 138, 170, 393, 965, 2000, 47, 1660), m=8;
Bapmuanrt 8. (-15, 27, 104, -117, 15, 29), m=7;
Bapuant 9. (11, 13, -13, -1, 2, -2, 9, 19, 23, 101, 21, 25), m=11;
Bapmanr 10. (-13, -1, 2,-2, 9, 19, 23, 101), m=13.

3amanue 5. CK0JIbKO 3JIEMEHTOB BXOJMT B IPUBEACHHYI0 CHCTEMY BbIY€TOB

1o MOAYJII0 M:

Bapuant 1. m = 95; Bapuant 2. m = 90;
Bapuanrt 3. m = 70; Bapuaunt 4. m = 23;
Bapuaunr 5. m = 12; Bapuantr 6. m = 9;

Bapuant 7. m = 10; Bapuant 8. m = 13;

Bapuaunrt 9. m = 22; Bapuaunt 10. m = 19.



PABOTA Ne 3 (7) CpaBHeHHsI IepPBOii CTelIeHH W X pPelIeHHe.

He.]'lb: IMO3HAKOMUTBCA CO CPABHCHHAMHU C OJHHM HCU3BCCTHBIM, U3YYUTb

CIIOCOOBI PEIICHUS CPaBHEHUH TIEPBOM CTEIICHHU.

BOl'[pOCLI, BBIHOCMMBIC Ha IIPAKTHYECKOC 3aHATHC.

CpaBHEHUS C HEU3BECTHBIM.
CpaBHEHHUSI IEPBOM CTENIEHHU.
Pemienue cpaBHeHUH IEpBOIA CTETIEHU Y€Pe3 CUCTEMBI BBIYETOB.

Pemiennie cpaBHEHHI EPBOIl CTENEHU METOJIOM Jilepa.

A A

Petiennie cpaBHEHUM MEPBOM CTENEHU € MTOMOIIBIO MOIXOASIINX IPOOECHi.

Kparkue Teoperuyeckue cBeieHHs.

Paccmotpum CpaBHEHUE a, x"+--+a; x+ay, =0(mod m)
cozepxkaiiee HeusBectHoe. Ecin a,, He menuTcs Ha M, TO N HA3BIBACTCS CTETICHBIO
CpaBHCHHs. PemmuTh CpaBHEHWEe — 3HAYWT HAWTH BCE 3HAYCHHUA X, €MY
yIoBJeTBOpsitone. J[Ba cpaBHEHHS, KOTOPHIM YJIOBJICTBOPSIFOT OJHU M TE JKE

SHAYCHUSA X, HA3BIBAIOTCS PaBHOCHIIBHBIMU.

TEOPEMA. Eciu x siBisieTCs pelIEeHMEM JAaHHOTO CpPaBHEHHUS, TO 00O

y = x(mod m) Tak ke SIBISCTCS PEIICHHEM 3TOTO CPABHCHUSI.

HOBTOMY BCCh KJIACC BBIYCTOB CUUTACTCA OAHHUM PCIICHHUCM JTOI'0

CpPaBHEHHUS.

TEOPEMA. CpaBHEHHE C HEU3BECTHBIM MUMEET CTOJIBKO PEIICHUM, CKOJIBKO

YMCeJI U3 NOJIHOM CUCTEMBI BIYCTOB CMY YIOBJICTBOPSCT.

TEOPEMA. Ecau (a,m) =1, 10 cpaBHeHue ax = b (mod m) wumeer

CAMHCTBCHHOC PCIICHHC.

TEOPEMA. Eciu (a, m) = d, u b ne neaurcs Ha d, TO CpaBHEHHE



ax = b (mod m) He UMeeT peIICHMS.

TEOPEMA. Ecu (a,b) = d, u (d,m) = 1, T0 HCXOAHOE CpPaBHEHHE AX =

b
b (mod m) paBHOCHJILHO CPAaBHCHHIO %x =- (mod m).

TEOPEMA. Eciu (a, m) = d, u b nenurcs Ha d, TO CpaBHEHHUE

ax = b (mod m) wumeer d Pa3TUYHBIX PENICHHH TI0 MOJYIIIO M,

b m
TOJTyJaeMBbIX U3 PEUICHUSA CPAaBHEHHS —X = - (mod E)'

@
d
TEOPEMA (Oitnepa). Ecru m >1 u (a,m) =1, TO HMEET MeCTO

cpaBuenuii a®?™ = 1 (mod m).

TEOPEMA (®epma). Eciu (a,p) = 1 1 p nmpocToe 4Kuciio, TO UMEET MECTO

cpasHenuii a?~1 = 1 (mod p).

TEOPEMA (depma). Eciu p mpocToe 4nciio, To MIMeeT MECTO CpaBHEHHUE

a? = a (mod p) npu 1r1000M Q.

TEOPEMA. Ecim  (a,m) =1, to nmns cpaBueHus ax = b (mod m)

pemenneM sBiserca X = a®™~1h (mod m).

TEOPEMA. Ecim  (a,m) =1, to nmns cpaBueHus ax = b (mod m)

pemrenueM siBisietcst X = (—1)"P,_1b (mod m), tne P,_; 4YHCIUTENb

) o m
MPEANnociaeHeN MOIXOonAIeld Ipoodu st = (3ameTum, 4TO (o-3TO IIENas

4acTh Apodu %)

IIpuMepsI BBINOTHEHUS 32 JAHUM.

3aganue 1. Pemuuth cpaBHenue ax = b (mod m) merogamu noadopa u
npudaBJjieHHeM B MPaBOii YacTH CPaBHEHUs BeJIHYHMHBbI KM 10 nosydeHus

BeJIMYMHBI, KpaTHOU a: 2x = 3 (mod 7).

Pemm 310 cpaBHEHUE cHavajga METOJ0M oa0dopa.



BelnumeM noJiHyto cucteMy BbIdeToB 1o moaymo 7: 0, 1,2, 3,4, 5, 6. [Ipoepum
KaXXIBIH €€ 3JIEMEHT Ha PElICHUE CPaBHEHUSI.
2:0= 3(mod 7) HeepHoe cpaBHenue, T.K. 3-0 He genuTCs HaA 7.
2-1= 3(mod 7) HeBepHoe cpaBHEHHME, T.K. 3-2 HE JEIUTCS Ha 7.
2:2= 3(mod 7) HesepHoe cpaBHeHUE, T.K. 3-4 HE AeTUTCS HA 7.
2-3= 3(mod 7) HeBepHoe cpaBHEHME, T.K. 3-6 HE JeIUTCS Ha 7.
2- 4 = 3(mod 7) HeBepHoe cpaBHeHUE, T.K. 3-8 HE AeIUTCS HA 7.
2-:5= 3(mod 7) Bepnoe cpaBuenue, T.x. 3-10 genurcs Ha 7.
2-:6= 3(mod 7) HeBepHoe cpaBHeHUE, T.K. 3-12 He aenuTcs Ha 7.
Takum oOpazom, pemenuem sBisieTcss X = 5(mod 7).
Teneppb pemuM 3T0 cpaBHEeHUE BTOpoM criocooom. K uuciy 3 Oynem npubaBisTh
7. Tlonmyuaem yke mpu mepBoM mpubOaBieHuun 3+7=10=2-5. Orcroma nenaem
BBIBO/I, UTO perieHueM sipnsercs x = 5(mod 7).
3aganue 2. PeluuTh cpaBHeHHE ¢ OTHUM HEU3BECTHBIM MeTO/IOM Moa0opa:
7x* + x* — 10x = 5(mod 7).
3ametuM cHadana, yro 7x* =0 (mod7) u 7x =0 (mod 7) npu moboMm Xx.
[ToaTomMy MCXOIHOE CpaBHEHHUE MOKHO YIIPOCTHUTH:
x? — 3x = 5(mod 7)
Brinuiem nonHyo cucteMy BbiueToB 1o Mmoayiwo 7: 0, 1,2, 3,4, 5, 6. [Iposepum
KaXKbIN €€ 3JIEMEHT Ha PeLIeHUE CPaBHEHUS.
02 — 30 = 5(mod 7). HeBepHoe cpaBHenue, T.K. 5-0 He aenutcs Ha 7.
12 —=3-1 = 5(mod 7). BepHoe cpaBHenue, T.K. 5-(-2) nenurcs Ha 7.
22 —3:2 = 5(mod 7). Bepnoe cpaBHenue, T.k. 5-(-2) memurcs Ha 7.
32 — 33 = 5(mod 7). Hesepnoe cpaBHenue, T.K. 5-0 He menuTcs Ha 7.
42 — 3 -4 = 5(mod 7). HeBepHoe cpaBHEHHE, T.K. 5-4 He nenurcs Ha 7.
52 —3:5 = 5(mod 7). HesepHoe cpaBHeHue, T.K. 5-10 He aenurcs Ha 7.
62 —3-6 = 5(mod 7). HesepHoe cpaBHeHHe, T.K. 5-18 He nemuTcs Ha 7.

Takxum oOpazom, pemeHussMuU ABJs0TCA X = 1(mod 7) u x = 2(mod 7).



3aganue 3. PelunTh cpaBHeHHs MePBOii CTeNEHN ¢ OJHUM HEH3BeCTHbIM
MeToa0M Jiiiepa. IIpaBuIbLHOCTH OTBETOB NPOBEPUTH MOJACTAHOBKOMM:

—10x = 5(mod 7).

[IpeoOpa3yeM cHadana 3TO cpaBHCHHE, NPUOABHB K JICBOW YacTu 14x, KOoTOpoe
cpaBuumo ¢ 0. ITomyunm: 4x = 5(mod 7). 3ametum, uto (4,7)=1. [loatomy 31O
CpaBHEHHE MMEET CIMHCTBCHHOE PEUICHHE, KOTOPOE MOXHO HaWTH 1Mo (hopMmyIe
Diinepa.
x = a®™-1p (mod m). x = 4°-5 (mod 7). x = 1024 - 5 (mod 7). YuuTsiBasi,
yto 1024 = 2(mod 7), pemieane MoKHO ynpocTuTh X = 2 -5 = 10 (mod 7), T.e.
x = 3 (mod 7). Ilposepum mpaBuibHOCTh perienus: -10-3= 5(mod 7), 1.x. 5-(-
30)=35 nenutcs Ha 7.
OtBerT: peuienueM spisiercs x = 3 (mod 7).
3aganue 4. Pemuth cpaBHeHUE Pa3jio:KeHHEM B IIEMHYIO IPO0HL OTHOIIEHUSI
%: —10x = 5(mod 7).

CHayayia ynpoCTUM CpaBHEHHE, PUOABUB K JICBOW YacTu 14x, cpaBHUMOE C

0. Iomyunm 4x = 5(mod 7). Haiigem ducauTend HTOAXOMAMIMX APOOEH Ist
YaCTHOT'O Z. Caauana BeimumieM anroput™m EBkmmma: 7=4-1+3, 4=3-1+1, 3=1-3.

CocTaBuM TaONMILy BBIYUCICHHS YACTUTENEH MOAXOAAIINX IpOOEi.

q o =1 g =1 q; =3

P, 1 1 2 7

Takum obpazom: n = 2, P,,_; = P; = 2. [losTomy u3 Gpopmyiibt
x = (—=1)"- P,_; - b (mod m) umeem: x = (—1)%-2-5 (mod 7). A Tax kax

10 = 3 (mod 7), To nomydaem pemienue x = 3 (mod 7). IIpoBepka Oblia

IIpOBEJICHA paHee.

HpaKTqucmle 3a/laHUs 110 BaApHaAHTaM.




3aganue 1. Pemuth cpaBHeHne ax = b (mod m) MeToaaMu noaoopa u
npudaBjeHNeM B NPABOii YaCTH CPaBHEHHS BeJIMYMHBI Km 10 moJyyeHus

BCJIMYHNHBI, KpaTHOﬁ a:

Bapuant 1. 2x =5 (mod 9). Bapuaunt 2. 4x = 3(mod 7).
Bapuanr 3. 3x =1 (mod 11). Bapuanr 4. 10x = 4(mod 8).
Bapuanr 5. 7x =5 (mod 5). Bapuanr 6. 12x = 3(mod 6).
Bapuanr 7. 9x = 3 (mod9). Bapuantr 8. 9x = 7(mod 5).
Bapuanr 9. 2x =5 (mod 11). Bapuant 10. 4x = 3(mod 9).

3ananue 2. Pemuth CpaBHCHHE C OTHUM HEU3BECCTHLIM METOAOM nouﬁopa:

Bapuant1. x*+ x%? —x =5 (mod 5);
Bapuant 2. 4x° —2x? + x = 3(mod 7);
Bapuanr 3. 3x3 — 8x% + x = 1 (mod 4);
Bapuanr 4. 2x* — 10x = 4(mod 8);
Bapuanr 5. 7x% — 7x =5 (mod 5);
Bapuant 6. 6x! + 5x* — 12x = 3(mod 6);
Bapuant 7. 9x° — 2x? + x = 3 (mod 9);
Bapuanr 8. 9x3 — 2x% + x = 2 (mod 5);
Bapuanr 9. 7x3 — 2x% + 7x =5 (mod 7);
Bapuanr 10. 4x° — 2x% + x = 3(mod 8).

3aganue 3. PemunTh cpaBHeHMsI EPBOIi CTeNEHH C OTHUM HENM3BECTHBIM

MeToAoM Juiepa. [IpaBHIILHOCTH OTBETOB IPOBEPUTH NMOACTAHOBKO:

Bapuanr 1. 29x = 1(mod 17); Bapuant 2. 21x = —5(mod 29);
Bapuaur 3. 7x = 15(mod 9); Bapuaut 4. 7x = 9(mod 10);
Bapuanr 5. 12x = 7(mod 13); Bapuanr 6. 5x = 3(mod 17);
Bapuanur 7. 3x = 5(mod 11); Bapuaunt 8. 9x = 2(mod 14);

Bapuanr 9. 7x = 11(mod 15); Bapuanr 10. 3x = 4(mod 7).



3aganue 4. PemuuTh cpaBHeHHE Pa3Ji0KEeHHEM B LENHYI0 1P00b OTHOLIECHUS

m-

a

Bapuanr 1. 15x = 37(mod 98); Bapuanr 2. 32x = 182(mod 119);
Bapuant 3. 105x = 72(mod 147); Bapmuanr 4. 97x = 53(mod 169);
Bapuant 5. —50x = 67(mod 177); Bapuaur 6. 69x = 393(mod 201);
Bapuant 7. 192x = 9(mod 327);  Bapuanr 8. 365x = 50(mod 395);
Bapuant 9. 639x = 177 (mod 924);

Bapuant 10. 296x = 1105(mod 2413).



PABOTA Ne4 (8) Cuctemsl cpaBHeHuii. IlepBoo0pa3Hble KOPHM U HH/IEKCHI.

ean: [1o03HaKOMUTBCS C MOHATUAMHU CUCTEM CPAaBHEHHMM NEPBOM CTEIICHU,
CpPaBHEHHUSIMU BTOPOM U OOJBIIUX CTENEHEH, MNEepPBOOOPA3HBIMU KOPHIMU U
nHjaekcamMu. OCBOMTh METOJIbl PEIICHUS CUCTEM CPAaBHEHUW TEPBOM CTENECHU U
CpaBHECHHMI BTOPOM CTENEHU, HAXOXKJICHHUS MEPBOOOPA3HBIX KOPHEH, BHIYUCIICHUE

MHIEKCOB.

Bomnpocsl, BbIHOCHMBIE HA IPAKTHYECKOE 3aHATHE.
Pewienne cpaBHEHN BTOPOW CTETIEHH.
CucreMbl CpaBHEHUI NIEPBOU CTEIICHH.
MeTonp! peneHnst CUCTEM CPaBHEHUM ITEPBOM CTETICHM.

[IepBooOpa3Hbie KOPHHU U UHJIEKCHI.

o~ w DB

HaxoxaeHue nepBooOpa3HbIX KOPHEH U BBIUHUCIEHUE UHACKCOB.

Kpartkue TeopeTndeckue cBeieHUS.

[lemoe ynciao @ HaA3bIBAETCS KBAApPaTHBIM BBIYETOM 110 MOJIYJIO [P , €Clu
cpaBHeHM x2 = a (mod p) wuMeeT pemeHre. B MPOTHBHOM clydae 4uCiIO @

Ha3bIBACTCs KBAaAPATHBIM HEBBIYECTOM 110 MOLYJIHO P .

TEOPEMA. Eciu (a,p) = 1 u a - KkBagpaTHBII BBIUET 10 MOIYJIIIO [, TO

cpaBHeHMH x> = a (mod p) MMeeT [Ba pelIeHHus.

TEOPEMA. Eciu (a,p) = 1 u a - KBaApaTHBIA HEBBIUET I10 MOAYIIO [, TO

cpaBHeHMH Xx* = a (mod p) He UMEET PELICHHIA.

TEOPEMA. IlpuBeneHHass cuUCTEMa BBIUETOB MO MPOCTOMY MOAYJIO [

p—1
COCTOUT U3 T KBaJIPpAaTHBIX BbIYCTOB, CPABHUMbLIX 110 MOAYJIIO p C UyucJiaMHu

p—1 p—1
12,22, ..., (T) 2 u -~ KBa/[paTHBIX HEBbIYETOB.



s (a,p) = 1 onpenensiercst cumBoin Jlexanapa (g) (cumBon Jlexanmpa a

a
10 p , TJIe @ - YUCIUTENIbh CHMBOJIA, @ P — 3HAMEHATENh) TaK, 4TO (5) =1,ecmma -

= —1 , ecnu a - KBagpaTUYHBIN

9 a
KBaApaTU4YHbIM BBIYECT IIO MOAYIIO P, U (;)

HEBBIYCT 110 MOAYIIO P.

p—-1
TEOPEMA. (Kpurepuii Diinepa) Eciu (a,p) = 1,100 2 = (g) (mod p).

PaccMoTpum cuctemy cpaBHEHU NEPBOM CTETIEHU

a, - x = b;(mod m,)

1)

a, - x = b,(mod my)

TEOPEMA. Ecnu x, peiienreM JaHHON CUCTEMBI, TO JIT000e

x = x9(mod K), tne K=HOK[m,,..., m,], SIBAsSETCS peIICHUEM ITOH ke

cuctemsl (1) cpaBHEHHI TIEPBOW CTETICHU.

[Ipexne yeMm pemiate CUCTEMY cpaBHeHHH mepBoi creneHu (1) HeoOxomumo
pElINTh KaXXJO€ CPaBHEHHE W3 ITOW CUCTEMBI. [[pyrmmMu ciaoBaMH, UCXOIHYIO

CHCTEMY HEOOXOAMMO MPHUBECTH K BHAY (rIe CBOOOTHBIC UYJICHBI KOHEYHO XKE

Apyrue):
x = by(mod my)

(2)

x = bp,(mod my,)

TEOPEMA. Cuctemsl (1) u (2) paBHOCHIIBHBI, T.€. OHU 00J1a/1al0T OJTHUM U

TEM K€ MHOKECTBOM PEIIEHUM.

Ecmu cucrema He COBMCCTHA, T.C. HC NMCCT pGHJCHI/Iﬁ, TO €€ MHOXKECTBO

pEUIEHUI CUUATAETCS IMyCThIM. B manbHEUIeEM U YIPOIIEHUS 3alMCA BMECTO bi'

Oynem mucatsb b;.



TEOPEMA. Cuctema (2) umeeT pelieHue Torjia v ToJIbKO TOria, Korjaa mpu

mobeIx § # j,1 < i,j <nwumeem b; = bj(mod D), rne D=HOJI(m;, m;).

TEOPEMA. Ecnu Bce MOyl TONAPHO B3aUMHO MPOCTHI, T.€. MPHU JTHOOBIX

i #j,1<1i,j<nunmeem HOJ(m;, m;)=1, uM =m, - ...-my,, M; =%’

M; - M; = 1(mod m;), 0 xy = M; - My - by + -+ M,, - M, - b,, ssBsiercs
pelIeHrueM CUCTEMBI (2), T.€. TO cucTtema (2) UMEeT pellieHHs IPU JIF0OBIX

3HAYCHUSIX b;.

Tak kak B ycinoBusax teopembl K=HOK[mq,...,m,]=m,-..-m,, TO
MHOKECTBO BCEX PEIICHUI CUCTEMBI (2) ompeesieTcsi CpaBHEHUEM

x = xg(mod my - ...- my).

YHuBepcaTbHBIM METOJIOM PEIICHUS CUCTEMbl CPaBHEHUU NEPBOM CTEMEHU
SBIIIETCSI  METOJ| TIOCHe[OBaTeIbHOW ToacTaHoBKH. OH  3akimodaercs B
cienytomieM. 13 mepBoro cpaBHEHUs CUCTEMBI (2) HAXOAUTCS pelleHUe

X = by + z+-m, Ero noxcrasnseMm BO BTOPOE CpaBHEHUE.

by + z-my = b,(mod m,)
3atemM pemiaeM 3TO CpaBHEHHWE OTHOCHUTEIBHO Z C HEKOTOpOH mepeMeHHou {.
[TomyyeHHoe perieHne MOACTaBIsieM B X = by +zZ-my, a 3aTeM MOJy4EHHOE
BEIpOKECHHE X depe3 t TOACTaBIsieM B TPEeThe CpaBHEHHE. Bcerma HyXHO
BBIPOKAaTh HEW3BECTHHIE B SBHOM BHIE. OJTOT TMPOIECC MPOIOIDKAETCS 0
MocJIeTHero cpaBHeHUs. Eciy Ha KakOM-TO IIare pemieHrue OJHOTO CPaBHEHUS HE
HAXOJIUTCS, TO B ATOM CiIy4ae BCS CHCTEMa HE MUMeeT perieHus. Pemenue s
MOCJICTHETO CPABHEHMSI ACT OJTHO PEIICHUE Xy. A MHOXKECTBO BCEX PEIIEHUH, KaK
y)K€ OTMedYajioch, OYIeT HaxOJWTCI U3 CpaBHEHHS X = xy(mod K), tae

K=HOK[m,,..., m,].



Ecom (a,m) =1 , 1o cymecTByloT Takue k, uro a® = 1(mod m).
Hanpumep k = @(m). ky = min{k| a* = 1(mod m)} Ha3eBaeTca moka3zatenem,

KOTOpOMY IIPHUHAAJICIKHUT A 110 MOAYIIIO M.

TEOPEMA. Eciu a 1o Moayiito m NpuHAIJICKUT IMOKA3aTeNo K , TO 4ucia

0 1 k-1
,at, ., a

10 MOJTIYJIIO M HECPABHUMBL.
TEOPEMA. Eciu a mo Moayio m HNpUHAIICKUT MOoKazaTeiao kK, To a’ =

a'(mod m) Torma u TonbKo TOra, Korga r = t(mod k).

TEOPEMA. Iloka3zarenn, KOTOPbIM NPUHALICKAT 4YHCIA IO MOAYJIO,

SBJISIIOTCS ICIUTEIISIMU dncia @ (m).

TEOPEMA. Ecnu X mo MOayNi0 TpPUHAUICKUT TIOKA3aTeNto k * t , TO 4UCIO

x* IpuHannekRUT NOKa3aTENMO t.

TEOPEMA. Eciu X mo Moaym0  OpUHAAJCKHUT ToKazareno k, a Y
MPUHAJISKUT Toka3aTenmo t, mpudeMm (k, t)=1, To X'y IpUHAIIICKHUT MOKA3ATEIIO
k-t.

Yucna, npuHAmIeKamue mokasareno @(m) (ecad OHHM  CYIIECTBYIOT)

HA3bIBAIOTCS IEPBOOOPAZHBIMHU KOPHSIMH IO MOIYJTIO M.

TEOPEMA. Eciu mMonynb P SIBASIETCS MPOCTBIM YHUCJIOM, TO CYIIECTBYIOT

epBOOOpa3HbIE KOPHHU.

TEOPEMA. Ilycte g mnepBooOpa3HbIii KOPEHb MO MPOCTOMY MOJIYIIIO P .
CymectByer Takoe t, uto k m3 paBenctBa g +p-k=(g+p-t)P ! me
JenuTcst Ha P, a g +p -t OyaeT SBIAThCA MEPBOOOPA3HBIM KOPHEM IO

mMoyio p% npu modom a > 1.



TEOPEMA. Ilyctha =1 u g — nepBooOpa3Hblii KOpPEHb IO MOAYJIIO
p%.Torna HedetHoe M3 uncesl g u g + p% sABisgeTcs MepBooOPa3HBIM KOPHEM 10

Moy 2 - p%.

TEOPEMA. Ilyctb dy, ...,d} — Bce pa3ivdHbIE TPOCTHIC METUTEIIA YUCIIA
@(m). Hucno g , B3auMHO mpocToe ¢ @ (m), SBIsSETCs EPBOOOPA3HBIM KOPHEM 110

MOAYJIO M TOrJda M TOJBKO TOraa, Korga g HC YAOBJICTBOPACT HU OAHOMY M3

o(m) om)
cpaBuenmii g 41 = 1(mod m), ...,g * = 1(mod m).

[Tycts (a, m) = 1, g- nepBo0Opa3HbI KOPEHB IO MOYIIIO T U
a = g%(mod m), rae § = 0, To § Ha3bIBaeTCA MHIEKCOM YHCIA & TIO MOIYIIO M

TIpU OCHOBaHWHU g. 6 = indga .

O06o03HaunM vepes ¢ 3HaueHne GyHKIMH Ditiepa ot Moayiist m. ¢ = @(m).

TEOPEMA. ind(a b - ----1) = (ind(a) + ind(b) + --- + ind(l)) (mod c).
TEOPEMA. ind(a*) = k - ind(a)(mod c).

TEOPEMA. Tlycts (n,c) = d. Torna B NpuBECHHONW CUCTEME BBIUETOB 10

c
MOAYJIO M YHUCJIO BBIYCTOB CTCIICHHU 1 paBHO E

TEOPEMA. Ilycte (n,c) =d, (a,m) = 1. CpaBuenue x" = a (mod m)

paspenumMo TOr4a  TOJIbKO Toraa, koraa ind(a) kparen d .

TEOPEMA. Yucno a ecth BBIUET CTENEHU 1 IO MOAYJIIO M TOTAA U TOJIBKO

(5
Toraa, korma ad = 1(mod m).

TEOPEMA. Yucno a npuHaIIEKUT K YUCITY MEPBOOOPA3HBIX KOHEU IO

MOTYJIIO M TOT/Ia ¥ TOJIbKO Tora, koraa (ind a,c) = 1.



IIpuMepsI BBINIOTHEHUS 32 JAHUH.

3azlaHne 1. C nmoMombrl CMMBOJIa JIemaHz[pa onpeacauTb ABJIAACTCHA JIH

YK CJI0 @ KBAJPATHBIM BBIYETOM 0 MOAYJIIO p. a=5, p=13.
p-1
Bocnons3yemcst kputepuem Dinepa. a 2 = (g) (mod p).

13-1

52 = (15—3) (mod 13), T.e. 56 = (1—53) (mod 13).

Ho 5% = (—1) (mod 13), nosromy (1—53) = —1 . CnenmoBarenbHO, 5 He

ABJISICTCS KBAJIPATHBIM BBIYETOM MO MOAYJHO 13.

3ananue 2. HaiiTu kBajpaTHble BbIYeThl WIN HEBBIYETHI 0 MOAYJII0 p =37.

37-1
CormacHo TeopuM KBAAPATHBIX BBIYETOB OyAeT — = 18, cpaBHUMBIX

37-1

COOTBETCTBEHHO ¢ umcnamu 12,22, .., (—)2. BymeM mOCIEIOBaTENbHO UX

BBIITMCHIBATD, BI->I6I/Ipa$I COOTBCTCTBYIOH_[I/Iﬁ HAUMEHBIIMN ITOJIOKUTCILHBIN BBIYCT
10 MOOYJIIO 37. HOJIy‘-IHM IMOCJICAOBATCIIBHOCTh KBAAPATHBIX BBIYCTOB 110 MOAYIITO

37:1,4,9, 16, 25, 36, 12, 27, 7, 26, 10, 33, 21, 11, 3, 34, 30, 28.

Jns Toro, 4ToOBI BBIMKCATh KBaJIpaTHbIE HEBBIYETHI HAAO0 W3 IPUBEICHHOM
CUCTEMbl HAWUMEHBIIUX  I[IOJOXUTEJIBHBIX BBIYETOB  YJIAJIUTh  HAWJACHHBIC
KBaJIpaTHbIC BbIYETHI. [l0yduM MHOKECTBO KBaJpaTHBIX HEBBIUETOB: 2, 5, 6, §,
13, 14, 15, 17, 18, 19, 20, 22, 23, 24, 29, 31, 32, 35. Bmecte »TH 1aBE
MOCJIEIOBATEILHOCTH COCTABISAIOT MPUBEICHHYIO CUCTEMY BBIYETOB IO MOIYJIIO

37.

3ananue 3. PeminTh cucTEMBbI CPABHEHUI:

{Sx = 5(mod 7)
x = 2(mod 13)

3ametum, yto (7, 13)=1. IToaToMy 5 u 2 KOHEYHO OYIyT CpPaBHUMBI IO

TOMY MOJYJIIO, T.€. CHCTeMa CPAaBHEHUI Oy/1eT COBMECTHA.



Pemnm cHauana nepBoe cpaBHeHue. Tak kak (3,7)=1, To cpaBHEHHE UMEET

CAUHCTBCHHOC peIICHUC. CocraBuMm Ta6J'II/II_[y BBIYMCJICHUA YUCIIUTEICH

. 7
MOAXOISIIINX APoOeH npodu e

I
)

q do q; =3

P, 1 2 7

[Ipennocnaeaqauit yucauTeNb NOAXOAIIEH ApoOu paBeH 2. Haiinem pelieHue
cpaBHeHus 1o popmyie x = (—1)" - P,_; * b (mod m), rae n=1.

x=(—1'-2-5(mod 7) = —3(mod 7) = 4(mod 7).
TakuM 06pa3oM, HOIydaeM CHCTEMY B PEOOPa30BaHHOM BHJIE.

{x = 4(mod 7)
x = 2(mod 13)

3anuinem peuieHue NepBoro CpaBHEHMS yepe3 NprudaBiIeHUe KpaTHOTO MOIYJIS.
x=4+7y
[TomcTaBUM ATOT BU PENICHUS BO BTOPOE CPABHEHHE.
4 + 7y = 2(mod 13)

Teneps pemuM 3TO CpaBHEHUE OTHOCUTEIIBHO .
7y = —2(mod 13),7y = 11(mod 13)
3ametum, uto (7,13)=1, mosToMy CyIIecTBYEeT €AMHCTBEHHOE pelieHue. Perum

HOI[60pOM, IIoACTaBJIAA ITOCICAOBATCIBHO YHNCJIa U3 IIOJTHOM CUCTEMBI BHIUCTOB

0,1,2,3,4,5,6,7,8,9,10, 11, 12. [loacraBisis B CpaBHEHUE YCTAaHOBUM, YTO
petienuem siBsiercst 9: 7-9=63= 11(mod 13) . y = 9(mod 13). B gpyroii

3amucu y = 9 + 13 - t. [logcTaBum 3TO BhIpakeHHE B (OPMYITY C X.
xX=4+4+7y=44+7-(9+13t)=67+91-t

Takum obpa3om, uMeeM pemicHre cucteMsl X = 67(mod 91). IIposepka
MPAaBUWJIBHOCTH PEIICHUsS HE TIPEACTABIISET TPYIHOCTH Yepe3 MPOCTYIO

IIOJICTAHOBKY 4Kclia 67 B Ka10€ U3 cpaBHeHui. 3ametuM, uto 91 = HOK[7, 13].



3ananue 4. Pemuthb cuCTEMBI CPABHEHMIA:

3x = 5(mod 7)
x = 2(mod 13)
14x = 11(mod 18)

Kax MbI 3HaeM cucteMy HaJlo IPUBECTH K BUJTY, KOTJa ClI€Ba HEM3BECTHOE
0e3 AOMOIHUTENIbHOrO0 MHOXUTENA. Kak cinenyeTr u3 npeaslayero npumepa
HIepBOE CPAaBHEHUE MPUBOAUTCS K BUaY X = 4(mod 7). Bropoe cpaBHEeHHUE yxe
UMeeT HY>KHbIN Bua. PaccMoTpum TpeThe cpaBHenue. [ Hero (14, 18)=2.
Opnako cBoOoaHbIN wieH 11 Ha 2 He aenuTcsa. CreqoBaTeNnbHO, Y 3TOTO

CpaBHCHHA HCT PCHICHUA. A TOrga U BCiA NCXOJHAsA CUCTEMaA 6y,ZIeT HECOBMECTHOM.

3aganmue S. [IpoBepuTh pa3pelmiMMoOCTh CpaBHeHMsI BTOPOii creneHu. U B
cayuae HAJIMYMS pelleHuii HaiiTn nx: x2 = 6 (mod 11).

Ilepsuviii cnocob. ¢ = @(11) = 10. (n, ¢)=(2, 10)=2 =d. ind,6 = 9 . Uucmno
9 He nenuTcs Ha 2, CIENOBATEIBHO CPABHEHUE HE UMEET PEILICHUMN.

Bmopoti cnoco6. 3ametum, uto (2, 11)=1 . Beruuciaum cumBoi Jlexanapa.

11-1

2 =6°=36-36-6=3-3:6=3:18=3-7=21= —1(mod 11) . D10

O3Ha4aeT, 4YTo 6 HE ABJSACTCA KBaJAPaTHBIM BbIUETOM 110 MoayJo 11, T.e.
CpaBHEHHUE HEPA3PEIIUMO.

Tpemuii cnocob. IIpoBeeM IPOBEPKY HEMOCPENCTBEHHOM MOACTAHOBKOM
5JIEMEHTOB IOJIHOM CUCTEMBI BHIYETOB B JAHHOE CPAaBHEHHUE. BrInuineM cHavana
MOJTHYIO cucTeMy BblueToB 1o moaymo 11. 0,1, 2, 3,4,5,6,7, 8, 9, 10.

02 = 0 = 6(mod 11) — cpaBHEHHE HE BEPHO.
12 = 1 = 6(mod 11) — cpaBHeHHE HE BEPHO.
22 = 4 = 6(mod 11) — cpaBHEHHE HE BEPHO.
32 = 9 = 6(mod 11) — cpaBHEHHE HE BEPHO.
42 = 16 = 6(mod 11) — cpaBHEHHE HE BEPHO.
52 = 25 = 6(mod 11) — cpaBHeHHUE HE BEPHO.
62 = 36 = 6(mod 11) — cpaBHEHME HE BEPHO.

72 = 49 = 6(mod 11) — cpaBHEHHUE HE BEPHO.



82 = 64 = 6(mod 11) — cpaBHEHHE HE BEPHO.

92 = 81 = 6(mod 11) — cpaBHeHHE HE BEPHO.

102 = 100 = 6(mod 11) — cpaBHeHHE He BEPHO.

Takum 06pa3oM, HCXOIHOE CPaBHEHHE HE UMEET PEIICHHUMA.

3ananue 6. HaiiTu nepBoo0pasHbie KOPHH 10 IPOCTOMY MOAYJIIO p. p=37.
Haiinem kaHoHMYecKoe pasnoxkenue uncna @(p) = @(37) = 36 = 22 - 32,

CMoTpuM Takue g, 4to ( g, (p(p)) = 1. W a5 kaxxa0ro U3 HUX IPOBEPUM

36 36
BBIIIOJIHUMOCTE cpaBHeHMit g2 = 1(mod 37) u g3 = 1(mod 37). Kak cinenyer

U3 TEOPEMBI, €CJIH XOTs Obl OJTHO CpaBHEHHUE OYET BBIMOIHATHCS, TO YUCIIO g HE
OyJIeT ABJIATHCA MEPBOOOPa3HBIM KOpHEM. B kauecTBe g HaJ0 paccMaTpUBaTh

qrcia, He npeBocxoasnme @(37) = 36 U B3aUMHO IIPOCTHIC C HUM,

36
g = 1.1z =118 = 1(mmod 37) cpasuenue BepHoe, T.€. 1 NEpBOOOPAZHEIM

KOPHCM HC SABJIICTCA.

g=5.52 =59 = (52)° = 25% = (-2)° = (-2)** (-2)*+ (~2) =

=16-16-(—2) =16-(—32) =165 =80 = 6(mod 37), 4T0 HE CPABHUMO C
1.

36
[IpoBemeM NpoBepKy BTOPOro yciopus. 53 = 512 = (52)6 = 256 = (-2)¢ =

= 64 = 27(mod 37), uyro He cpaBuumo ¢ 1. Ilosromy umciao 5 sBiIseTCS

nepBOOOPa3HbIM KOPHEM MO MOAYJHO 37.

36
g=7.72 =718 =(72)2=49% =129 = 122* . 12 = (—4)* = 256- 12 =

=(—-3)-12=-36 =1 (mod 37). Ilosromy umcio 7 HE  SIBIISICTCS

NepBOOOPA3HBIM KOPHEM 1O MOAYJIIO 37.

36
g=11117 = 118 = (11%)° = 10° = 10%* - 10 = (-11)*- 10 =



= (=121)2-10 = (=10)2-10 = (=11) - 10 = =110 = 1(mod 37)

CrnepnoBatenbHO, unciio 11 He sBsieTcss IepBOOOPa3HBIM KOpHEM st MoayJist 37.

36
g =13.132 = 138 = (13%)? = (-16)° = (=16)2" - (~16) =

= (256)*- (—16) = (—3)*- (—16) = 81 (—16) = —1296 = —1(mod 37), uto

36
He cpasHuMo c¢ 1. IIpoBemem mnpoBepky BToporo yciosus. 133 = 1312 =

(13%)6 = (—-16)° = (—16)23 = (—-256)3 = (-3)3 = =27 = 10(mod 37), wuro
Tak e He cpaBHUMO ¢ 1. Tloatomy, yucno 13 siBusiercs mepBoOOpa3HBIM KOPHEM

o MoyJo 37.

g=17.177 = 17'8 = (172)? = (289)° = (=7)° = (=7)2* - (=7) =
=@ (-1 =" N =(=H* (-7) =16 (-7) = -126 =

= —15(mod 37) , uto He cpaBHuMO ¢ 1. [IpoBenem mpoBepKy BTOPOTO YCIOBHSI.

36
175 = 172 = (172) = (289)° == (=7)¢ = (=7)%° = (49)% = (12)® = 144 -
12 = (—4)-12 = —11(mod 37), uto TaK *e He cpaBHUMO ¢ 1. [loaromy yucio

17 siBnsieTcs mepBooOpa3HBIM KOPHEM IO MOJYJTEO 37.

g =19.192 = 1918 = (192)? = (361)° = (—=9)° = (=9)2* - (=9) =

=8D*- (-9) = (N)*-(-9) =(49)?%-(-9)=12-(-9) = —-108 =

36
3(mod 37), uto He cpaBuumo ¢ 1. TIpoBemem mpoBepky BTOpOro yciaoBus. 193 =
1912 = (192)6 = (361)® == (—9)¢ = (—9)2° = (81)3 = (7)3=49-7=12-
7 =94 = 20(mod 37), uro Tak xe¢ He cpaBHUMO ¢ 1. Ilosromy uumcmo 19

SIBJIIETCSI IEPBOOOPA3HBIM KOPHEM TI0 MO0 37.
36
g =23.237 = 2318 = (232)? = (529)° = (18)° = (18)2" - (18) =

= (324)*- (18) = (=9)*-18=(—9)2° - (18) = (81)2-18 = 7-18 = 126 =



= 15(mod 37), uro He cpaBaumo ¢ 1. ITIpoBemeM MpoOBEPKY BTOPOTO YCIOBHSL.

36
233 = 2312 = (232)6 = (529)6 == (11) = (11)2° = (121)% = (10)% =
1000 = 1(mod 37), T.e. BTOpPOE CpaBHEHHE BBITOIHACTCA, IMOITOMY 23 He

SBJISIETCSI IEPBOOOPA3HBIM KOPHEM IO MO0 37.

36
g = 25.252 = 2518 = (252)% = (625) = (—4)8 - (—4) = 256 (—4) =
= 24 - (—4) = 15(mod 37), uro He cpaBuumo ¢ 1. IIpoBegaem MpoBepKy BTOPOIo

36
ycnous. 253 = 2512 = (252)% = (625)% == (—4)® = 256 = —3(mod 37),
4TO TaK ke He cpaBHUMO ¢ 1. IlosTomy umcio 25 sBIseTCS MepBOOOPA3HBIM

KOpPHEM 110 MOyJito 37.

36
g =29.297 = 298 = (292)? = (841) = (~10)® - (~10) =
=103-10%3:(—-10) = —10(mod 37), uro He cpasuumo c¢ 1. Ilposenem

36
IPOBEpKy BTOporo ycnosus. 293 = 2912 = (292)% = (841)% == (—-10)¢ =
1(mod 37), T.e. BTOpoe CpaBHEHHUC BBINOJHICTCSA, MO3TOMY 29 HE SBISCTCA

nepBOOOPa3HBIM KOPHEM 1O MOAYJIIO 37.

36
g =31. 31z = 3118 = (31%)? = (961)° = (—1)° = —1(mod 37), T.e. nepsoe

36
CpaBHeHHUE He BbIONHAETCA. lIpoBemem mpoBepky BTOporo ycioBus. 313 =

3112 = (31%)® = (961)® == (—1)® = 1(mod 37), T.e. BTOPOE CpaBHEHHUE

BBITIOJTHSCTCS, TOATOMY 31 He SBIsETCS MepBOOOPa3HBIM KOPHEM 110 MOTYIIIO 37.
36
g = 35.352 = 3518 =(352)? = (1225)° = (4)° = (4*)? -4 = (256)% -4 =

= (—3)%2:4 = —1(mod 37), uto Tak e He cpaBHUMO ¢ 1. IIpoBeneM MpoBepKy

36
BTOporo ycnosus. 353 = 3512 = (352)% = (1225)° = (0)® = 0(mod 37), uro
Tak ke He cpaBHMMO ¢ 1. IlosTomy umcio 35 sBisgeTcs MepBOOOPa3HBIM KOPHEM

o MoayJo 37.



Takum 06pa3om, mepBooOPa3HBIMU KOPHSIMU IO MOJYJIIO 37 SBISIOTCS

yucna 5, 13,17, 19, 25 u 35.

3anaﬂne 7. HO.]ILSyHCI) TaﬁJ]I/IIIaMI/I HHICKCOB HalTH HHACKC YUCJIa 1 YUCJI0

M0 MHJEKCY 1Jisi MoayJs p. p=1, N=5, 1=2.

AN
(@]
»

N 1 2 3

o
(@) ]
w

i 0 2 1

W3 TaOauIbl JIETKO BUACTH, YTO JUISL YHCJIA 5 MHIEKCOM SIBISETCS TOXKE 5. A 114

HHACKCA 2 COOTBCTCTBYIOIIHUM YHCJIOM ABJIICTCA TAK JKC 2.

HpaKaneCKne 3a/laHUs 110 BapHaHTaM.

3aganme 1. C noMombio cumBoJia Jlexxkanapa onpeaenTb siBJASIETCA JIM YUCJIO0

a KBaAPpaTHbBIM BbIY€TOM IO MOAYJIIO D.

Bapuant a p Bapuant a p
1 2 7 2 5 11
3 13 5 4 8 13
3 6 11 6 15 7
7 11 3) 8 12 7
9 6 13 10 13 11
3aganue 2. HaiiTu kBagpaTHbie BbIYETHI HJIH HEBBIYETHI 10 MOIYJIIO p.
BrrueTsr HeBbruetsl
Bapuant p Bapuant
1 11 2 7
3 17 4 23
5 29 6 3
7 5 8 13
9 31 10 19




3ananue 3. PemnTh cucTeMbl CPABHEHUIA:

Bapuanr 1.
Bapuanr 2.
Bapuanr 3.
Bapuanr 4.
Bapuanr 5.
Bapuanr 6.
Bapuant 7.
Bapuanr 8.

Bapuant 9.

x = 19(mod 24); x = 10(mod 21);
x = 23(mod 35); x = 13(mod 20);
x = 12(mod 15); x = 3(mod 33);
x = 32(mod 40); x = 23(mod 72).
3x = 5(mod 7), 2x = 1(mod 5);
3x = 1(mod 20),2x = 3(mod 15);
3x = 1(mod 5), 5x = 4(mod 7);
14x = 12(mod 18),x = 5(mod 25);
x = 3(mod 11), x = 5(mod 7);

Bapuanr 10. x = 6(mod 7),x = 2(mod 13).

3ananue 4. Pemuthb cuCTEMBI CPABHEHMI:

Bapmanr 1.
Bapuanr 2.
Bapuanr 3.
Bapuanr 4.
Bapmuanr 5.
Bapuanr 6.
Bapmuanr 7.
Bapuanrt 8.

Bapuant 9.

x = 6(mod 15); x = 18(mod 21); x = 3(mod 12);
x = 13(mod 14); x = 6(mod 35); x = 26(mod 45);
x = 19(mod 56); x = 3(mod 24); x = 7(mod 20);
x =19(mod 22); x = 8(mod 33); x = 14(mod 21).
x =3(mod8), x=11(mod 20), x = 1(mod 15);
x = 2(mod 3), x =3(mod 4), x = 4(mod 5);

x = 1(mod 2), x = 3(mod5), x = 6(mod 9);

x =2(mod7), x =5(mod?9), x = 11(mod 15);

x =4(mod7), x =9(mod 13), x = 1(mod 17);

Bapuanr 10. x = 5(mod 12), x = 2(mod 8), x = 2(mod 11).

3ananue 5. [IpoBeputh pa3pemiuMocTh CpaBHeHHsI BTOPO# cTenenu. U B

cjy4yae HAJIUYUSA PelICeHNH HAUTH UX:

Bapuanr 1.

Bapuanr 3.

x* = 6(mod 13); Bapuanrt 2. x* = 3(mod 11);
x* = 6(mod 17); Bapuanrt 4. x* = 5(mod 7);



Bapuanr 6. x> = 6(mod 19);
Bapuanr 8. x* = 9(mod 17);
Bapuanr 10. x* = 11(mod 3).

Bapuanr 5. x> = 3(mod 5) ;
Bapuanr 7. x2 = 7(mod 13);
Bapuanrt 9. x2 = 15(mod 11) ;

3ananue 6. HaiiTu nepBoo0pa3Hbie KOPHHU MO MPOCTOMY MOIYJIIO p.

Bapuant p Bapuant p
1 11 2 13
3 7 4 29
5 17 6 19
7 3 8 23
9 31 10 3)

3ananue /. [loab3ysich TA0IMIAMHU MHIEKCOB HANTH MHAEKC YHCJIA U YHUCIIO

10 UHAEKCY JJIS MOLYJIS p.

Bapuant Monyis p Yucno Nuneke
1 5 4 3
2 13 12 12
3 11 7 /
4 17 6 6
5 13 8 8
6 7 6 6
7 11 3 8
8 5 3 4
9 7 4 3
10 3 2 2
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B maHHBIX METOMWYECKMX PEKOMEHIAIUSIX H3J0KCHBl MaTepHalbl 10 pa3aeny
«["pymribl, KOJIbITA, TIOJISH» KYPCOB «DJNEMEHTHI alreOphl U TEOpUU YHCE», «Anredpa u
TEOPHS TUCET».

Paccmotpensr  cnemytomue Tembl: buHapHBIE omepanmmM W WX CBOMCTBA.
[Tomyrpymibl, MOHOWBI, TPYIIbBI, TMOATPYNIBI U HX CBOMCTBa. llomykombila, KOJbIIA,
MOJIKOJIbIIA, Heabl KOJbIla U WX cBoWcTBa. [loys, moamoss, mpocThie MOATONS U HUX
cBoricTBa. Pacmupenus nomneit. 'omomopdusm u uzomopdusm anredOpandeckux CTpyKTyp.

[To Teme mpeCTaBICHBI:

1) KpaTKue TEOPETHUYCCKUE TIOJIOKEHUS;

2) mepedyeHb BOIPOCOB, BBIHOCUMBIX Ha MPAKTHYCCKOE 3aHSITHE;

3) npuMephl peleHUs TUTIOBBIX 33/1a4, BBIHOCHMBIX Ha MPAKTHYCCKOE 3aHATHE;

4) 3amaun, BBIHOCUMBIC HA CAMOCTOSITEIILHYIO Pa0OTy CTYICHTOB.

JlaHHBIE =~ METOJMYECKUE PEKOMEHIAIMU IMpEAHA3HA4YEeHbl [JI1 MPOBEICHUS
MPAKTUYECKUX 3aHATUNA MO JUCIUIUIMHAM «DJIEMEHTHI alreOpbl U TEOPUU UYHUCET» U
«Anrebpa u Teopusi uyucen» sl CcTylaeHToB FOro-3amagHoro rocyJaapCTBEHHOTO
YHUBEPCUTETAa  HAIpaBJICHUW  MOATOTOBKH:  WH(MOpPMAIMOHHAs  OE30MacHOCTH,
MaTeMaTu4yecKoe 00ecreyeHne U aIMUHUCTPUPOBAHNE HH(DOPMAIITMOHHBIX CUCTEM.

[To W370KEHHBIM B JAHHBIX METOAMYECKUX PEKOMEHIAIMAX MaTepuajiaM MOKHO
PEKOMEHIOBATh TMPETOJaBaTe0 MpOBeneHUEe 4-X YacoB MPAKTHUUECKUX 3aHITHH M0
CJIeIYIOLIEMY TUIAHY:

e Anrebpanyeckue cTpykTypbl (I'pymmbl, konbia, mosns).(4 Jaca)

[Ipu BBIMOSHEHNN MPAKTUYECKUX 3aJlaHUN B KaXKJIOW 3a/1aue BbIOEpeTe 3a/laHue U3
CBOEro BapuaHTa. Bapuant omnpenensercs mno mnocienHed udpe HoMepa 3a4eTHOU
KHIDKKU. OT4yeT nmo paboTe MOHKEH COAEepKaTh PEIICHUS 3a/1ad M BBIBOJIBI C MOJHBIM UX
obocHoBanueM. OtdeT 1o pabore odpopmuTh Ha nuctax Gopmara A4 B pemakTope
WORD. Ha TuTyapHOM JIMCTE IOJDKHO OBITh YKa3aHO: YHHUBEPCUTET, (DaKynbTeT, Kadeapa,
npeaMeT, HOMEp MPaKTUYECKOrOo  3aHATHS, BAapUAHT, T[PyNIa, HUCIOJIHUTEND,

IIPOBEPSIIOLLINM.



PABOTA Ne 1 (9) Anredpanyeckue CTPyKTYPbI

Heab: n3y4uTh OCHOBHBIE AJIreOpanyecKue CTPYKTYphI (TPYIIbI, KOIbIA, MOJIs).
Bonpocsl, BBIHOCHMbIE HA PAKTHYECKOE 3aHATHE.

bunaphsbie onepanyu U ©X CBOMCTBA.
AKCHOMBI IOJIyTpyIIbl, MOHOUAA, rpymibl. [loarpynmnel. OCHOBHBIE CBOMCTBA.

AKCHOMBI TIOJIYKOJIbIIA, KoJiblla. [loakonbma. Maeansl. OCHOBHBIE CBOMCTBA.

> w npoe

Axcuombl Teopuu mnoneil. Ilonmons. Ilpoctoe moamosie. 3aMKHYTHIE TOJISL.
OcCHOBHBIE CBOICTBA.

5. 'oMmoMopdu3m u uzomMopPusm anredpandeckux CTpyKTyp.

Kparkue Teoperuueckue cBeieHHs.

OtoOpaxenue f:M — M Ha3zpiBacTCs OMHApHOUM ornepanueil Ha MHoXKecTtBe M.
Bmecro 3ammcu f(x,y) =z mnpuHato mucath Xfy = z. B nanbHeiinieM OWHApHYIO
onepanuio OyaemM 0003Ha4aTh OJTHUM U3 CUMBOJIOB *,*, + HJIA YEM-TO MOJO0HBIM.

MHuoxectBo M, paccMaTpUBaeMOe€ COBMECTHO € 33JJaHHBIMH Ha HEM ONepanusIMu <
M, fi, ..., fx > Ha3bIBaeTCs anreOpoi (anredpandecKoi CTPYKTYpOit).

bunapnas oneparusi Ha3pIBa€TCSI KOMMYTAaTUBHOM, €CIIM X * Y = Y * X TPH JIFOOBIX
Xuy.

Ecnu npu 1r00bIX 3HAYCHUAX MEPEMEHHBIX BBITIOJIHICTCS PABEHCTBO (X * y) * Z =

= x * (y * Z), TO oTnepanus Ha3bIBACTCS ACCOIIMATUBHOM.

Anrebpa <A, *> ¢ ogHOM OMHAPHOU Orepane Ha3bIBACTCs TPYIIOUIOM.

Anrebpa ¢ OIHOH accoIMaTHMBHON OwHapHOW omepanuet < A,*> Ha3bIBaeTCA
MOJIYTPYIIION, T.€. 3TO TPYIIIOU]T C ACCOUMATUBHON OIEpaLUEH.

DnemMeHT e € A Ha3bIBAeTCS HEUTPAIbHBIM (€IMHUYHBIM) OTHOCUTEIHLHO OMHAPHOM
OTepalny * €ciii MpH J1I00OM X € A BBINOJIHSAIOTCS PABEHCTBA

X*xe=exx=Xx.

Anrebpa ¢ omHON OWHApPHOW omepanueld W ¢ eIUHUYHBIM 3JIeMEHTOM < M,*,e >

Ha3bpIBACTCA MOHOHMAOM.



TEOPEMA. EqnHu4HbBIi 371EMEHT B MOHOUIE € IMHCTBEHHBII.

Ecmu B MoHouze < M,*, e > nis aneMeHta X € M CymecTByeT TaKOM BJIEMEHT Y €
M , 4TO BBINOJHSIOTCS PABEHCTBA X * Y = Yy *X = € , TO JJIEMEHT Y Ha3bIBaeTCs
00paTHEIM (IIPOTHBOIOJIOKHBIM) K X. OH 00BIYHO 0003HaYaeTcs Kak X+ (—x).

TEOPEMA. Jlnsa kaxnaoro sneMeHta x € M moHouga < M,*,e > eciu CyleCTBYeT

0OpaTHBIN JIEMEHT, TO OH €IMHCTBEHHBIN.

I'omomopdusmom anredpel <4, { fi }> B ogHoTunnyto et anredpy <B, {gi}>
Ha3bIBaeTCsS OTOoOpaxkeHHe ¢. A—>B Takoe, 4TO NpH KaXKJIOM | BBIOJHICTCS
yCJIOBUE€ TOMOMOP(GHOCTH:

vay, ..., an€A, o(fi(as, ..., an))=0i(p(as), , p(an))

['oBopAT Takke, 4TO OTOOpaXEHHWE (P COXpaHAET BCE OIEpaluu, 3aJaHHbIC Ha

MHOeCTBE A.
Anrebpsl A U B Ha3bIBalOTCSA TOMOMOP(HBIMU anredpamMu, €ClI CYIIECTBYET

roMoMoppu3M ¢ anredpsl A B anredpy B.

['omomopdusm ¢: A—>B anreOpsl A B anreOpyB Ha3bIBaeTCS:

a) MOHOMOP(HU3MOM (HJIH BIOXKCHHEM A B B), €Clii 0TOOpaKCHHE ¢ - UHBEKTHBHO;

0) snmumophu3MoM (HanokeHneM A Ha B), eciii 0TOOpakeHHE ¢ — CEOPBEKTHBHO;

B) N30MOP(PHU3MOM, €CJIi 0TOOpaKEHHUE ¢ - OUEKTUBHO.

Ecnu anrebpa A nzomopdna anredbpe B, To numyt A=B.

['omomopdusm @:A—>A Ha ceOsi Ha3bIBACTCS:

a) SHIOMOP(HU3MOM, €I OTOOPAKEHUE @ - UHBEKTHUBHO;

0) aBToMOp(PU3MOM, €Clid OTOOPAKEHUE ¢ - OUEKTUBHO.

['pynmoit <G,*> Ha3biBaeTCs MOHOUWJ, B KOTOPOM KaXIIbIM AJIEMEHT OOpaTuM.
Hpyrumu  crnoBamu <G,*> rpynma, ecnu OWHaApHAs omepamus YAOBIECTBOPSET
YCIIOBHSIM, Ha3bIBAEMBIMH TaK)KE aKCHOMaMU TPYTITIHL:

A1:V a, b, ce G, (a*b)*c = a*(b*c) (acCOUATUBHOCTD);

Ay:3ee G Va e G, e*a=a*e=a (cymecTBOBaHHE HEUTPATHLHOTO DJIEMEHTA);

Az VaeG, 3a e G| a*a'=a"*a=e (0OpaTUMOCTb, HWJIK CUMMETPHU3YEMOCTh

Ka)KJ0TO 2JIEMEHTA).



['pynma <G,*> Ha3pIBaeTCs KOMMYTaTUBHOW (Min abeneBoil), eciu omnepanus *
KOMMYTATHBHA,TO €CTh BBIITOTHIETCS aKCHOMA:

A4V a, b €6, a*b=b*a (koMmMyTaTHBHOCTS).

['pynmy MoXHO ompeneiutb U mo Apyromy: Anredbpa <G, *> ¢ OunHapHOU
orepanyel * Ha3bIBAeTCs TPYIIION, €CITU BBITIONHSIIOTCS CIICTYIOIINE YCIOBUS:

a)Va, b, c €G, (a*b)*c =a*(b*c)

0) V a, b € G xaxnoe u3 ypaBHeHHH a*x=b u y*a=b umeeT XOTs OBl OJHO
penieHue.

Aﬂre6pa <K, +, > Ha3pIBaeTCS KOJBIIOM, €CIIH 6HHapHLIe ornepanuu +, -

YIOBJIETBOPSIIOT YCIOBUSM (aKCHOMAaM):
1-4) <K, +> - KOMMyTaTHUBHAas TPYIIIa,;

5)va,b,ceK a(b+c)=ab+ac (b+c)a=ba+ca.

N3 »srToro ompeneneHus ciaeAyeTr, dYTO JI0OOE€ KOJBIIO — 3TO aJJWTHBHAs
abeneBa Tpymma, B KOTOPOH oIepamnus YMHOXKCHHS CBs3aHa C OIEpaldei CIOKCHHS
TUCTpUOYTUBHBIMU 3akoHaMHu. Ha omepanuio yMHOXEHHUs, B OOIIEM Ciydyae, HUKaKHX
OTpaHMYCHHN He HakmaapiBaeTcsa. OpHAKO, €CIu Oomepamus yMHOXEHUS o0Jiamaer
CBOMCTBAMHU KOMMYTATUBHOCTH, AaCCOUMATUBHOCTA W HEUTPAJIbHBIM 3JIEMEHTOM, TO
KOJbII0 <K, +, *> HaA3bIBAIOT ACCOLIMaTUBHO- KOMMYTATHUBHBIM KOJIBLIOM C equnHue. Ecion
K€ BMECTO a0eJIeBOM IpyMIibl B3IT KOMMYTaTUBHBIA MOHOHI, TO 3Ta ajredpa Ha3bIBaCTCs

IMOJIYKOJIBIIOM.

ITogmuoOxecTtBO [ € K OocHOBHOro MHOXecTBa Koubna <K, +, > Ha3bpIBaeTcs
UJeaJoM, €CIM OHO 3aMKHYTO OTHOCUTEIIBHO CJIOKEHHUS DJJIEMEHTOB M  B3XATHUSA
IPOTHUBOIIOJIOXKHOTO 3JIEMEHTA, a TaK K€ €CIM JII000H 3JIeMeHT a € I, YMHOKEHHbIN Ha

1r000M dIeMeHT Kosblia b € K, cHOBAa JIE)KUT B MHOXKecTBe [ b -a € I.
TEOPEMA. Upaean koablia SIBISIETCS €T0 ITOJIKOJIBIIOM.

Kosbio <K, +, > Ha3bIBaeTCs KOJBIOM O€3 JenuTenei Hyis, ecnu V a, b € K ab=0
cienyert, uro Jin6o a=0 mu6o b=0. Takue KoybIIa Ha3BIBAIOT 00JACTSIMH LIETOCTHOCTH.

Ecim ke a-b=0 m npu 3toM a #0 u b # 0, TO 3TH 3JIEMEHTHI HA3BIBAIOTCS



JCITATEISIME HYJIA.

Anrebpa <P, +, -> Ha3bIBacTCs II0JIEM, €CJIM OMHApPHBIC OINEpaIluy CJI0KCHHS U
YMHOKCHHS YIOBJICTBOPSIOT YCIOBHUSIM:

1-4) <P, + > - abeneBa IpyIa;

5-8) <P\{0}, -> - aGenena rpymmna,

Q) Va,b,ceK a-(b+c)=ab+ac u (b+c)-a=ba+ca.

JIpyTHMH CJIOBaMH TIOJIEM SIBJISICTCS ACCOIMATUBHO - KOMMYTAaTUBHBIM KOJIBIIOM C
CIAMHMIICH, 0e3 IeTUTEIICH HyIIsI, C ICJICHUEM Ha HECHYJICBBIC 3JICMCHTEI.

[MogmuokectBo H € A anrebpel <A, { fi }> Ha3bIBaeTcs 3aMKHYTHIM, €CIIU
pe3ysibTaT JI000W Omepaluu HaJl dJIeMEHTaMu W3 H SBISETCS 3JEMEHTOM 3TOrO JKE

MHOKecTBa H.

TEOPEMA. 3aMKHYTO€ MOJMHOKECTBO TPYNIIBI SABIIIETCS IPYIIIOA OTHOCUTEIBHO
TOM K€ CaMOM OIlepanuu, KOTopas Ha3bIBaeTCs MOArPYIIION.

< Hx><<Ax*>

TEOPEMA. 3aMKHyTO€ OAMHOKECTBO KOJIbIIA SIBJISIETCS KOJIBIIOM OTHOCUTEIBHO
TEX YK€ CaMbIX OIEpalllii, KOTOPOE HA3bIBACTCS MOJAKOJIBIIOM UCXOIHOTO KOJIbLIA.

<H, +, > < <K, +, >

TEOPEMA. 3aMKHyTOE€ MOJMHOECTBO MOJIS SIBJSETCS MOJEM OTHOCHTEIIBHO TEX
K€ CaMbIX OIepallfii, KOTOPOE HAa3bIBACTCS MOJIMOJIEM UCXOIHOTO TOJIA.
<H, +,> <<P, +, >
[Tpuuem none <P, +, > Ha3pIBaeTcs pacimupenuem noisa <H, +, ->.
[Tone, He uMeroliee COOCTBEHHBIX MOAMNOJICH, Ha3bIBAETCS MPOCTHIM.

TEOPEMA. Ilepeceuenune noamnomiei BisgeTcs: MOANOJIEM.

TEOPEMA. B kaxnaom none <P, +, *> colepXUTCA OJHO U TOJIBKO OJTHO MPOCTOE

noanoise <Py, +, ->.

TEOPEMA. Ecnu <K, +, *> - npou3BOJIbHOE KOJIBIIO, TO

a)Vae€K, -(-a)=a;



0)vabeK b-a=b+(-a);
B)VabeK -(a+b)=(-a)+(-b);
r)vVae K a-a=0;
mnVvabek a(b-c)=ab-ac;

e) VaeK 0-a=0;

x)VabeK (-a)-b=-ab.

TEOPEMA. Ecnu <P, +, -> nioje, T0O
a) V a€P -a=(-1)-a ;
0) Va,b € P %=a-b‘1;

B)Va,b€P (a-b)yt=atl-pt=p"1-q7L

IIpumepbl BBINOJIHEHUS 32 JAHUI
3aganue 1. KakumMu cBOMCTBAMH M3 HMKE YKA3aHHBIX 00J1aJaeT omepanmus,
3aaHHAs Tadauuen Ha KOHEYHOM MHOKeCTBe (KOMMYTATHBHOCTb,

aCCOUMATHBHOCTD, 00J1a/1aeT HEUTPAIBHBIM 3JIEMEHTOM, 00PATUMOCTHIO.)

a b Cc
a a c Cc
b c a b
c c b a

Paccmotpum cHavana npousBenaenue (ab)c = cc=a, ¢ apyroii ctopons a(bc)=ab=c.
Taxum obpasom (ab)c # a(bc), T.e. aCCOIMATHBHOCTH HET.

JInst KOMMYTaTHBHOCTH JOJKHO BBIIOJIHATHECS PAaBEHCTBO XY = YX MPH JHOOBIX
3HAUYEHUSX X Uy M3 JaHHOrOo MHOXecTBa {a,b,c}. A 3T0, OYEBHIHO, PaBHOCHUIBHO
CUMMETPHYHOCTH TaOJIMIIBI 3a/IaHUs ONEPALMH OTHOCHUTENIBHO IJIaBHOM auaroHanu. Jlerko
3aMETHUTh, YTO 3TO TaK. 3HAYMT, 3Ta ONEPAIHs KOMMYyTaTHBHA.

Kak W3BECTHO HEWTPadbHBINA DJIEMEHT IOKEH YIOBIECTBOPATH PABEHCTBY Xe =

ex = x nupu godom x. 3amerum, uro (ab) =c, T.e. HI 4@ , HAU b HE MOryT OBITh



HEUTpaJbHBIMU 2JIeMeHTaMu. M3 Tabnuiel BUIHO, 9YTO CC=4a, a He ¢. Takum o0pa3om, u
AJIEMEHT C HE SABJISCTCS HEUTPaIbHBIM.
['oBoputh 006 OOpaTHOM 3JIEMEHTE MOKHO TOJIBKO TPH HAIMYMH HEUTPaIbHOTO

3JIEMEHTa. A TaK KakK €ro HeT, TO 00OpaTUMOCTU ONEPALIUU HET.

3aganme 2. Ha xkakux 3 MHOxkecTB: N (MHOKeCTBO HATypajbHBIX 4ucea), Z
(MHOKeCTBO meJdbIX 4YHced), 2Z (MHOKECTBO UYeTHBIX medabIXx uucena), 2Z+1
(MHOKeCTBO HEYeTHBIX HeJbIX 4Yucea), Q (MHOKeCTBO pamHOHAJIBLHBIX 4Mces), R
(MHO3KECTBO  JeHCTBHTEJBHBIX 4YHced), R* (MHOXKeCTBO AeiiCTBHTEILHBIX

MOJIOKUTEJIbHBIX YKCeJI) 3alaHa OMHAPHAs ajredpanyeckas onepanus *.
3ametum, ecl g ¢ N h ¢ N > T0 1 a+2beN 1e popmyma a*b=a+2b
ONPENIEIISIET ONEPALIMIO0 HA MHOYKECTBE .

AHaJIOTUYHO YCTAaHABIUBAETCS, YTO BBIPAXKCHUE axb=a+2b olpenemnseT
onepanuio Ha MHOXectBax £, Q, R. A Tak kak cyMMa U NPOM3BECHHUE MOJNOKHTEIBHBIX
JEHCTBUTENBHBIX YHCENl OCTAECTCS IOJIOKHUTEIbHBIM JEHCTBUTEIBHBIM YHMCIOM, TO M Ha
muokectBe R* popmyna @ * D =a + 20 onpenenser oneparmmro.

Tenepp paccMOTpPUM MHOKECTBO YETHBIX LeNbIX yucen 2Z. OueBUIHO, YTO INpH
HCTHRIX gy p BBIPAKCHHEC g 4 2ph TaK XKe SABJACTCSA YCTHBIM, T.e. 5Ta hopmyna
OIIpE/IeIIsIeT ONEPAITHIO HA MHOXKECTBE 2Z UETHBIX I1eITbIX YHCEI.

[lpu HedeTHBIX @ W b BeIpakeHHE a*b=a+2b rax ke ssusercs neverHbM

YUCJIOM KakK CyMMa HEYETHOTO M YETHOTO YHWCJia. 3HAYUT, HA MHOXKECTBE 2/+1 ota

dbopmyIa onpeaesseT oneparuio.

3ananue 3. SIBasiercs Jiu onepauus * W3 3aJJaHUS 2 HA TeX JKe MHOKeCTBaX, HA
KOTOPbIX OHA 3a/laHAa, a) KOMMYTATHUBHOI, 0) accoMATHBHOH, B) oOJiagaromiel

HelTpaJIbHBIM 3J1IeMEeHTOM, I') 00pPaATUM O ?

3ameruMm, uto (a*b)*c=axb+2c=(a+2b)+2c=a+ 2b+ 2c. C
apyroi croponbl a *x (b*c) =ax*x(b+2c)=a+2(b+ 2c) =a+ 2b+ 4c . [Tostomy



(axb)*c+ ax(b*xc), T1.e. omepamus He accolMaTHMBHA Cpa3y Ha BCeX

paccMaTpuBaCMbIX MHOKCCTBAX.

AHaJOrM4YHO HET U KOMMYTAaTHBHOCTH TaK K€ HAa BCEX YKAa3aHHBIX MHOXKCCTBAX. A *

b=a+2b+b+2a=>+*a.

C onHoit croponbl a*0 = a, HO C Jpyroil CTOPOHBI B CHJIY OTCYTCTBHUS
KoMMyTaTuBHOCTH uMeeM 0 x b = 2b. T.e. 0 HEUTpaJIIbHBIM 3JIEMEHTOM IO 3TOW ONepaluu
ObITh HE MOXKET. A oTinuHbIe OT () 3JI€MEHTHI TeEM 00Jie€ HE MOTYT BBIIOJIHATH €0 POJIb,

YTO JIETKO 3aMETUTH 110 TOMY K€ CBOWCTBY OTCYTCTBHSI KOMMYTATUBHOCTH.
A pa3 HEeT HEUTPAJILHOTO IEMEHTA, TO U OOPATUMOCTH 3TOM ONeparuy HeT.

3ananue 4. Kakoii anre0poii siBjisieTcsl JaHHOE MHOKECTBO € OJJHOM OMHAPHOM

onepaumeii? (Ioaxyrpynmna, MOHOM, rpynna, adesnesa rpymma.) < Z+, +>.

CyMMa TOJIOKUTENBHBIX LEJIBIX YUCEN, OYEBHJIHO, SIBISETCS MOJOXKHUTEIBHBIM H
LENBIM, T.€. + ABIsAETCA onepanueid Ha Z*. M3BECTHO M3 IIKOJBLHOTO Kypca, 4TO CyMMma
YHCes ABJIAETCS ACCOIMATHMBHON M KOMMYTAaTHBHOMW orepanueil. 3amerum, uto 0 & Z7.

CHCI[OB&TCJII)HO, 9TO KOMMYTAaTHUBHAs ITIOJYT'PVYIIIIA.

3ananue 5. Kakoii anre0poil U3 yka3zaHHbIX BHJIOB MOKET fIBJIATHCHA JTaHHOE
MHOECTBO ¢ ABYMsI OmHapHbiMu onepamusivMu? (IloaykoJbno, KoJabLO, mojae.) <

Zt U {0}, +,x>.

Ecnu yuecTh pemieHue npenpiaymied 3agaud M 4TO 3TO MHOYECTBO COJIEPKUT
HelTpanbHblii dyement 0, 1o amredpa < Z* U {0},+> saBigercs KOMMYTaTHBHBIM
MOHOHUJIOM. YMHOXXEHHE€ Ha MHOXXECTBE HEOTPHUIATENIbHBIX LEJbIX YHCEN SBISETCS
aCCOIMaTUBHBIM M KOMMYTaTHUBHBIM, MpuueM yMHOkeHue Ha 0 Bcerma gaet 0 U OHO
TUCTPUOYTUBHO OTHOCHUTENBFHO ciokeHus. CremoBarenbHO, 3Ta anredpa sBIsSETCA
KOMMYTATUBHBIM MOJIYKOJIBIIOM. Tak Kak B 3TOM MHOXECTBE HET MPOTUBOIOJIOKHBIX JIJIsI

QJICMCHTOB, OTJIMYHBIX OT O, TO HHU KOJIBIIOM, HH ITOJICM OHO ABJIATHCA HC MOXKCT.

3aganme 6. OOpasyer Jiu yKa3aHHOE€ MHOKeCTBO M OTHOCUTEJIbHO YKA3AHHOMU

oNnepanMu Kaky Ju00 aJredpandecKyro CTPyKTypy U KaKylo, eciiu o0pa3syer?



MHo:xecTBO M = {x| x=2a++2b,a,be Q} OTHOCHUTEJILHO ONEePAUU CIIO0KECHUS.
CMOTpHM CYMMY JIBYX 3JIEMEHTOB U3 MHOXKeCTBa M.
(2a+V2-c)+(2b+V2-d)=2(a+b)+V2:-(c+d) =
=(2b+V2-d)+ (2a+V2-¢)
Tak xak u3 a, b, c,d € Q cnenyet, uto (a + b), (c + d) € Q , TO clOKEHUE HA MHOKECTBE

M Oyner SBIATbCA KOMMYTaTHBHOM ormepanueii. [IpoBeprM BBINIOJIHEHHE AKCHOMBI

acCOLMATUBHOCTH. ((2a+\/§-c)+(2b+\/§-d))+(21+\/§-m) = (2(a+b)+
+\/§-(c+d))+(21+\/7-m)=2(a+b+l)+x/§-(c+d+m)=(2a+\/§-c)+

+(b+D+V2-(d+m) = (2a+v2-c)+((2b+V2-d) + (2l +V2-m))
B kaudecTBe HEUTPAIBHOIO AJIEMEHTA, OYEBHUIHO, HANO B3ATh IpocToi 0, HO IPEACTaBUB
ero B ToM ke Buae 0= 20++/2-0. Jlerko MOHATh, YTO K dIeMeHTY 2a +V2-c

IIPOTHBOIONOKHBIM Oy/IeT SBIATHCS CleAyomuii aneMent 2(—a) + V2 - (—c).

Takum 00pa3om, MHOXKECTBO M co cioxkeHHeM + oOpasyer abeneByro rpynmny <
M, +>.
3ananue 7. Kakyio anredpamyeckyro CTpyKTypy o0pa3yeT yKazaHHOe MHOXKeCTBO M

OTHOCHTEJILHO YyKa3aHHoil onepauuu? M 2{1,2,4,8} OTHOCHTEJILHO OINepPAlHH

HAXO0KJACHUSI MUHUMYMA 3JIEMEHTOB MHOKecTBa M.

Jlns nro0bIX NIByX dJeMEeHTOB a,b € M Bcerma CymecTByeT MHUHHUMYM DJTHX
siieMeHToB, nmpuueM min(a, b) = min(b, a), MO3TOMY 3TO KOMMYTAaTHUBHAs OIEpAIUs A *
b = min(a,b) nma mHoxxectBe M. ACCONUMATHBHOCTH JTOM ONEPAlMHd TaK KE JIETKO
nousate: (a * b) * ¢ = min( min(a, b),c) = min(a,b,c) = min(a, min(b, c)) =

=ax(bx*c).

Kak ™Mbl 3HaeM, HEUTPaAIbHBIN 2JIEMEHT € € M HOJKEH yIOBIETBOPATH CBOMCTBY € *
a = a = a * e 11 1o0o0ro 1eMeHTa a € M. PaccMoTpuM B Ka4eCTBE 3TOTO dJIEMEHTA
e = 8. U3 ompeneneanss min mmeem: min(8,1) = 1, min(8,2) = 2, min(8,4) = 4,

min(8,8) =8 , T.. 8 OCHCTBUTENBHO SBISCTCS HEHTPAIBbHBIM DICMEHTOB IS
ONPENEIICHHOW HaMHM ONEpaIuy * Ha MHOKeCTBE M. A BOT IPOTHUBOMNOJIOAKHOTO DJIEMEHTA
onpeAenuTs He BO3MOXHO. IlosTomy anrebpa < M,*> sgBiseTcss KOMMYTaTHBHBIM

MOHOHIOM.



3ananue 8. BoisicHuTB, 00pa3yeT JIM MHOKeCTBO M OTHOCHTEJBHO OINepaluii

bY
CJIOKEHHUsI M YMHOKEHHs KOJIbIO WU ToJie. M — MHOKeCTBO MaTpHIl BHA ( j,

y X
rie x,y€R .
KaK HN3BCCTHO U3 Kypca BBICIHeI‘/II MATECMATHUKHN CJIOJKCHHC ManI/IH SIBIICTCA

aCCOLIMATUBHOM M KOMMYTAaTHUBHOW ornepanyed. B kadecTBe HEUTPaIbHOIO JIIEMEHTE 10

0 0
CJIOKCHHUIO BBICTYIIACT HYJICBAS MaTpHIld ( 0 O) HpOTPIBOHOJIO)KHI)IM 9JICMCHTOM K MAaTpuIic

(;C, 3;) SIBIISICTCS ManI/IHa(:; :2(])

PaCCMOTpI/IM TCIICPb  BBIIIOJIHCHHC dKCHUOM II0JII OTHOCHUTCIIbHO YMHOJKXCHHA MATPHII.
. 1 0
Hel/ITpaJ'IBHBIM QJICMCHTOM 110 YMHOKCHUIO SBJEICTCA CAMHUYHAS MaTpHIla 0 1 B 4CM JICTKO

yOeIUTHCsI, MPUMEHMB MPABUIIO YMHOKEHUSI MATPHIL «CTPOKA Ha CTOJIOCI:
x Yy 1 0y _ (x1+y-0 x-0+y-1\ (x Yy
(y x)x(o 1)_<y-1+x-0 y-0+x-1)_(}’ x)
1 0 x yy_(1'x+0-y 1-y+0-x\_ (x Y
(0 1)X(y x)_<0-x+1-y O-y+1-x)_(y x)
[TpoBepum Tenepb KOMMYTaTUBHOCTh YMHOXKEHHSI MATPHUIL JJAHHOTO BUJIA.

G %G D=Gars yoorxa)

a b Xy a-x+b-y a-y+b-x
G J)*G 2= )
b a y X b-x+a'y a-y+b-x
OueBHIHO, YTO CIpaBa CTOAT paBHbIC MaTpHibl. [lo3TOMY JUIT MaTpHIl JTAHHOIO BHA

KOMMYTAaTHUBHOCTb YMHOXKCHHUA BBIIIOJIHACTCA, XOTA B O6H_[CM ClIyda€ YMHOXCHHC MarTpHll

CBOWMCTBOM KOMMYTAaTHBHOCTH HE 00JIaIatO0T.

G D*G D=6 JxG %)

[IpenmonoxxuM  Temepy, 4TO (; Z) X (Z 2) = (8 8) Torma wuMeeM paBeHCTBO

(x-a+y-b x-b+y-a)

_(0 0 o
yoa+x-b y-b+x-a) ( ) Yto paBHOCUJIBHO CHCTEME YPaBHEHHIA:

0 O

{x-a+y-b=0
y-a+x-b=0



X
y) He HyJneBas, To ymbo x # 0, mbo y # 0. A

3aMeTHM, 4YTO €ClIi MaTpulla (y Y

Xy
OIPEIETUTENN TAKUX MATpPHIL |y x| = x% — y? # 0, oumunsl 0T 0 TONBKO IIPH X # Y , YETO

B o0mieM ciydae MokeT M He ObiTh. CriemoBaTelibHO, HE BCE 3JIEMEHThl MHOXecTBa M
0o0paTtuMbl. ACCOLIMATUBHOCTh YMHOXKEHHSI MaTpUL U3BECTHA M3 Kypca BbICHIEH MaTEMaTUKH.
PaccMoTpuM Tenepb CBOMCTBO AWCTPUOYTUBHOCTH YMHOXKEHUSI OTHOCUTEIBHO CIIOMKEHUS

MaTpulil JaHHOT'O THIIA.
G o0x(@ D+ 9)=6 DxGre bt

_(x(a+c)+y(b+d) x(b+d)+y(a+c)>
“\y@+o)+x(b+d) yb+d)+x(a+c)

C napyroii CTOPOHBI UMEEM: (; Z) X <(Z Z) + (ccl Cj)) =

_(x-a+y-b x-b+y-a> (x-c+y-d x-d+y-c)
“\yra+x-b y'b+x-a y-c+x-d y-d+x-c

_(x(a+c)+y(b+d) x(b+d)+y(a+c)>
“\y@+o)+x(b+d) yb+d)+x(a+c)

TakuMm o00pa3oM, Bce aKCHOMBI KOJIbI]a BBIIOJHEHB. MBI HMMeEeM acCOIMATUBHOE,
KOMMYTaTUBHOW KOJIbIO < M, +,"> C €AMHAYHBIM 3JIEMEHTOM OTHOCUTEIIEHO YMHOXKEHHUSI, HO

KOTOPOC HEC ABJLICTCA IIOJICM.

3aganne 9. B 3amauax BapmantoB 1-3 nposeputhb, sBasiercss gu (H,*)
MOATrPYIIION IPyHIbI (G,*). B 3amayax BapuaHTOB 4-7 NMpPOBEPHUTH, ABJAETCH JIH
(H,*,0) moaxonbuom xoapua (K,*,0) B 3agauax sapuantoB 8-10 npoBeputs,
sipsisiercst s (H ,*,0) mopnonem mons (P, *,0)

1) H — MHOKeCTBO BEKTOPOB ILIOCKOCTH, Mapa/ieJIbHbIX (PMKCMPOBAHHOW NMPSIMO¥,
G — MHO2KeCTBO BceX BEKTOPOB IUIOCKOCTH, * — Onepanus CJI0KeHHs BEKTOPOB.
X

yj,rzle x,yeZl,

4) H — MHOKeCTBO MaTPHIl BUIA [



K — MHOkeCTBO KBA/IPATHBIX MATPHUILl 2-TO NOPSAAKA, OTHOCHTEIbHO IBYX onepamuii: *
— onepanms CJI0KeHHs, ° — onepanus YMHOKECHUS.

8) H =Q, P =R, ornocurensHo aByx omepauuii: * — omepaumusi CJI0KeHHs:, °© —
onepanusi yMHOKEHHUS.

1) Anrebpa < G , *> saBmsercs a0eneBOW TpyMmoM, T.K. CIOKEHHE BEKTOPOB
YIOBJIETBOPSIET BCEM AaKCMOMaM KOMMYTATUBHOW TpymlIbl. 3aMETHUM, YTO CIIOKEHHE
BEKTOPOB, MapajlIeIbHbIX (PMKCUPOBAHHOM MPSMOM JacT BEKTOp, MapaUICIbHBIN 3TOH XKe
npsAMoi. [IpOoTHBOMOIOKHBIM BEKTOP NapajuIeIbHOCTh HE HApylIaeT. A HyJIEBOM BEKTOD
«rapa’suienen» oo npsMoi. To ecTh BeKTOpa, napasuiesibHbie (PUKCUPOBAHHON MPSMOMN
COCTaBJISIIOT 3AMKHYTO€ MHOXECTBO, a IOTOMY 3TO OyJI€eT MOArpymma.

4) Anrebpa < K, +, X > mnpencraBisieT coOOM acCOIMATUBHOE KOJIBIIO C
€IVHMIICH, B KadyeCTBE KOTOPOM BBICTYNAET €AMHWYHAs MaTpHIA BTOPOTO IOPSAKA.

HyneBbIM 351EMEHTOM, €CTECTBEHHO SIBJISIETCS HyJIeBas Marpuua. [IpoBepuM 3aMKHYTOCTb
x

CyMMa U NINPOU3BCACHUC LCJIIbIX YHUCCII 6YI[GT HCJIbIM YHUCJIOM, TO CyMMa U IMPOU3BCACHUC

MHOkecTBa H MaTpul, BHIA ( ), rac X, y U3 MHOXKECTBA LCJIbIX YHCCII. Tak kak

MaTpHIl TAKOI'O BUJA TOXKC 6y,Z[CT ManHHeﬁ TaKOI'O BHA.

b
(—xy 2:) + (—ab Z) = (—?y++ab) iia)
—yb b
(—xy 261) X (—ab Z) - (—x;lla —yxb —xyb++y;la) -

_( xa —yb xb+ya>
~\—(xb+ya) xa-—yb

HyneBas u equHMYHAS MaTpUILIbl, OYEBUIHO, UMEIOT Takol ke Bui. CieoBarebHO
anreopa < H, +, X > saBisgercs MoAKOIbIOM Kojblla < K, +, X >, mpuyeM coaepKaiium
1.

8) Paccmorpum mone < R, +, -> nelcTBUTENbHBIX umcen. MHoxkecTBo Q
palMOHATIBHBIX YUCET SIBJIIETCS MOJIMHOXKECTBOM MHOKECTBA JEUCTBUTENBHBIX yncel. 0 u

1 OUCBHUIHO MABJIAKOTCA pPallMOHAJIBHBIMH 4YHCJIIAMH. Kaxczloe paduOHAJIBHOC YHCIIO

n
MpEACTaBIsACTCS B BUAE ApOOU T = — Ecan ono oriamuno ot 0, To mu n # 0. A Torma



— m
umeem (r)~1 = —€ Q. CymMMa U Mpou3BEJIEHUE PAILMOHAIBHBIX YUCEI CHOBA SBIISIETCS

palMOHAJIBHBIM YHCIIOM. TakuMm 00pa3oM MHOXECTBO Q SBISETCS 3aMKHYTBIM YHCJIOM
OTHOCHUTEJIBHO orepalnii B MHOXecTBe R. CieioBaTenbHO, 1MOJie parioOHaIbHbIX YHUCelT
< Q, +, -> sBIMETCSA MOAIMOJIEM OIS ASHCTBUTENBHBIX uncen < R, +, ->.

3ananme 10. J/loka3ath, 4TO yKa3aHHbIe CTPYKTYPHI SABJISIOTCA H30MOP(QHBIMH.

AIIL[I/ITI/IBHLIC Irpynnbl MHOKECTBA HEJIbIX YUCECI U MHOXKECTBA IEJIbIX

yucesl, KPATHBIX HEKOTOPOMY YHCJy N.
ITo ycnoBuro Mbl UMeeM ABE CTPYKTYphl < Z,+>u < nZ,+>,rae nZ =
= {nala € Z}. Onpeneaum otobOpakenue ¢@:Z — nZ dopmynoiti: p(z) =n-z.
OueBHHO, YTO OHO SIBJISICTCSI B3aMMHO - OJTHO3HAYHBIM, T.€. OUCKTHBHBIM, T.K. @ = b <
o n-a =n-b. [Ipoepum coxpanenue onepauuu. (a +b) =n-(a+b) =

=n-a+n-z= @(a)+ @(b). Tem cambiM U30MOP(PU3M YCTAHOBJICH.

IIpakTuyeckue 3a1aHNs 0 BAPUAHTAM

3ananue 1. Kakumu cBoiicTBAaMH M3 HMKE YKA3aHHBIX 00Jiagaer omepaums,
3aJaHHasA TadIMuen Ha KOHEYHOM MHOKeCTBe (KOMMYTAaTHMBHOCTb,
aCCOLMATHUBHOCTD, 00/1a1a€T HEHTPAIbHBIM 3J1EMEHTOM, 00PATHMOCTHIO.)

Bapmuanr 1.
* a b c d
a a a a a
b a a a a
c a a a a
d a a a a
Bapuanrt 2.

*

o0 Tl
o0 T |
DO O|T|T
T Qoo
O[T Iala




Bapwuant 3.

Bapuanr 4.

Bapwuanr 5.

Bapwuanr 6.

Bapuanr 7.

Bapuanr 8.




BapuanT 9.

* a b c d
a a b a b
b a b a b
c a b a b
d a b a b
Bapwuant 10.
* a b c d
a d Cc b a
b Cc b a d
c b a d Cc
d a b c d

3apanne 2. Ha kakux u3 MHo:KecTB: N (MHOKeCTBO HATYpPAaJbHBIX 4ymcen), Z
(MHOKeCTBO UeJbIX 4YHcesd), 2Z (MHOKECTBO YeTHbIX 4Yuces), 2Z+1 (MHOXKeCTBO
HeuyeTHBIX 4ucea), Q

JAeHCTBUTENbHBIX YHces), R™ (MHOKeCTBO JeHCTBUTEIbHBIX MOJ0KAUTEIbHBIX YHCE)

(MHO)KCCTBO PAalHOHAJIBbHBIX ‘II/ICCJ]),

3ajaHa OuHapHas ajredpandeckas onepauus *. a*b=a+2b

Bapuant 3aganue Bapuant 3agaHue
1 a+b 2 a
axb=—— axh= 5
3 b +1
3 a_>x<b:(a__b)2 4 ax*b=Db:a
° axb=h? 6 axb=|a-b
7 axb=+a-b 8 a*b=min(a,b)
9 axb=(a+h)? 10 axb=a""

3ananue 3. SIBasiercs Jiu onepauus * W3 3aJJaHUS 2 HA TeX K€ MHOKeCTBaX, HA

KOTOPbIX OHA 3a/laHa, a) KOMMYTATHUBHOI, 0) accoMATUBHOH, B) oOJiagaromiel

HeHTpaJIbHBIM 3JIEMEHTOM, ') oOpaTuma?

R (MHOXkecTBO




3ananue 4. Kakoii anre0poii ABJsieTCA JaHHOEe MHOKECTBO ¢ OJHOM OMHAPHOM
onepauueii? (Iloayrpynmna, MoHoux, rpynmna, adejieBa rpymnmna.)

Bapmuant 1. <N; +>; Bapuanr 2. <N; X>; Bapuanr 3. <Z;+>;
Bapuant 4. <Z; X>; Bapwuanr 5. <Q; +>; Bapuanrt 6. <Q); X>;
Bapuant 7. <R; +>; Bapuant 2. <R; X>; Bapuanrt 9. <C; +>;

Bapuant 10. <C; x>,

3ananme 5. Kakoii anreOpoii M3 yKa3aHHbIX BHMJI0B MOKET SIBJATHCS JAHHOE
MHOKeCTBO ¢ AByMsi OuHapHbIMH onepanuaMu? (Ioayko/buo, KoJabIlo, MoJe.)

BapuanT 1. <N; +, X>; Bapuant 2. <N; +, :>; Bapuant 3. <Z;+, X>;
Bapuanr 4. <Z; +, >; Bapuanrt 5. <Q; +,X>; Bapuanr 6. <Q; +, :>;
Bapuant 7. <R; +, X>; Bapmant 2. <R; +, >; Bapwuant 9. <C; +, X>;

Bapuant 10. <C; +, :>.

3aganue 6. O0pa3yer JiM YyKa3aHHOE MHOKeCTBO M OTHOCUTEJIbHO YKA3AHHOMU

onepanuy KaKkylo Ju00 ajaredpanyeckyio CTPyKTypy 4 KakKylo, ecjiu oopa3yer?

Bapuant 3aganue

1 MHOX€ECTBO HECJIBIX YHUCCII, 3alIMCh KOTOPBIX OKAHYMUBACTCA O,

OTHOCHTCIIBHO OII€palnn CJIOKCHHA.

2 MHOKeCTBO {x‘ x=2a++/3,abe Q} OTHOCHMTEJIEHO OIEpaLiu
CIIOMKEHHUS.

3 MHOKeCTBO LEbIX YHCeN, KPATHBIX 3, OTHOCHTENILHO ONepaliu
YMHOKEHUS.

4 MHOKeCTBO LEbIX YHCesl, KOTOpPBIE TIPU JeJIEHHHU Ha 4 Jal0T B

OCTaTKe 1, OTHOCUTENBHO ONEpallMA YMHOKEHHS.

5 MHOXeCTBO {x‘ x=2a++3b,abez\ {O}} OTHOCHTEJTBHO

OTIEPAIIU CIIOKEHHUSI.

6 MHOK€ECTBO LIENBIX YHCEII, 3aIIUCh KOTOPBIX OKaH4YuBaeTcs 0,

OTHOCHTCIIBHO OIICpaln YMHOXKCHUA.

7 MHOeCTBO 1IEJIBIX YHCeI, CyMMa IUGP KOTOPHIX ACIUTCS Ha 3,

OTHOCHTCIILHO OII€palri YMHOXKCHHUS.

8 MHO0XECTBO HEJBIX YHCEN, CyMMa ITUGP KOTOPBIX ACIUTCS HA 9,




OTHOCHTCIIBHO OII€palnn CIOXKCHHA.

9 MHOX€ECTBO HCJIBIX YUCCJI, KOTOPLIC ITPH JACJICHHUU Ha 5 JaroT B

OCTaTKeC 1, OTHOCUTCIIbHO OIICpAallhH CJIOKCHUA.

10 MHOXeCTBO {x‘ x=3a++/3b,abeZ\ {O}} OTHOCHTEJIBHO

OTIepAIIAU CIIOKEHHUSI.

3ananme 7. Kakylo ajiredpandeckyio CTpyKTypy o0pa3yeT yKa3aHHOe MHOKecTBO M

OTHOCHUTCJ/IBHO yKa3aHHOﬁ onepaulm?

Bapuanr 3amanue

1 M — MHOXECTBO KBaJpaTHBIX MaTpHIl (UKCHPOBAHHOTO TOPAJIKa,

ONPENETUTENb KOTOPBIX PABEH |, OTHOCUTEIBHO YMHOXKEHHS.

2 M — muoxectso map (a@,b), rme a,beR, a#0 ornocurensHo

orepamuu *, eciu (a, b) * (a', b') = (a- a,a-b’+b- a) :

3 M = {— 1, l} OTHOCHTEINILHO OIEpPaIi YMHOKEHHSL.

4 M = { 1, 2,4,8} OTHOCHUTEJILHO ONEpallui HAaXO0XKJACHUSI HAMMEHBIIIETO

00111eT0 KpaTHOTO PJIEMEHTOB MHOXeCTBa M.

S5 x 5y
M — MHOXECTBO MaTpHIl BHIA , X,y € Q oTHOCHTEIBHO
X

OIICpalli YMHOKCHHUA.

6 M — MHOXECTBO BCEX IOJAMHOKECTB MHOXKECTBA {1, 2} OTHOCHUTEJIHHO

orieparuu 00beTMHCHUS.

7 M — MHOXECTBO NpPSMOYIOJIbBHBIX Marpul pasmepa MXN

OTHOCUTCIIbHO BBIYNTAHUS.

8 M — MHOXECTBO BCEX BEKTOPOB, MapaUICIbHBIX (PUKCUPOBAHHOM

PAMOM, OTHOCUTEIIBHO ONEPALU CIIOKECHHUS.

9 M = { 1,2, 4,8} OTHOCHTEIILHO OIEPALUH HAXOXKICHHUS HAMOOJIBIIETO

0OIIIETO JIEIUTEIS DIIEMEHTOB MHOXKECTBO M.




10 M — wmuoxectso map (@,D), rne a,beR, a#0 ornocurensuo

onepauuu *, eciu (@,b) *(a’,b")=(a-a’,b-b’).

3ananue 8. BpigicHUTB, 00pa3yerT JH MHOKeCTBO M OTHOCHTEJNbHO OIepanuii

CJIOKEHUA U YMHOKCHUA KOJbIO UJIH ITOJIC.

Bapuanr 3amanue
1 M — MHO€CTBO MHOTOWIEHOB C LIETBIMUA KO (ULIUEHTAMH.
2 M — MHOXeECTBO (yHKUMIA  JEHCTBUTEIBHOTO MEPEMEHHOTO,

HENPEPHIBHLIX HAa OTPE3KE [— 2; 2]

3 X
M — MHOX€ECTBO HEHYJIEBBIX MATPHI] BUA , x,y€Q
y X '
4 M — MHOXECTBO KBa[pPAaTHBIX MATPHI] TPETHETO MOPSAIKA, Y KOTOPBIX

ABC MOCJICAHHUEC CTPOKHU HYJICBBIC.

5 M - MHOXXCCTBO KBaApPaTHBIX CUMMCTPHUYHBIX MaTpHul

(1)I/IKCI/IpOBaHHOFO ImopsaKa.

6 M — MHOXECTBO Yncel BUaa d + b3/2 +c3/4 e &,b,ceQ .

7 M — MHOXECTBO BceX IIOJIMHOKECTB MHOKECTBa {x, y}, pOJIb

orcpanmuu CJIOXKCHHA UIpacT CHMMCTPHUUYCCKAA Pa3HOCTb, POJb

Orepaluy YMHOKEHUSI UTPAET NIEPECECUCHUE.

8 f(x
M — MHOXeCTBO pallMOHAJIBHBIX Jpo0eil Buaa ( ; ,te f(X),g(X) -
dyHKkIMK AeficTeuTenbHoro nepemennoro, g(X) = 0

9 M = {0;1}, OIEpaLUK CIOKEHUS U YMHOKEHHS 3a1AF0TCS TAOIMIAMU:




10 M — MHOXECTBO BCEX pallOHAJIBbHBIX YHCCJI, KOTOPBLIC MOXKHO

MMpCACTaBUTb B BUJIC I[p06I/I CO 3HAMCHATCIICM, PABHBIM CTCIICHU YK CJIa

2.

3aganne 9. B 3ana4ax BapuanTos 1-3 nposeputs, seasercsa au (FH,*) moarpynmnoii

rpymnsl (G,*) B 3amauax BapmanToB 4-7 nposeputh, siBasiercsi am (H,*, o)
noaxoabuoM kosbna (K,*,0) B 3agauax papuantos 8-10 npoBepuTh, ABJISETCS JH

(H,*,0) nogmosem moast (P,*,0)

Bapuant 3aganue

1 H =nZ, roe n — nekoropoe nHarypampHoe umcno, G =2, * —

OTIepaInsl CIIOKEHHUSI.

2 H — MHOXeCTBO KBaJpaTHbIX MaTpull (PMKCHPOBAHHOIO MOPsIKa,
OIIpEe/IEeNUTENIb KOTOPbIX paBeH 1, G — MHOXECTBO KBaJpaTHBIX
MaTpul (PUKCUPOBAHHOTO NOPSAKA, ONPEACTUTENh KOTOPhIX OTINYEH

ot 0, * — oneparysi yMHOXEHUSI MaTPHIL.

3 H — muoxectso nap suaa (0;b), rne be R,
G — muosxectso nap suga (a;b), rne a, b e R,
* omnpenensercs CieayommuM o0pa3om:

(a,b)*(a’,b)=(a+a’,b+b’)

*

4 H=N, K=Z, ¢ nByms OWHapHbIMU OIEpalUsIMH. * — omepauus
CJIOXKEHUS, © — olepalrs YMHOXKCHHUS.
H — MHOXeCTBO MaTpHI] BH]IA ,THe x,y € Z,
K — MHOXeCTBO KBaJpaTHBIX HEBBIPOXKICHHBIX MAaTpul 2-TO

MOPSJIKA, OTHOCUTENBHO JABYX OMepanuii: * — oneparus CloxKeHus, °

— oncpanust YMHOKCHHUS.

6 H — MHOXE€CTBO MHOTOUWICHOB 1-0i1 cTeneHu,

K — MHOXeECTBO Bcex MHOTI'O4YJICHOB, OTHOCHTCIBHO IBYX
o

omepanui: * — omnepamus CIOXKEHUS, — ornepanus




YMHOXCHHA

7 H — MHOXECTBO 1I€JIbIX YHUCeN, KpaTHbIX 5, K=Z, OTHOCUTEIBHHO
JIBYX oOllepauuii: * — omnepauusi CIOXKEHUs, ° — omeparus
YMHOKECHUS.

8 H = {x‘ xX=a —|—b\/§, a,be Q}, P =R, ornocurensno asyx
omieparui: * — ornepanus CIOKEHHUs, © — Orepars yMHOKCHUS.

9 H={x‘x=a+b»\/2, a,beZ},

P= {x‘ x=a+bv2,abe Q}, OTHOCHTEJIBHO JABYX ONEpalHil
* — omepanus CloXeHus, ° — onepanus yMHOKEHHUS.
10

H — MHOX€ECcTBO map Buaa (b; 0) ,re beQ,

P — MHOXecTBO map Buaa (a; O) ,rae d € R , OTHOCUTEJIIBHO OBYX

oneparuii: (a,0)+(a’,0)=(a+a’,0), (a,O)-(a’,O)z(a-a’,O)_

3ananme 10. Jloka3ath, 4TO yKa3aHHbIE CTPYKTYPbI ABJSIIOTCSH M30MOP(PHBIMM.

Bapuant 3amanue
1 Ione (M,+,") u none (C,®,0), rae M — MHOXkeCTBO MaTpUI[ BUA
a b
( b J,a,bER,CMHO)KCCTBOHapBI/II[a (a,b), a,beR,
-b a
oneparu @D u o onpeeNeHsl CIEAYIOIHMM 00pa3oM:
(a,b)®(c,d)=(a+c,b+d), (a,b)o(c,d)=(ac—bd,ad +bc)
2 I'pynma (S,,0) urpynna(M,*), rae
S, — MHOXECTBO MOBOPOTOB IIOCKOCTH Ha 0° 1 na 180°,
o — onepanus Komnosunuu, M = {— 1, 1}, * oIpejiesieHa TaK:
*1 1] 1
1] 1 -1
1| -1(1
3 Kombuo (Q,+,) u xomsuo (M, +,-), roe
a 0
M — MHOXECTBO MaTpuIl BUIA ( 0] ,aeQ .




Anre6pa (M, +,) u anreépa (G, +,), rue

ababQ
Zba”e’

G — MHO’KECTBO YHCe BUIA d + b\/2 ,a,beQ

M — MHOXKECTBO MaTpUIl BUAA (

['pymmma S = <(1,2,3),°> MHOXKeCTBa BCEX IOJCTAaHOBOK C OIeparuei
YMHOXCHHS M TpyIIa CUMMETPHHA MPaBUIBHOIO TPEyroJIbHHKa Ha

MIJIOCKOCTH: TIOBOPOTOB BOKPYT LIEHTpa TpeyrojibHuKa Ha 120°, 240°.

IHone (R,+,") u mone (K,®,0), rme K — mHoXkecTBO map Bmia

(a,0), ae R, onepanuu @ u o onpejencHs! Tak:

(a,0)®(c,0)=(a+c,0), (a,0)o(c,0)=(a-c,0)

['pynna cummeTpuii kyba U Tpynmna S, MOJCTAHOBOK C ONEpaluen

YMHOKCHUA.

Anre6pa (M, +,) u anre6pa (D, ®,0), rue
a b

a

), a,beR,

M — MHOX€ECTBO MaTpHuIl BUa [

D — muoxectso nap Buna (a,b), a,b e R,

oneparu @ u o onpeeIeHsl CIEAYIOIUM 00pa3oM:
(a,b)®(c,d)=(a+c,b+d),
(a,b)<(c,d)=(ac+bd,ad +bc)

I'pymna (R\ {O}, ) urpyma (R\ {O}, -), €CIIH 33/IaHO OTOOpAKEHHE

@,Tae (pZXI%1
x.

10

I'pymna (R,+) urpynna (M,x), rae

1 x
M — MHOX€ECTBO MaTpHUIl BUAA 0 , X € R _
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DEKOMEH/IALMM /ISt BBIIIOJNHEHHS MPaKTH4eckux 3aganuit / IOro-3am. roc. yH-T;
cocr.: B.IL. Jlo6puma, E.A. Kynemosa, }0.A. Xamun. — Kypek, 2023. — 39 c. —
Bubmuorp.: c. 39.

B METOIMYECKMX YKa3aHHS OIWMCHIBAIOTCS OCHOBHBEI anreOpbl U TEOPHU
guces. M370KeHBI KpaTKWe TEOpPEeTUYECKHE CBEACHHS, IPHUBEICHBl IPHMCPEI
pelIeHrs 3a1a4, a TaKKe 331auy JJIs CAMOCTOSTEIbHOTO PCIIEHHS.

MeToauuecke  peKOMEHJAIMKM  IIpelHasHa4eHbl AN CTYAEHTOB,
obygaromuxcst 1o HampasneHusM noarorosku 10.03.01 «MapopmanrioHHas
0€30MacHOCTbY 5 02.03.03 «MaTeMaTHu4eCcKoe oOecreueHue u
aJIMAHUCTPUPOBAHNE HHMOPMAI[HOHHBIX CHCTEM.

TexcT meuaTaeTcsl B aBTOPCKOM peIaKIIuu

[ToxmucaHo B I1e4aTh . ®opmart 60x84 1/16.
Venmed. 1. 1,34, Ya.-u3n. 1. 1,21, Tupax 100 sx3. £/
3akas. BecnmatHo.

FOro-3amnanuelii rocy1apCTBEHHBIN YHUBEPCUTET.
305040, r. Kypck, yi. 50 net Oxts6p4, 94.



B JaHHBIX MCTOAMYCCKHUX PCKOMCHAANUAX HM3JIOXKCHBI MATCpHUaJibl 110

pasnenam «KomruiekcHbie yncna» u « INeMEHThI TEOPUH MHOTOUYJIEHOBY.
I1o kax1o¥ TeMe MPEeICTABICHBI:

1) KpaTkue TEOPETUUECKUE TTOT0KCHUS;

2) mepedeHb BOIPOCOB, BEIHOCHMBIX HA MPAKTHYECKOE 33/IaHHE;

3) mpuMepbl pelIeHUs TUITOBBIX 3a/1a4, BBIHOCHMBIX Ha MPaKTHYECKOE
3aHSATHUE;

4) 3amauu, BBIHOCUMBIC HA CAMOCTOSITEIILHYIO pa0OTy CTYJCHTOB.

I[aHHBIe MCTOAUMYCCKUC PCKOMCHAAIMU IIPCAHASHAYCHBI IJIA IIPOBCACHUA
IMPaKTHYCCKUX 3aHATUM 1O JUCHUITIIMHaAM «II€MEHTHI aﬂre6pLI U TCOPHUH YHCCID»
u «Anar e6pa U TCOpHUA YHUCCID> AT CTYACHTOB IOFO-?)aHaI[HOFO TrocyaapCTBCHHOI'O
YHUBCPCUTCTA HaHpaBJIeHI/Iﬁ IIOAT'OTOBKH. HH(bOpMaHHOHHaH 6630H3CHOCTB,

MaTeMaTuyeckoe o0ecreyeHne U aAMUMHUCTPUPOBAHNE HH(POPMAITMOHHBIX CUCTEM.

[Ipu BBIOJSHEHWH MPAKTUYECKUX 3aJaHUM B KaXXJOW 3ajade BbIOEpeTe
3aJlaHd€ M3 CBOEro BapuaHTa. BapuaHT ompenensercs mo mnociegHed uudpe
HOMEpA 3a4€THOM KHIDKKH. OTUeT 1o paboTe OJDKEH COepkKaTh PEIIeHUs 3a/1a4 U
BBIBOJIbI C MOJHBIM UX 000CHOBaHUEeM. OT4eT 1Mo paboTe 0hOpPMUTH HA JIUCTAX
dopmara A4 B popmate WORD. Ha TUTYIBHOM JIMCTE JOJKHO OBITH YKa3aHO:
YHUBEPCUTET, (akynpTeT, Kadeapa, MpeaMer, HOMEp MPaKTHUYECKOTO 3aHsTHS,

BAPUAHT, IPYIIa, UCIIOJHUTEND, IPOBEPSIOLIUN.



PABOTA Ne 1 (10) KommiiekcHbIe 4ynca.

lesb: N3y4nTh CBOMCTBA KOMIIJIEKCHBIX YUCEI.

BOHpOCbI, BBIHOCHMbIC HA ITPAKTHYECKOEC 3aHATHC.

1. Tloje KOMIJIEKCHBIX YHCEIL.
2. AJIF€6paI/I‘IeCKa}I U TPUTOHOMCTPHUYICCKAA 3alIMCh KOMILICKCHOT'O YHCJIA.
3. OnepauHH HaJa KOMIIJICKCHBIMHU YU CJIaMU.

4, HaXO)KIIeHI/IG KOpHeﬁ N3 KOMIIJICKCHBIX YHUCCII.

KpaTKne TCOPETHYECCKUE CBEACHUA.

[Tox MHOXECTBOM KOMIUICKCHBIX 4YHCEI OyJeM IIOHHMAaTh MHOXECTBO
ynopsinoueHubix map C = {(a,b)| a € R,b € R}. IlepBoe KkoopauHaTa @ TMapbl
(a,b) HaspIBaeTCs MEWCTBUTENBHOM YaCThIO KOMILJICKCHOIO YHCIA Z M 0003HAYACTCS
cuMBoJioM a=Re z, Bropoe umcio b maper (a,b) Ha3pIBaeTCs MHUMOM YacThIO
KOMILJIEKCHOTO YKcia Z 1 0003HavaeTcs cumBojioMm b=Im z.

JIBa KoMIUICKCHBIX uucia Z;=(a;,b1) m z,=(a,,b2) paBHBI Torma W TOJNBKO
TOTJa, KOTJ]a PaBHBI WX JICHCTBUTEIbHBIE U MHUMBIC YaCTH, T.€. Z1=Z2 JIMIIb TOTJA,
Koraga a,—=ao, b1:b2.

CymMoii ABYX KOMILUIEKCHBIX umcen Zi=(ai,bi) m zp=(a,b;) Ha3wiBaercs
KOMILIEKCHOE uncio Z=(a,b), rme a=a;+az, b=bi+b,. Hynem HaspiBaeTcs Takoe
KOMIUIEKCHOE YHCJI0, CyMMa KOTOPOTO C JFOOBIM KOMIUICKCHBIM YHCIIOM Z PaBHO
TOMY 4HCIy Z, T.€. Z+0=z. B kauecTBe Hys1 clieqyeT paccMarpuBath napy (0, 0).

TEOPEMA. Cuctema < C, +> siBasieTcst abeJIeBOU rpymnoii.

[TpousBenenneM JBYX KOMIUIEKCHBIX umcen Zz3=(a;,b;)) u  z2=(azb,)
Ha3bIBACTCS KOMILIEKCHOE yuciio Z=(a,b) Takoe, uro a=a; -a;-b; by, b=a; -b,+azb;.

TEOPEMA. Cucrema < C, +, - > gBig€TCS OJIEM.



TEOPEMA. Ecanu B m0ojie KOMIUIEKCHBIX YHCEI paccMaTpuUBaTh
IOJMHOX€ECTBO JelCTBUTENbHBIX uacTelr Buma (a,0), To cucrema < {(a,0)|a €
R}, +,-> sBasercs mosneM, H30MOPGHBIM MO0 JCHCTBHUTEIBHBIX YHCEI<
R,+,->.

[Tonmaras z,=(a,0)=a, Oyaem cuuMTaTh, YTO IOJIC ACHCTBUTEIBHBIX YHCEII
SIBJISFOTCS TIOTIOJIEM TOJIS KOMILICKCHBIX YHCE]L.

Kommiekcaele uumcma zi=(0,b) OymemM Ha3pIBaTh YHCTO MHHUMBIMH.
O0o3naunM komruiekcHoe unciao zi=(0,1)=i u Ha30BEeM €ro MHHMMON CIMHHUILECH.
CornacHO OMNpEACICHUIO TPOU3BEACHUS JBYX KOMIUICKCHBIX YHCEII HMEEeM:
i>=(0,1)-0,1)=(-1,0)=-1.

TEOPEMA. Yucno z=(0,b) ectp mpousBeneHHe MHUMOW CIUHUIIBI Ha
neicreutensHoe yucio b: zi=(0,b)=ib.

B cooTBeTCTBHY ¢ BBEICHHBIMU 0003HAUCHUSIMH MOYKEM 3aITHCATh:

z=(a,b)=(a,0)+(0,b)=a+i-b, T.c. mpumare anreOpamyecKUii CMBICI TaK
Ha3bpIBaeMOM anreOpandeckoil (opMe KOMIUICKCHOTO YHCIIA JUISI TOTO, YTOOBI
IIPOU3BOJUTEL ONCPAIlMU CIIOKCHUS M YMHOXXEHHUS 10 OOBIYHBIM IIPaBHJIAM
anreOpsl MHOTOWIEHOB. 3ametuM, yto 0 = 0+ - 0.

KOMILIEKCHOE 9HCII0 Z = @ — [ * b Ha3bIBAETCS KOMILIEKCHO COTPSIKECHHbIM
gucny z =a+1i-b.

TEOPEMA. [lns  OpouW3BOJBHOIO  KOMIUIEKCHOTO  yucina zZ € C
BBINOJIHAIOTCSA COOTHOIIEHUA Z* Z = a* + hb> ERuz+Z=2-a€R.

Onepanys JejleHUS KOMIICKCHBIX YHCEN OINPEACAeTCS KakK OIeparys
oOpatHas yMHOXeHHIO. KoMIUlekcHOe uwmciao Z=a+ib Ha3pIBaeTCs YacTHBIM
KOMIUIEKCHBIX YHcel Zi=a;+ib, u z,=a,+iby, ecau 2:=77,.

TEOPEMA. JleiicTBuTenbHass ¥ MHUMAas 4acTh YAaCTHOTO Z OMPEACISIOTCS

H3 PCIICHUA CUCTCMBI:

a,-a—b,-b=a,
b,-a+a,-b=h,.

To ecThr UMeeM:



_ﬁ:al‘aerbl‘bz +ib1‘32—31‘b2

Zy a% + b% a% + b%
TEOPEMA. 2 = &%
Zz Zz'Zz

KoMIuiekcHOe 4MCIIo Z MOXXHO MPEACTaBIATh KaK TOYKY B JBYMEPHOM
npoctpaHcTBe - ImiockoctH (X,Y) ¢ JOekapTOBBIMH KOOpAMHATaMu X=a, Y=Db.
KomnnekcHoMy unciy z=0 noctaBUM B COOTBETCTBHE Hayajno KoopAuHat (puc.l.).

Takyro IIJIOCKOCTD Ha3bIBAIOT

KOMILUICKCHOM TIJIOCKOCTBIO C, OChb

y A
Z:(a,b) 6 _ o o
a0dcimcc X - JIEHCTBUTEIHLHOM, a OCh
b L
! opAMHAT Y - MHHMOH  OCBIO
AR
i KOMILJIEKCHOM IJIOCKOCTH.
p :
: Kaxnoii Touke Ha IJIOCKOCTH
v\(P L MOYKHO B3aIMHO OJHO3HAYHO
0 i >
a = -
Pucl. COIOCTaBUTH BeKTOp Z=a-1+b-1,

FeomeTpuUecKuii cmbicn e o
rae 1 - BeKTOp €AMHUYHOU JIMHBI,
KOMNJ1IEKCHOIo Yyncna.

BI)IXOI[HIHI/Iﬁ M3 Ha4dYalJla KOOpAWHAT B

—

HANpaBJICHUU OCHU X, & | - BEKTOp CIMHWYHOW JUIMHBI, UCXOMALINA W3 Hadaia
KOOpJIMHAT B HarpasieHuu ocu y. [Ipoekuun BekTopa Z Ha och abcUuUcC X U OCh
OpIMHAT Y COOTBETCTBEHHO PaBHBI @ M D. TakuM 00pa3oM, KOMILICKCHOE YHCIIO
MO>KHO TPEACTABIATH KaK TOUKY MJIM BEKTOP Ha KOMITJIEKCHOM MJIOCKOCTH.

Jlnis onpezeneHust TOYKM Ha MIOCKOCTH WM BEKTOPA MCIOJB3YIOTCS TaKkKe
NOJISIpHBIE KOOpAHMHATHL (0,¢), TAe p>0 - paccTOsSHUE OT Hayala KOOPIWHAT IO
TOYKU (JUIMHA BEKTOPA), a @ - YroJl, KOTOPhI COCTABJISIET PaInyC-BEKTOP TAaHHOM
Toukn ¢ ochlo OX (yrom mexay BeKTOpoM U ocbio OX, MON0XKHUTETHHOE
HAIpaBJICHUE MPOTHB YaCOBOW CTPEIIKH).

TEOPEMA. a=p-cose, b=p-sine.

[TonoxuTenpbHBIM  HAIpaBICHWEM HW3MEHEHUS  yria @ CcuMTaeTrcs

HaIlpaBJICHUE MPOTUB YaCOBOU CTPENKHU  (-co<@p<oo). CenoBaTeslbHO, UMEEM:



Z=p-COSQ+i-p-Sinp=p-(COSQ+1-Sin),

rac
p=+a’+b%; tg (ng.

Takas ¢opma Ha3zpiBaeTcd TpPUTOHOMETpUYECKOM (opmoil  3amucu
KOMILJIEKCHOTO 4Hcia. [Ipu 3TOM p Ha3bIBalOT MOJYJIEM KOMILIEKCHOIO YHCIIA,
KOTOPBIIl 0003HaYaeTcst Kak p=|Z|, a @ - apryMEeHTOM KOMIUIEKCHOTO YHCJIa U €To

o0o3HayatoT @ = Arg Z.

Tak Kak OAHOMY M TOMY 3HAUYE€HHIO KOMIUIEKCHOTO YHUCJa Z COOTBETCTBYET
OEeCKOHEYHOE YHCIIO 3HAYCHUI apryMeHTa Arg Z, OTJIMYaIONUXCs Ha BeIMUnuny 2 77K
(k=1,2,...), TO uMeeM:

z=p-(cos@p, +1i-Sin@,) =p-[cos(e)+i-sin(p)],
rae O<gn<2rm, @=po+27K, (k=0,#1,#2,...).

Ya06HO BBeCcTH cleAymolee OOLENPUHATOE O0003HAUYE€HHUE OCHOBHOIO
3HAYCHUS apryMeHTa arg z=@, 0<p<2rz. Torma moxeM 3anucath Arg z=arg z+2 K,
(k=0,#1,#2,...).

AprymMmeHT koMIutekcHoro uucia z=0 BooOiie He onpeneneH, T.k. b=a=0, a
€ro MOJyJIb PaBEH HYIIIO.

ComoctaBuM JBYM KOMIUIEKCHBIM 4YHUCJIaM Z; W Zp Ha KOMIUIEKCHOM

IJIOCKOCTH [1Ba BEKTOpa Z; U Z,.

Onepanuu  CJIOXKEHUST U A

2=21%2>

BbIYUTAHUSA ABYX KOMIIIICKCHBIX
YHCCI 73 u Z7 MOKHO
OTOXKICCTBITL C  OIICpaAlUAMHU
CJIOXKCHMSA W BbIYMTAHUA ABYX

BEKTOPOB Z;,Z,, T.€. IO HPaBUILy

napajiesorpaMmma.

TEOPEMA. |21+2|<|z1]+|2 Puc. 2.
CroxeHue U BRIYUTaHHE ABYX

W |21-Z2>|Z1]-|z2). KOMILJIEKCHBIX YHCEJT.

v



Hcnone3ys hopmyny Ditnepa:
e'"® =cosp +i-sing, (1.7)
NOJy4aeM MoKa3aTeIbHy0 (OpMYyITy INpeACTaBIeHHUs KOMIUIEKCHOTO YHCIa:

z=p-e®

TEOPEMA. (Ditnep) e? = e* - e = e* - (cosy + i - siny)
i Z = x + 1y.

= p‘ei.(ﬂ = Zl . Z2 = (pl .p2) .ei((f’lJr(/’z)

TEOPEMA. | _
Z= o el.(P = Zl/ZZ = (pl/pz) . e"((ﬂl—(/’z) .

To ecTb mosy4aem coOTBETCTBYIOMIKUE (HOPMYJIBI JIJISl OTIEpaAlluid YMHOKEHHUSI

Y JICJICHUS] KOMIUJIEKCHBIX YUCEI:
TEOPEMA. p=p1-p2, 0=01+02;
P=p1/P2, P=Q1—¢2.

KomriekcHoe uyuciao Zz, = W Ha3bIBACTCS KOPHEM N-OM CTEIEHH U3
1
KOMIUJICKCHOTO 4YucCJa Z, €CIIHU Z]_n—Z. IIycts z, = -e"% Hn 7Z= -e"(/’. U3
1 1

OIIpCACICHUA CIICAYCT, UTO
(py-e")" =pj e =p-e";
¢
P1= %, ¢ = 0

TEOPEMA. Jlns KopHAZ; = %/Z W3 KOMITIEKCHOTO UHCIa Z = p-e"’ umeror

MECTO PABEHCTBA P = /P, P = %.

Tak kak apryMeHT ¢ KOMIUIEKCHOTO YHUCJa Z ONPEAENIEH ¢ TOYHOCTBIO 0

ciaraemoro 2 7K. o=gy+27K (k=0,#1,72,...), 0<gn<27, TO MOXEM 3aInCcaTh:
oy = 20 LS T
n n

Beenem HoBble wuHpexcel: k=ln+k’ rme 1=0,#1,#2,... k=0,1,2,...,n-1.

[Tonyuyaem:

_ %o 2mk’ 1=0,£1,%2,...;

+ 27l + , ,
fn n k'=0,1,2,...,n—1.

]



Tak kak Hac HWHTEPECYIOT 3HAUYEHUSI apryMEHTa, KOTOphIEe JieXaT B
untepBasie [0,21] (MOCKOJIBKY KOMILJICKCHBIE YHCIIa PaBHBI, €CIH apTyMEHTBI
ommmyaroTess Ha 2ml, 1=%1,..), To MBI MMeeM BCEro N pa3jIMYHBIX 3HAYCHHI

AprymeHTa, KOTOPBIC PACIIOJIOKCHBI B HHTCPBAJIC

, 4 [0,27]:
i
w2 R S, 27k’
1(§+TT[Z"/ I T \ :E—i_ > k'=012,...,n-1
c 7 \\\ ]6 n n
g . €
. TEOPEMA. Jlns z, =¥z mMeercst N pasudHbIX
.' -,
' 0 ;X KOpHEH U3 KOMIUIEKCHOI'O 4YHCIa Z, ) KOTOPBIX
R ,’I —n
N p OJTMHAKOBBIE MOIYIH p; =1/p, a apryMeHTHI
\\‘~-y——'.’?t/4rc 27k’
3 0, =2, }-012..n-1 OTIMYAIOTCS Ha
C “'n n
Puc.3 27k’

Beanunny ——, k'=012,...n-1.
n

Todku Ha KOMIICKCHOU IINIOCKOCTH, COOTBCTCTBYIOIIHC PA3JIMYHBIM KOPHAM

N-0M CTENEHU U3 KOMIUIEKCHOTO YMCJa Z, PACIlOI0KEHbI B BEPIIMHAX ITPABUIIBHOTO
N-yroJpHUKA, BIUCAHHOTO B OKPYXXHOCTD panuyca {/p ¢ ueHTpom B Touke 2=0.
Bo3BeneHre KOMIUIEKCHOTO YHUCla B HATYPAJIbHYK CTENEHb IPOU3BOIUTCS

o ¢popmyie Myaspa.

n__ .n . :
TEOPEMA. 2 =T (Coshg+isinng)

IIpumepb! BbINOJIHEHUS 32 IAHMIA.

z . .
Hpumep 1. Haiitu 2, + 2, 2,-Z,, 27, —~,ecam 2, =4—5i,2, =2 +3i.
Zy

Pemenue:

2, +2,=4-514+2+31=4+2)+(-5+3)i=6-2i

2,-7, = (4=51)-(2+3i) =8+12i —10i —15i° =8+ 2i —15(-1) = 23+ 2i
27 = (4—5i)* =16 —40i + 25i* =16 — 40i — 25 = -9 — 40i



7, 4-51 (4-5i)-(2-3i) 8-10i-12i+15i° 8-22i-15

z, 2+3i (2+3i)-(2-3) = 22—(3i)? 4+9
o -7-22i 7 22
13 13 13

pumep 2. Haiitu i°, 2.

Pemmenue: g mo6bix (,r € N umeer mecto paBeHcTBo (4917 = " 1.k,

i* = 1. CnegoBaTenbHO,

IIpumep 3. HaiiTu nelicTBUTEIbHbIE PEelICHUS] YPABHEHUS
(=2 +5i) X+ 2i = (1—2i) y + 3ix—3.
Pemenne: IlpencraBuM BbIpa:K€HUs B JIEBOM M NPABOM YaCTH yPaBHEHHs B BHJIE
a+Dbi.
(=2 +5i) X+ 2i = (1—2i) y + 3ix—3
—2X+5iIX+2i=y—-2iy+3ix—-3
—2X+(OX+2)i=y -3+ (-2y+3x)i
Hcxond u3 onpenesneHns paBeHCTBA KOMIUIEKCHBIX YUCEN, UMEEM CHCTEMY

YPaBHEHUM:

—2x=y-3, y=-2x+3,
N =
5x+2=-2y+3x; 5x+2=-2(-2x+3) +3x;

y=-2x+3, y=-2x+3,
= = =
5x+2=4x—-6+3x; —2x=-8;

y=-2x+3, y = -9,
= <
—2x =-8; x=4,

Oteer: x =4, y=5.



IIpumep 4. /IaTh reomeTrpuyecKkoe ONUCAHNE MHOKECTBA TOYEK KOMILICKCHOM
ILIOCKOCTH, YI0OBJIETBOPAIOLINX YCI0BHIO \Re (z+3- I)‘ <1.
Pemienue:

Re(z+3—1) — peiicteurensnas yacts uncna Z+3—i. Ecmz=a+i-
b, To

z+3—-i=a+bi+3-i=(a+3)+(b-1i
Re(z+3-i)=a+3

CnenoBaTrebHO

Hrak,

a+ﬂ<l

a+3<le-l<a+3<le-4<a<-2

U3zo6paxennem MuoxkecTsa Touek M (a,D) na xommiekcHoii miockocTw,

YIOBJIETBOPIONUX ycaoBuio —4 <a<-—2, cayxur OeCKOHEYHas II0JI0Ca,
3aKIIIOUEHHAs MeXAy mnpsMbiMd a=—4 u &= —2, He BKIOYasAd TOYKH BTHUX

npsiMbIX. (Puc. 3)

D

\

v

i\

RN

Punc. 3

Mpumep 5. Mpeacrauts kKommiekcHble yncaa 2 =1+1 u z, =1-/3i B

TPUTOHOMETPHYECKON U IKCIIOHEHIMAJIBbHOM (popmax.

Pemenue: JIro60e KOMIUIEKCHOE YUCIIO MOXKHO TIPEACTaBUTh B BUJIE:

Z=a+bi=+a%+b?

=r(cos@+ising),

a bi
_|_
Ja?+b? +a®+b?



rae F =+ a2 + b2 — MOJYyJIb KOMIIJIEKCHOI'O YMCJIa Z, () — apr'yMEHT
KOMIUTIEKCHOTO uncna Z, 06brauo Beibupator @ € [0, 277), pexe 6epyt

@ € (-7, 7). ¢ maxonar u3 yciosuii:

a .
cosp=—,sinp=—.
r r

Cumponiom €'? oGosHauaroT OKCIOHEHIUATILHYIO 3aliMCh KOMIUIEKCHOIO
uncna COS@ + 1SiN @. TosToMy 11060 KOMILIEKCHOE YUCIIO MOKHO TIPEICTABUTE
B BHJIE:

z=a+bi=re'?

His IIPEACTABIICHHS KOMILIEKCHOI'O qyuciaa z =1+ i B

TPUTOHOMETPUUECKOW U KCITOHEHIIMANIBHOW (opMax, HAalAEM MOAYJIb U apPTYMEHT

9TOI'O0 YucJjia.

cos a1 N2
4 " V2 2 (Puc. 4)
(O =@ =—.(Puc
sing, = ﬁ = i = @
\ n V2 o2
CnenmoBartebHO,

T .. T
= \/E (COS Z +1SIN Z) — TPUTOHOMETpHUUECKas (popma 3anmcu Z; .

T

i
1= \/E e 4 —DKCIIOHEHIIMaNbHas (Gopma 3anucu Z; .



N2/2

J3/2

Puc. 4

IlpencraBum Z, =1—\/§I B TPUTOHOMETPHUYECKON M HKCIOHEHUMAJIBHOU

dbopmax.
W/a2 +b2 =/1+( =J4=2,
a, 1

COS@, =24 ==,

0, 3 o 2 = @ —5—7T (Puc. 4)
sing, =—%=——
| I, 2

CnenmoBarteibHO,

To. . o7
Zy, = 2 COS? +1SIN ? — TPUTOHOMETpHUUECKas (popma 3anucu Z,.

57[
Z, = 26 3 —DKCIIOHEHIIMaNbHas (Gopma 3anucu Z,.

Ipumep 6. [lis KOMIUIEKCHBIX yncea Zy =141 u Z, =1—\/§>i , 3aIIUCaB UX B
TPUITOHOMETPUYECKOH (popMe, BBINIOJIHUTDH ACHCTBUSA:

z
1)2, -2, 2)2—1, 3) 25, 4)3/z,.

2
Pemenue: B nmpumepe 4 Oblia moslydeHa TpUTOHOMETpUYECKas opMa Kaxaoro

N3 JaHHBIX KOMIIJICKCHBIX YHCCII:



Z :\/E(coszﬂsin Zj' Z, = 2(0035—7[+isin 5—”)
4 4 3 3

1) Y1005l INCPEMHOKNUTL JBad KOMILUICKCHBIX YHMCJIA, 3allMCAHHBIX B

TPUTOHOMETPUUECKOU (PopMe, HYKHO MEPEeMHOXKUTh UX MOJIYJH, a apryMEHTHI

CITOKUTE:
Z,-2, =n(cose, +ising,)-r,(cose, +ising,) =
= 1 (COS(py + @) +18IN(@; + ;)

2,7, = 2\/5(003(%+5§j+ i sin(%qt%zjj = 2\/5(005213—2” +isin 23—”)

2) YToObl HAMTH YacCTHOE OT JIEJICHUSI JABYX KOMIUIEKCHBIX YHUCEN, HYKHO

HAWTH YaCTHOE OT JICJICHUSI UX MOJIYJIEH U PA3HOCTh UX apTYMEHTOB:

7 n(cose +ising;)

h .
cos(¢, — @,) +isin(gp; -
z, Iy(cosg,+ising,) r2( (o — @) +isin(g — @)

Z; ﬁ( (7[ 57[) . (7[ 57[)) ﬁ( ( 17%) - ( 177[))
—+=——|cos| ——— |+isin| =—— = Cos| ——— |+isin| ——— | |=
z, 2 4 3 4 3 2 12 12

= %(cos(— 117—27[ + 27zj +1i sin(— 117—27[ + 27;)] = g(cos(z—zj +1i sinG—ZD :

B paccmoTrpeHHOM TmpuMepe K TMOJIYYEHHOMY apryMeHTy 100aBJICHO

BoIpakeHUe 277  (epHoJ TPUTOHOMETPUYECKHX (yHKIMA O =COS¢Q u
L =SIN@) a1 TOro, 4TOOBI MOJYYHTH 3HAYEHHE APIYMEHTA M3 MPOMEXKYTKA

[0,27).

3) DBo3BegeHue KOMIUIEKCHOTO 4MClia B  HATypajbHYK  CTEHEHb

npou3BoauTcs o Gpopmyse Myaspa:

2" =r"(cosng+isinne).

25 =2° 005(5-5—”)+isin[5-5—”j =32(COS%—ﬂ+isin%—”):
3 3 3 3



= 32| cos 87z+z +isin(87z+£) :32(cosz+isinzj.
3 3 3 3

4) CymecTByeT pOBHO N KOPHEW N-0i CTENEHU U3 KOMIUIEKCHOTO YHCIA:

%z =1/r(cosp+isin ) =Q/F(cos(p+n2ﬂk +isin ¢+n2ﬂk),

rne K=0,1,...,n-1.
B paccMaTpHBaeMOM HpUMEpPE HOTydaeM:

S5 Lok 57 Lok

3z =32 COSST+iSIHST ,tne k=0,1,2

mpu k=0 3/2 c0352/3+isin5ﬂTBj=§/§ cos%ﬂsin%),

5—7z+27r 5—7Z+27z
mpr k=1 3/2| cos-3 +isin —%(cos%ﬂsin%j,
npu k=2 3/2 cos-3— tisinS %/—(cos—ﬂsm—j
3 3 9 9

3aM€TI/IM, 4dTO apryMCHTBI MOJTYYUBIIUXCA KOMIIJICKCHBIX YHMCECII paS6I/IBaIOT

CIMHUYHYIO OKPYKHOCTh Ha TpH paBHbie ayru. (Puc. 5).



\_1v><

Puc. 5

IIpumep 7. Boipazuth yepe3 sinx u COSX pyHKIMIO Sin 5x.

Pemenue: Ha ocHoBanuu hopmysibl Ditiepa UMEEM PaBEHCTBO
cos5x + i - sin5x = (cosx + isinx)®

Packpoem npaByto yacth 1o popmyse 6rnHoma HeroToHa.

(cosx + isinx)® =
= (cosx)® + 5(cosx)* - i - sinx + 10(cosx)3 - i? - (sinx)?

+ 10(cosx)? - i3 - (sinx)® + 5cosx - i* - (sinx)* + i° - (sinx)®

Yunteias, uto i2 = —1,ai* = 1, u cobupas nelicTBUTEILHBIE 1 MHUMBIE YICHBI

TIOJTY4HM, 4TO
(cosx + isinx)® = ((cosx)® — 10(cosx)? - (sinx)? + 5cosx - (sinx)*)) +
+i - (5(cosx)* - sinx — 10(cosx)? - (sinx)? + (sinx)®) = cos5x + i - sin5x.

I/ICXOI[H N3 ITIOHATHUA paBeHCTBa ABYX KOMIIJICKCHBIX YHCCII, HpI/IpaBHHeM MHHUMBIC HaCTH.
sin5x = 5(cosx)* - sinx — 10(cosx)? - (sinx)3 + (sinx)®

A 3TO U JaeT penieHue JaHHOM 3a1a4u.



IIpakTuyeckue 3aJaHusi 10 BADUAHTAM

3ajganne 1. BbINOJHUTHL YKa3aHHBIE 1€HCTBHUSA.

n 3aganue n 3aganue
T NP W ) WL Chutze) B P N Cd-) KL S
-4+ 21
3 5+i_+2f3i-(2+i) 4 @-51)-(2+1) i 7(2-30)
-1-2i I —1+i
3+i 453
: 2— - , _
5 (2-i)? +1 > 6 Lo 3i(5+2i)
@-20)@+1) .., . 5+3
7. oy 21(2-1) 8. 153 1(2+30)
0. |(3-2i)2+278 s 10, | (“1+0)-(3+2i)+ &=4)
4+ 2i

o N «m
3ananue 2. Haiirm 1| |

Bapuant 3ananue Bapuant 3ananue
1. n=3m=38 2. n=9m=2_8
3. n=4m=11 4, n =33, m=28
5. n=13,m=81 6. n=30,m=15
7. n=23,m= 38 8. n=7m=83
9. n=15m = 24 10. n=17,m= 21




3aganue 3. HaiiTu gelicTBUTe/IbHbIE pellleHUs] YPABHEHM.

3aganue

(2-i)?x+(3-2i)y =-2i

BG+2)x+(@-31)y=x+y+8-5i

Q+4)x+(B-20y=3+1)x—(2+31)y+3+T7i

(3+5i) X+ (1—2i) y = (3—4i)i

(5+i)°x—y=(1+i)x+9i

(2+i)ix+(4—i)y=y+5i

G+)Xx+(A-2)y=ix—2+1)y+4+i

(2—i) X+ (-5+2i)y=1—i

n
1
2
3
A
5.
6
7
8
9

A+3i) x+(2—i)° y = (-1— 4i)i

10.

B—i)x+(2+2i)y = (L+2i)x —iy




3ananue 4. JlaTh reoMeTpuyecKoe ONMUCAHUE MHOKECTBA TOUYEK KOMILIEKCHOM

IJIOCKOCTH, YAOBJECTBOPAKIIHUX YKA3aHHOMY YC/I0OBU1O.

n 3amaHue n 3anaHue

1. Im(2)] > 1 2. ~1<Re(z) <3
3. O<argz<% 4. 1<|z-3 <3
5. z—i|<5 6. 2> =(Rez)’ +9
7. Im(z —4i)>0 8. |z +4i| < 4

9. Re(z-i)>3 10. Im(z%)<2

3ananue 5. [IpeacTaBUTh KOMILJIEKCHbIE YMCJIA Z1 M Z2 B TPUTOHOMETPHYECKOM

U IKCIOHEHUHMAIBLHON ¢opMax W H300pa3UTh TOYKAMH HA KOMILIEKCHOI

IIJIOCKOCTM.
n 3aganue n 3aganue
1|z, =2+23i, 2. | 7, =—43+4i,
3. |z,=-3+3i, 4. 2, =—T7+7+3i,
22=\/§+i 22:3\/§+3i
5. |z,=—/3-i, z,=-5i 6. 2,=4-4J3i, z, =05i
7. | nw=-2-2I, 8. | z,=6/3+6i,
Z, =1+i/3 2, =—J2—+/2i
10.

9. |z, =-3-3J3i,2,=-2i

2, =-2+2/3i, 2, =—0,5i




3aganue

TPUrOHOMeETpHYecKoil (opme,

6.

KOMILJIICKCHBIX

s

qucea

1 A 2y,

3allHCaAHHBIX

B

H3 3aJaHus 4 BbBINOJHUTH YKa3zaHHbIC

HelcTBUA.
n 3aganue n 3aganue
1. 5 Zl 2. Z5
27 - 2,, —, 32 1 3
1 =2 7 2 2,°2,, —, 32,
2 22
3. 5 21 3/,5 4 Z, -7 Z_l 3/7
Z1°L3, — N2 1722, = V4
Z, Z
2
5. 7 Zl 6. Z4
L 4
Zl '22’ 7 1 Z2 Zl 22’ _1’ 4 Zl
2 22
8 8
7. 21 ' 5 Ly 4[5
4/ 1
21'22, I 22 Zl 221 ' Z]_
Z, Zy
9. 23 10. Z
1 4/43
1 . _ Y4
2,-2,, —, 1, afy VA
Z, 2




3aganme /. PemnTh 3amavy, ucnoab3dysi popmyay MyaBpa wuiam (opmyJibl

Jiliepa.

n 3amanue

Bripasuts COS 3¢ uepe3 COS @

Bripasute COS4¢ yepe3 COS @ u Sin(p

Bripaszuts SiN 3¢ gepes SiNg

Bripasuts SiN4¢ uepes COS@ u SINQ

Beripasuts tg3¢ uepes Q@

Beipasuts Ctg 3¢ uepes Clg@

Brruuciauts cymmy COS @ + COS 2¢ + COS 3@ + ...+ COSN@

Borunciauts cymmy COS 2 + COS4¢ + ...+ C0S 2N @

Ol O N o & W M=

Beruucnuts cymmy SiNg +SiN2¢p+Sin3p +...+sinng

|
o

Beraucnuts cymmy SiN2¢ +Sin4e +...+sin2ng




PABOTA Ne 2 (11) Dn1eMeHTHI TEOPHH MHOTOYJI€HOB.

He.]'lb: N3Yy4YUTH KOJIbIIda MHOTI'OYJICHOB Hal KOJIBIIOM U ITOJICM.

Bomnpocsl, BBIHOCHMBbIE HA IPAKTHYECKOE 3aHATHE.
Komp110 MHOTOUYJIEHOB HaJ KOJIBIIOM.
Komp110 MHOTO4JIEHOB HaJ, IOJIEM.
Anrebpanyecku 3aMKHYTBIE TIOJIS.

Cxema I'opnepa.

o &~ W npoE

Pemenne ypaBHenuii 3 crenenu (popmynsl Kapaano).

KpaTkue TeopeTnueckue cBeJleHUs.

Hax xomnbiom K paccmorpum MHOXeCTBO K[x] MHOrounenos Buga p(x) =
=ay+a;x+--+a,x", tne a;€K. Ecmm a,#0, 1o n=deg(px))
HAa3bIBACTCA CTENEHBbIO MHOrowieHa. Omnepanuu CIOXKEHUS + U YMHOXKCHUSA
MHOT'OUYJICHOB OIPEJIESAIOTCS €CTECTBEHHBIM 00pa3oM.

Torma anreopa < K|[x], +,-> Ha3bpIBaeTCs KOJIBIOM MHOTOYJIEHOB OT OJHOM
MEPEMEHHON HaJl KOJIBIIOM K.

TEOPEMA. Kosb110 MHOTOUYJIEHOB YAOBJIETBOPSIET CIAEAYIOIIUM CBOMCTBAM:

1) Ecim  kombmo K accommatmBHO, TO u  Koumeio < K[x],+,>

aCCOIIMAaTUBHO.

2) Ecmu xonbno K kommyTatiBHO, TO 1 Konbio <K[x],+,>

KOMMYTAaTHBHO.

3) Ecnu B kosbiie K nMeeTcst e IMHUYHBIN JIEMEHT, TO U B KOJIbIIE

<K[x],*,> wuMeeTcss EMUHUYHBIN FJIEMEHT.

4) Ecnu xomwio K 6e3 nenuteneii 0, To u konbuo <K[x],+,~> 06e3

nenureien 0.

5) Koasio K sBiasercst moakosbiioMm Kojbia <K[x],+,>.



[Tone wHa3pBaeTCs anreOpamyeckdl 3aMKHYTBHIM, €CIHA IJIs  JII000TO

MHOTOWICHA HaJl ’TUM TI0JIEM UMEETCSI XOTsI ObI OJTUH KOPEHB M3 ATOTO IOJIS.

TEOPEMA. Komabiio C KOMIUIEKCHBIX YHCEN SBISIETCS ajareOpanydecKu

3aMKHYTBI TTOJIEM.

B ywactHOCTH, Kak MBI YK€ YOEIUIUCh B Mpeablaylield padoTte, 1 JIF0O0Tro
HE HYJICBOI'O KOMIUIEKCHOTO YHCJIa G YpaBHEHHE X" = @ MMEeT pellcHHe, T.K. U3
a W3BJIEKACTCS KOPEHb CTEIEHH N.

TEOPEMA. Ecmu B wMHorowiene p(x)=a,+a;x+ -+ a,x"™ Hax

KoJelioM K, ctapmmii koadduiuent a, # 0 koroporo obpatum, TO s

aroboro muorowieHa g(x) = by + byx + -+ + b, x™ CyIIECTBYIOT TakKue

qix) =co+cix+ - +cxs nr(x)=dy+dix+ -+ dpx® uto k <n

¥ BBITIOJIHsIETCS paBeHCTBO g(x) = p(x) - q(x) + r(x).

3ametuM eci K mone, TO TeopeMa JEJIEHUS MHOTOWIEHOB C OCTaTKOM

BBIITOJIHACTCA B KOJIbIIEC MHOT'OYJICHOB OT OI[HOﬁ nepeMeHHoﬁ HaJd 3THUM IIOJIEM.

TEOPEMA. Ecmu wmuorounen p(x) = ap+ a;x + -+ a,x™ Hag moiem
JNEUCTBUTENBHBIX YHCEJI WMEET JICUCTBUTENbHBIA KOPEHb X=a, TO
cymecTByeT Takoii MHorouneH g(x) = by + b;x + -+ x"1, uro

BBITIOJIHSIETCS PABEHCTBO

p(x)=ap+a;x+-+a,x"=a, (x—a) g).

Paznenum MHOTOYJIEH CTETIeHH n
P(x)=a,x" +a, (X" ' +..+aXx+a8,=0 Ha MHOroWIeH mnepBoii cTemnenn
(x—xp), TO TIOJTy9UM MHOTOYJIEH CTENeHH n-1
Q(X)=b, X"t +b, ,Xx"?+..+bX+by u uncnosoii ocratox r. Torna

MMeeT MECTO PaBEHCTBO P(X) = (X=X,)Q(X)+r. Jenenne wmuorouwieHos

MOXHO IIPpOBOAUTD II0 ITpaBUJIaM ACIICHUA «YTI'OJKOM», OPUCHTHUPYACH Ha CTCIICHU

MHOI'OYJICHOB.



B 3TOM cityyae neneHue MOKHO OCYIIECTBIISTH MO cxeMe ['opHepa, koTopast

1no3BoJisieT Haiith ko3 durmentsl MEorowiena Q(X) u ocrarok r. B ciyuae, eciu

XO — KOPCHb MHOI'OYJICHA P(X), 1o ocrtatok I=0. Omna NpcaAcTaBjiCHa B

ciemyromiei Tabuure:

an an_l an_2 ao
Xo Dy | bBho=a, 3 +X-by g | By g=a, o +X-by 5 | - r
— an

TEOPEMA. Ecim MHOrowieH Haj MHOJIEM AEUCTBUTEIBHBIX YHCE HMEET
KOMILIEKCHBIA KOpeHb Z=a+ibh , To u conpspkeHHOe Yncino Z=a-ib sBisercs

KOPHEM 3TOI'O MHOI'O4JICHA.

TEOPEMA. Ecmu muorounen p(x) =ap+ a;x + -+ a,x™ ¢ uensiMu

KO3 puIMeHTaMu KMMEET palMOHAIbHBIA KOpPEHb P, TO 4YHUCIO P €CTh
q

JeNINTeNb CBOOOJHOIO 4JjieHa dgp, @ YMUCIO (| €CTh JACNUTENb CTapIIero
ko3 duLreHTa an.

TEOPEMA. KaanpartHoe ypaBHenme a-x°+b-x+c¢c=0 Hag nonem
KOMIUIEKCHBIX YMCEN UMEET JiBa KOPHS (ObITh MOXKET, COBIAJAIOLIHNX), KOTOPbIE

HaXOoJATCs IO (hopmyIie

TEOPEMA. YpaBHeHHE TpeThel cTereHu 00ITIero BUIa HaJl TIOJIeM
. b
a-x>+b-x*+cx+d=0 3ameHoi X=2z—,- TpUBOIUTCA K

KaHOHMYECKOMY BUIly z°> + p -z +q = 0.
TEOPEMA. Ecnu 17151 KaHOHMYECKOTO YPaBHEHUS TPEThEN CTENECHN

z3 4+ p-z+ q = 0 IMCKPUMHMHAHT KyOUYECKOTO YPaBHEHHs 0003HAUHMTh YEPE3



2 3

A=1 +p—,T0
27

T4

1) mt A > 0 y KaHOHMYECKOTO YPaBHEHHS HAJl TIOJIEM JICUCTBUTEIBHBIX YHCEI
OJTMH BEIIECTBCHHBIM KOPEHD U JIBA COMPSDKEHHBIX KOMITJICKCHBIX;

2) mxs A>0wu p2 + q2 # 0 y ypaBHEHHS OIVWH OJHOKPATHbIA W OJIMH
JIBYKpPaTHBIN KOPEHB;

3) mia A > 0up?+ q? =0y ypaBHeHHsI OJMH TPEXKPATHBI BEIIECTBEHHEII
KOpEHB;

4) nns A < 0y ypaBHEHUsI TPU BEIICCTBEHHBIX KOPHSI.

TEOPEMA. JIucKpMUHAHT U KOPHH YPaBHEHMs TPETHEH CTEIIEHHW HAJ IOJIEM

JIeCTBUTENBHBIX YHCeN B KAaHOHMUecKol popme z3 + p - z + ¢ = 0 0603HauMM

2 3 3 2 3 3 2 3
q p q q p q q p
oykean A =—+—,a= |—-+ [—+—-uf = |—-— [—+ -, Torma
4 27’ 2 4 27 '8 2 4 27’ A

pellieHust  ypaBHEHUs1  Haxomdrcss 1o Qgopmyinam  Kapmano: z; =

I q a2, v, > q q? | p3
e B L T Y
2 4 27 2 4 27

IIpuMepsI BBINIOTHEHUS 32 JAHUM.

IIpumep 1. BbINOJIHUTH yKa3aHHbIE ACHCTBHA HAJ MHOIOYJIEHAMH B
koabue R[x]. (x2 —2x + 1) - (x — 1)3.

(x*?—2x+1)-(x—1)3=(x*—-2x+1) (x> —3x%+3x — 1)=

=x° — 2x* + x3 — 3x* + 6x3 — 3x% + 3x3 — 6x% + 3x —x% + 2x — 1=

= x> —5x* + 10x3 — 10x? + 5x — 1.

IMpumep 2. BoINoTHUTH ejIeHHEe MHOTOYJIEHOB B KoJblle R[X]. lesmmoe
xt—2x%F - 3x+ 1, neaureiib x% + 1.

x—2x2—-3x+1 | x*+1




x* + x? x% -3

—3x2—-3x+1
—3x% -3
—3x+4

Takum 006pa3om umMeeM paBeHCTBO:
xt*—2x2 —3x+1=x%+1)-(x? —3) + (—3x + 4).

Ipumep 3. IIpoBecTn coxpamenue Apodei Haa koabom R[X].
@3+1)(x%-1)
x2+x

x3+1)(x%-1) _ (x+D)-(x?—x+1)-(x—1)(x+1) _ (x%—x+1)'(x—1):(x+1)
x2+x - x-(x+1) o x '

IIpumep 4. Ioab3ysich pacmiupeHHbIM anropurMom EBkianaa
BbryucauTh HO/I 1 BbIpa3uTh €ro 4yepe3 HCXOAHbIE MHOTOYJICHBI HAJY

koabmom R[x]. x* —2x? —3x + 1, x* + 1.

N3 nmpumepa 2 Mbl yK€ UMEEM PABEHCTBO:
x*—2x2—-3x+1=x?+1)-(x2—=3)+ (-3x+ 4)

I[IpoBeneM aeleHue MpeAblAyIero AeIUTeNs Ha IEPBhIA OCTATOK.
1 4 25
X2+ 1=(=3x+4) (-3x—-3)+2.
3 9 9
M3 5TOro paBeHCTBA CIAEAYET, YTO MCXOJHBIE MHOIOWIEHBI B3aMMHO IpocThl. Ha

OCHOBAHHH ITIOCJICAHCTO PABCHCTBA BBIPA3HUM l:

921y 2 _1 4
1=2(x2+1) - —( 3x+4)( X 9).

A W3 IepBOTr0 PaBEHCTBA UMEEM
(—3x+4)=x*—2x>—-3x+1)— x*+1)- (x> -3).
[ToxcTaBuM 3TO IPEACTABICHUE OCTATKA B IIPEABIIYILEE PABEHCTBO.

1=+ 1) - (& -2 = 3x+ D= (2 + 1) (2= 3)) (—3x—3)=

= D (24 1) - o (x* — 202 3+1<1 4)+9 “+1
—ZS(X ) 25(X X X ) X 2S(X )

3 9
- (-1,

Takum 006pa3om, mogyyaem:



1=(x*-2x*-3x+1 (3 +4)+ 21 1) (x? @( . 4)+
= (=2 =3 D) (Gpx g ) T+ D) e 3% 79

3 4
— (v _ g2 (e —
+1) = (x* —2x* —3x+ 1) (25x+ 25) +

9 1 4
-|'(X2 + 1) g((xz —3) <—§X—§) + 1) =

o4 2 3 4 2 3 3 4. 5,9 21
=xX*"—2x"—3x+1 -(—x+—)+ x*+1) (—=x"—=x"+—-x+-).

( T O T T S T T
B mpaBuIBbHOCTH HAWIEHHOIO JIMHEHHOIO IIPEACTABIIEHUS JIETKO IIPOBEPUTH
IpUBENS IOAOOHBIE B IPABOM YaCTH PaBEHCTBA.

IIpumep 5. IIpoBepuTh UMEKTCS JIM Y MHOTOYWIEHA HA/I KOJIbLOM L EJIbIX

YHceJl PAIMOHAJIbHBbIE KOPHU. f(X) =5x" +4x° +4x* +4x -1

CormacHo Teopuu €civ ecTh KOpeHb P MHorouwieHa f(x), TO 4UCIO P eCcTh
q

ACINTCIIb CBO60,Z[HOFO HJICHA ao:1, a 4uciao ( €eCTb JCIMTCIb CTapLICro

koa(pdurmenta an=5. CocTtaBUM Bce Takue IpoOU W MPOBEPUM HX HA pELICHUE

115
) Bl | 5’5

fF(-1D) =5(-D*+4(-1)3 +4(-1)?+4(-1)-1=0
fF) =5)*+4(1)3 +4(1)2+4(1)—1%#0

ypaBHeHHA f(X)=0

. =5 14+4 13+4 12+4<]) 1+0
f(=2) =5(-2)* +4(-2)° +4(-2) :
1—514+413+412+4(1) 1=0
Taxum 00pazom, y JaHHOTO MHOTOYICHA JBa PaIMOHAILHBIX KOPHS -1 1 % .

Ilpumep 6. HaiiTu KoOpHM MHOro4JjieHa BTOpPOil crTemeHn (C

KOMILUIEKCHBIMH KO3()(PHUIIHEHTAMH) HA MHOKECTBE KOMILUIEKCHBIX YHCe] H

pasiokuTh ero na muoxkutenn. Q(X) = ix? + 2ix + X +13i +1.



Tak kak MHOTroO4JeH BTOpOﬁ CTCIICHN HMMCCT B MHOXKCCTBC KOMIIJICKCHBIX

yhcea poBHO 2 KOpHA, To ero pasioxkenue Q(X) =a2X2 +aX+4a, Ha

MHOXHTCJIM UMCCT BH .

Q(X) = a (X =X )(X = X3).
Haiinem KOpHM MHOrO4YJIEHa, pPENIMB COOTBETCTBYIOLIEE KBaJIpaTHOE
YpaBHEHUE.
iX° +2iX+ X +13i+1=0
ix* + (2i +)x+ (13i +1) =0
D=(2i+1)° —4i(13i +1) = 4i* + 4i +1-52i* —4i = -4 +1+52 =49
“ = —(21+1)+7 _ —21+6

1 - :_1_3|,
21 21

- —(2i +_1)—7 _ —2|_—8 144
21 21

CJIGI[OB&TGJIBHO, UMEEM:

QX)) =1(x—(-1-3))(x=(-1+4i) =1 (x+1+31)(x+1—-4)

[IpaBUIBHOCTH pelIEHUs CIEAYET IPOBEPUTH PACKPHITUEM CKOOOK U
IMPUBCACHUCM HO,Z[06HBIX.

ix+1+3D)(x+1—4i)=ix2+i(1+3D)x+i(1—4i)x+
+i(1+3)(1—-4)=ix>+({—3)x+ (+4)x+i+3i2—4i>—-12i3 =
ix?+ (2i + Dx + 13i + 1.

Ilpumep 7. HailiTu KOPHM MHOroYIeHa ¢ JIeHCTBUTEIbLHBIMH
4 3 2
kodppuuuentTamu P(X)=3x" —4x" +x°+6x—2. Hax MHOKeCTBOM
KOMILIEKCHBIX unces pa3noxuth P(X) na MHoxuTe M.

HalineM panuvoHanbHble KOPHM JAHHOTO MHOrousjeHa (€ciaud OHU
CyHIeCTBYIOT). JlJis1 3TOTO BBHINUILEM BCE JAETUTENN CBOOOJHOTO UjeHa U CTaplIero

koa(pduirenTa.

Hemmremn ay =—2:11,+2.
Henmrenn a, =3:+1,+3.

CHC}IOB&TCJ’IBHO, BO3MOZKHBIC pallMOHAJIBHBIC KOPHW MHOI'OYJICHA!



1o 42
3 3

HpOBGpI/ITI), SABIACTCS JIA YHCJIO KOPHCM MHOI'O4JICHA, MOXXHO

+1, +

HEIOCPEICTBEHHON MOACTAaHOBKOM, HO Y0OHEE 3TO caenaTh, BOCIOJIb30BABIINCH
cxemoit ['opHepa.
CocraBuM cxeMy ['opHepa mig paccMaTprBaeMOro MpUMEpa U MPOBEPUM,

KAKOM M3 BO3MOXXHBIX PAallMOHAJIBHBIX KOPHEU IEHWCTBUTEIBHO SIBISECTCS KOPHEM

muorowrena P(X) =3x* —4x> + x% +6x—2.

3 -4 1 6 -2
-4+1.3= | 1+1-(-)=| 6+1.0= | —2+1-6=

X, =1 3 -1 ~0 -6 =4
—4+(-3)= 1+7 = 6+(-8)=| —2+2=

Kak BuaHO M3 Tabmmiusl, 4nucio Xg =1 He sBIseTcs KOPHEM MHOTrOWICHA,
TaK Kak ocTatok r = 0. (KcraTn, OH paBeH 3HAYCHHIO MHOTOWICHA B TOYKe Xy = 1,
TO €CTh I = P(1)).

Yucino Xy = —1 sBasercs KopHeM MHOTO4ICHa, TaK Kak r =0.

CrnenoBarenibHO, pa3[evMB HCXOAHBIM MHOTOWIeH Ha X + 1, momydaem

PaBEHCTBO
4 3 2 B 3 2
P(X)=3x"—4x" +x“+6x—2=(X+D(3Bx" —7x“+8x—-2).
OcTajibHblE  PAlMOHATBLHBIE KOPHH MOKEM HCKaTh, WCIONB3YS —YiKe
muorowren Mensuueit crerer: Q(X) = 3x° —7x? +8x—2.
Tak KaK 9ucio Xg =1 He SABNAETCS KOPHEM MCXOIHOTO MHOTOUJIEHA, TO OHO

He MOKeT ObITh 1 KopHeM MHorowiena Q(X).
[IpoBepuM ocTanbHbiE BO3MOXHBIE KOpHH. Ilpm 3TOoM umcino x, = —1
MOXET €IlE Pa3 OKa3aThCs KOPHEM (TOTJIa €ro KpaTHOCTh B UCXOJAHOM MHOTOUJICHE

oymer >1).



-7 8 )
xg=—1 3 -10 18 -20
1
Xg == 3 -6 6 0
3
Yucno xo = — ABJCTCS KOPHCM, ITIOOTOMY HMMCIOT MCCTO paBCHCTBA:

Q(X) =3x> —7x? +8x—2=(x—1/3)(3x* —6x+6), Te.
P(x) = (x+1)(x—1/3)(3x* —6x+86).

Jlanee paccMOTPUM MHOTOYJIEH 3x? —6x+6. MoxkeM U 1anbile, HCIOMB30BATH
cxemy ['opHepa, HO Tak Kak 3apaHee HEM3BECTHO, €CTh 1M €lI€ PAlHOHAIbLHBIE
KOPHM M TaK KaK MOJyYEHHBI MHOTOWIEH SBISETCS MHOTOYIEHOM BTOPOM
CTENIEHW, MOEM PpENINTh COOTBETCTBYIOIIEE YPAaBHEHHE  KaK OOBIYHOE

KBaApPaTHOC YPABHCHUC.

3x° —6x+6=0
x> —2x+2=0
D=(-2)"-4-2=—4
X:2i2| 14

2

. 1 ) :
Ntak, ucxoaHbIii MHOTOUYICH UMeET 4 KopHs: —1, §, 1+1,1-1.

Pa3noxenue HNCXOAHOI'O MHOI'OYJICHA HAa MHOKUTCJIN UMCCT B!

P(X) = 3x* —4x® + x? +6x—2 = 3(x +1)(x—%)(x—(1+ (X —(L—i))

Ipumep 8. CocTtaBUTH  MHOIOWIEH €  JIeHCTBUTEJIbHBIMHU
KOO((PUIUMEHTAMH dYeTBepTOl cremenn, ecam XxX=-1+2i — Kopenb

MHOIO4WIeHa KPATHOCTH 2.



Tak Kak Mo YCJIOBHMIO MHOTOUYJIEH MMEET JEHCTBUTENbHbIE KO3(DPHUIINESHTHI,
TO €r0 KOMIUIEKCHBIE KOPHU SIBJISIOTCS CONPSKEHHBIMM, IIPUYEM OJHOM M TOU Ke

KpPaTHOCTH.
x =—-1+21 — kopens kpaTHOCTH 2 , T09TOMy X = —1—2I raxxe kopeHs

KpaTHOCTH 2.

CJ'ICI[OB&TCJIBHO, NCKOMBIM MHOTOYWIEH MOYKET 6I>ITB IMpCaACTABJICH B BUIC
M (x) = ((x— (=1+2i))* (x = (-1-2i))* =
= ((x— (14 20)(x = (-1-20)) = ((x +1-2i)(x +1+2i))* =

—((x+1)2—4i2f =(x2 +2x+1-4i2f = (x? + 2x+1+4)f =(x2 +2x+5f =

= x% +4x3 +4x% +10x% + 20x + 25 = x* + 4x° +14x% + 20x + 25.

3aganue 9. Pemunth ypaBHeHHe TPeTheli CTeNeHH HA MHOKECTBE
3 2 _
KOMILIEKCHBIX YHCe]I, HCnmob3ys (popmyast Kapaano. X~ —3x° —6X+4=0_
[IpuBeneM JaHHOE ypaBHEHHE K KAHOHMYECKOMY BHY 3aMEHOM

X=z—2=z-"=z7+41.

3a 3-1
(z+1)23-3(z+1)?-6(z+1)+4=0.23-9z—4=0.
BBIUMCIMM ~ JUCKPUMHHAHT  3TOTO  ypaBHEHHMS  C  JIEHCTBHTEILHBIMH

koddpureHTamu.

2 3 N3
A="7+§—7=( D 8D 497 =23

4 27

T.x. 4 < 0, To 7aHHOEe KyOMYEeCKOe ypaBHEHHE UMEET TPHU BEIIECTBEHHBIX KOpHS. J[is

X HAXOXIACHUA H€O6XO)II/IMO CHa4aJia BBIYMCINUTh BCIIOMOI'aTCJIbHBIC BEIMYUHBI X 1 IB .

3
a= -0 242 )|-1-a - -2 -vB =20

2

Jlnst BBIUMCIIEHMST OCHOBHOTO 3HAYEHHUsS] OTOTO KOPHSA IEPEBEIEM IOAKOPEHHOE

BBIPAYKEHUE B TPUTOHOMETPUYECKYIO (DOPMY 3aITCH KOMIUIEKCHOTO YHUCIA.

p= 22+ WD) = VAT D3 = V2.

@ = arctg <—L\/2_3> = —arctg (\/%)



a = p(cosp + ising) =

=27 <cos (—arctg (%)) +i-sin (—arctg (\/%_3))) -

17 st 3) - - o ().

| q ’qz P’ _s[_4d 3 (=4) N
,3=\/—E+ Z‘l‘ﬁ: _E-I_\/_:\/_T-I_\/_—ZB: 2+l\/2_:

77wt () s ot (39)

Torna uMeeM Zi=a+ [ =27 (cos <arctg (%)) —1i-

sin (arctg (5))) + +V27 (cos (arcg (Z5)) + - sin (areeg (Z)))

= 227 (cos (arctg (%)))

zm(cos(arctg(\/%)»

+i-
—Zim<co <2a i )» V3= —/27 (COS (arctg (v—)»
V27 (cos (arctg ( ))) V3 =
=27 (cos (arctg ( ))) (V3 -1);
. 2V27 <cos (arctg (\/%—3)» . —2iV27 (cos (arctg (\/%—3») .
2 2

=27 (Cos<arctg ( \/_>>> (—V3-1).

Torna 11 NICXOAHOTO YpaBHEHUI MMEEM CIIEAYIOLME PELLICHMS:



x, =21 +1 =1+227 (cos (arctg (\/%)))

X, =z, + 1 =1+/27 (COS (arctg (%))) . (\/§ — 1).

x3=2z3+1=1+ \/ﬁ<COS (arctg (\/%))) . (—\/§ — 1).

IIpakTuyeckue 3aJaHusi 10 BAPHAHTAM

3anaﬂue 1. BbIIIOJIHUTH YKa3aHHbIC IleﬁCTBHH HaJd MHOI'O4wJiI¢eHaAaMH B KOJIbIIE
R[X].

Bapuant 1. (x3 +2x — 1) (x —5); Bapmanr2. (x> +2x—1)%-(x—5);
Bapuant 3. (x3 +2x — 1) - (x — 5)3; Bapmanr 4. (x3 + 2x — 1)% - (x — 5)?;
Bapuant 5. (x3 + 2x — 1) - (x — 5)%; Bapuanr 6. (x3 + 2x — 1)? - (x — 5)3;
Bapuanr 7. (x3 + 2x — 1)3 - (x — 5)%; Bapuant 8. (x3 +2x—-1) - (x —5)%
Bapuant 9. (x3 + 2x — 1)% - (x — 5)* ; Bapmanrt 2. (x3 + 2x — 1)3 - (x — 5).

3aganue 2. BoINoJHUTD 1ejieHHe MHOTOYJIEHOB B Koublle R[X].

Bapuanr Jeaumoe Jeaurenn
1 xt—x*+1 x—75
2 xt+x2+1 x+2
3 xt—x% -1 x+5
4 x*t—2x2+1 x? -2
5 x*+3x2+1 3x —2
6 x*—3x%2+1 3x+2
7 4x* +3x%>+1 2x+5
8 4x* —3x%2 +1 2x—5
9 x*—3x2 -1 x2+1
10 x*+3x2-1 xt -1




3aganue 3. [IpoBecTn coxpamienune apodeii Hag KoabuoM R[X].

Bapuanr 1. % . Bapuanr 2. % :
Bapuanr 3. % . Bapmuanr 4. % :
Bapuanr S. % . Bapuanr 6. % :
Bapuant 7. % . Bapuanr 8. % :
Bapuant 9. % Bapuant 10. %

3anaﬂue 4. HO.]ILSyHCI) PAaCHIMPCHHBIM AJITOPUTMOM EBKJII/II[a BBIYHUC/IUTD

HO/I u BBIpa3uTh €ro 4epe3 HCXOAHbIe MHOTOWIEHBI HaJ KoJabnoM R[X].

Bapuanrt MuorouJen f(x). Muoroujien g(x).
1 4x* —3x2 +1 x?+1
2 xt—x?+1 x? -1
3 xt+x2+1 x%+2
4 xt—x?2 -1 x? -2
5 xt—2x%2+1 x+1
6 x*+3x2+1 x? -1
7 xt—3x%2+1 x?+2
8 4x* +3x>+1 x? -2
9 4x* —3x* +1 2x% -1
10 x*—3x%2 -1 2x% +2

3az[alme 5. HpOBepHTL HMEIOTCHA JU Y MHOIrodwiceHa HaJd KOJbBIOM IEJIbIX

qucCeJl pallHOHAJIBHBIC KOPHU.

n 3aanue
P(x) =-3x* —x* + 6x% +14x + 4
P(x) = —2x* —5x° + x* +11x -5
P(x) =3x" +2x° +8x* —18x+5
P(x) = 2x* +11x® +19x* —19x —13
P(x) =3x* —=10x> +15x* —10x + 2

SAREE Bl B




P(x) = 2x* +11x° + 23x* +19x +5
P(x) =—3x* +4x> —4x* +4x -1
P(x) =3x* +8x® +18x* +8x -5
P(x) = 2x* +19x° + 41x* — 36x — 26
10. | P(x)=3x"+4x +25x° —22x 10

© o N o

3ananmne 6. HaliTu KOPHM MHOroO4ieHa BTOPOH cTenmeHH (C KOMILIEKCHBIMH

KO3(1)(1)H].[I/ICHT3MI/I) Ha MHOYKECTBEC KOMIUVICKCHBIX YHUCEI N PA3JI0OKUTDL €0 Ha

MHOKUTECJIN.

n 3amanue
1. Q(X) = x? —2X — 4ix + 6+ 4i
2. Q(X) = X* + X —6ix—11-3i
3. Q(X) = ix? + 2x —5ix +5i -5
4. Q(X) = X* —4x + 2ix+ 7 —4i
S. Q(X) = x* —2x + 2ix+9—2i
6. Q(X) = x? —6x —iX +15+3i
. Q(x) = ix? —4ix+4x—i—8
8. Q(x) = x* —6x—ix+11+3i
9. Q(X) = X? = 7x+2ix+9—7i
10. | Q(x)=x*—4x+4ix+9-8i




3aganme /. HaiiTH KOpHM MHOrOYieHa 4eTBeproii cremenu (¢
JAeHCTBUTEJbHBIMHM KO3 (PUIMEeHTAMI) HA MHOKeCTBE KOMIIEKCHBIX YHCeJ U

PA3JI0KHUTH €10 HA MHOKUTECJIN.

n 3aganue
L P(x) = 2x* +9x% +13x* + x -5

2. P(x) =3x* —4x® + x* +6x 2

3 | P(x)=2x"+5x"+15x° —35x+13
4. P(x) =3x* +2x° —x? —6x+2

. P(x) =5x* —6x° + 6x” —6x+1

6. P(x)=2x" +x® —x? —4x+2

7. P(x):2x4+x3+5x2—13x+5

8. P(x) =-3x"—x° +6x% +14x + 4
9 | P(x)=2x"+9x° +9x* —33x+13
10. P(x)=5x* +4x® —x* —10x+ 2




BanaHne 8. CocTaBUTHL MHOTI'0YJIEH IO 3aJaHHbIM YC/JI0BUAM.

n 3aganue
1. MHorouneH ¢ AeUCTBUTENbHBIMU KOI(D(PHUIIMEHTaMU TPEThE CTETEHH,
ecmu X, =2,5u x, =—3+1 — 1Ba u3 ero xopueit
2. MHorouneH ¢ JeHCTBUTENbHBIMU KO3(PPHUIIMEHTaMU YETBEPTOM CTEICHH,
ecn X = 3 — KOPEHb MHOTOYJIEHA KPATHOCTH 2 U X, =2+ | — ojuH u3
JIPYTUX KOPHEW MHOTOYJIEHA
3. MHorousneH, ecim BCe €ro KOPHM M COOTBETCTBYIOIIME HMX KPaTHOCTH
NPUBEAECHBI B TAOIMIIE:
KOPEHb 1 -2 —1+i
KpaTHOCTh 2 1 1
4, MHorouneH ¢ JeHCTBUTENBHBIMU KO3(PPUIIMEHTaMU YETBEPTOM CTEIEHH,
ecny X7 = | — KOPeHb MHOTOUJIEHA KPATHOCTH 2
5. MHorouneH ¢ AeUCTBUTEIbHBIMU KOI()(PUIIMEHTaMU TPETbEW CTEIEHH,
ecmu X; =—4 u Xy =1+ 2i — nBa u3 ero kopuei
6. MHorousneH, eciu BCe €ro KOPHM M COOTBETCTBYIOIIME UX KPaTHOCTH
IPUBENICHBI B Ta0NIHULIE:
KOPEHb 3 -1 [
KpaTHOCTb 2 2 1
7. MHorousieH ¢ elCTBUTENbHBIMU KOA(DPUITMEHTaMU YETBEPTON CTEIICHH,
ecmn X, =1—21 u x, =2 —1 — 1Ba w3 ero KopHeit
8. MHorousieH ¢ elCTBUTENbHBIMU KOA(DPUITMEHTaMU YETBEPTON CTEIICHH,
ecmu X; =1+ 21 — kopens MHOTOUNEHA KpaTHOCTH 2
9. MHorousien ¢ JeHCTBUTEIBHBIMU KOd(h(UIIMEHTaMU TPETheH CTENEHH,
ecn x; =—0,5 u x, =6—1 — nBa u3 ero kopuei
10. | MHorousneH, eciu BCE €ro KOPHM M COOTBETCTBYIOIIME MX KPaTHOCTH

NPUBEACHBI B TAOJIMIIE:

KOPCHb 1 1+i 1-i

KPaTHOCTh 3 1 1




3aganue 9. PelunTh ypaBHeHUe TpeThell cTeNeHU HA MHOKeCTBe

KOMILIEKCHBIX YK cell, HCoib3yd popmyJibl Kapaano.

n 3amanue n 3amanue

1 | x*-3x*>-6x+20=0 2. | x®*+6x-2=0

3. | x*+3x-2i=0 4. | x*+18x+15=0

5. | x*=6x-2=0 6. | x®—6ix+4(1-i)=0
7. | X +3x* -15x-59=0 8. | 3_3,2_6x_4=0
9. | X*+3x2—6x+4=0 10. | x3+9x? +21x+5=0
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B naHHBIX METOAMYECKHX PEKOMEHAAUMAX H3JI0KEHBI MaTepuaibl IO pa3aeiy
«DIIUNITUYECKUE KPUBBIE» KYPCOB «DJIEMEHTHI alnreOphl U TEOPUH Yucen» U «Anredpa u
TEOPUS YUCEID.

PaccmoTpensl ciaegyronme TeMbl: ['pynnbl O CIOXKEHUIO TOYEK HA AJUIMITUYECKHUX
KPUBBIX HaJ IIOJEM JICMCTBUTEIbHBIX YHCEN, TPYNIbl IO CIIOXEHUI0O TOYEK Ha
AJUIMITUYECKUX KPUBBIX HAJI KOHCUYHBIMU MTOJISIMH.

[To Teme npeacTaBiIEHBL:

1) KpaTKue TEOPETHUYECKUE TIOJIOKEHUS;

2) mepedeHb BOIPOCOB, BHIHOCMMBIX Ha MPAKTHUECKOE 3aHSTHUC;

3) npuMephl pelIeHUs TUTIOBBIX 33/1a4, BBIHOCUMBIX Ha MPAKTHUYECKOE 3aHSITHE;

4) 3amauu, BBIHOCUMBIC Ha CAMOCTOSITEIILHYIO pPa0OTy CTY/ICHTOB.

JlaHHbIE METOAMYECKHME PEKOMEHAAMM MPEJHA3HAYEHbl [JI  IPOBEICHHUS
NPAKTUYECKUX 3aHATUNA 1O AUCHUIUIMHAM «DJIEMEHTBl alreOpbl U TEOPUU YHCET» H
«Anrebpa u Teopus uyucen» 8 cTyaeHToB FOro-3amagHoro rocynapcTBEHHOIO
YHUBEPCUTETA  HAIpaBIECHUM  MOATOTOBKH:  WH(MOpPMAlMOHHAs  0OE€30MacHOCTH,
MaTeMaTHYeCcKoe 00ecreueHue U aIMUHUCTPUPOBAHNE HH(POPMAITMOHHBIX CUCTEM.

[Io M3/I0)KEHHBIM B JAHHBIX METOAUYECKHMX PEKOMEHAALMAX MaTepHallaM MOYKHO
PEKOMEH/I0BaTh MPENOJaBaTeNl0 IMpoBeleHUE 4-X 4YacoB MPAKTHUUECKUX 3aHITHUH IO
CJIEIYIOLIEMY TUIAHY:

e ['pynmel o CIOXKEHUIO TOUYEK HA ITUNTUUECKUX KPUBBIX HAJ| MOJIEM
JCHCTBUTEILHBIX yucel. (2 yaca)

e ['pynimel N0 CIOXKEHUIO TOYEK HA ILITUINTUYECKUX KPUBBIX HAJl KOHEYHBIMU
nojsimu. (2 gaca)

[Ipu BBINOJHEHUU MPAKTUYECKHUX 3a/laHUW B KaXKIOW 3a/aye BbIOEpeTe 3a/laHue U3
CBOEro BapuaHTa. BapuaHt omnpenensercs mno mnocienHed mudpe HoMepa 3a4eTHOU
KHIKKH. OTueT 1o paboTe NOHKEH COAEpP aTh PELICHUS 3a/1ad M BBIBOJIbI C MOJHBIM UX
obocHoBanueM. Otuer 1Mo pabore odopmuth Ha Juctax ¢opmara A4 B pemakTope
WORD. Ha tutynbHOM JIUCTE JOJKHO OBITh YKA3aHO: YHUBEPCUTET, GakyIbTeT, kadeapa,
IPEIMET, HOMEP IPAKTHYECKOTO  3aHATUS, BAPUAHT, Tpynna, HCIOIHUTEIND,
ITPOBEPSIIOLLINM.



PABOTA Ne 1 (12) 'pynnbl mo €J10:KeHHIO TOYEK HA JUVIMITHYECKUX KPUBBIX HAJ[

10JIeM JelCTBUTEJIbHBIX YHCeJl.

eab: U3y4nTh MOHATUE JUTUIITHYECKOW KPUBOU HAJ TTOJIEM JIEVCTBUTEIBHBIX
qucesl, TeOMETPUUECKOE U alre0pandeckoe CII0KEHNE TOYCK AJUTMITHICCKON KPUBOH,

ITPOBCPKa CBOMCTB I'PYIIIIBI JJIA TOYCK AJUITMIITHYECKOM KpPIBOﬁ I10 CJIOXKCHHIO.
BOHpOCI)I, BbIHOCUMbIC HA IIPAKTHYE€CKOC 3aHATHE.

YPaBHeHI/Iﬂ QJUIMIITUYCCKHUX KPHUBLIX HAI ITOJICM I[CI\;ICTBI/ITGJIBHBIX YHUCCII.
FCOMGTpI/I‘{CCKOC CJIOKCHHC TOYCK HA SJUIUIITHYCCKUX KPHUBBIX.

Aﬂre6pa1/1qea<oe CJIOKCHHC TOYCK Ha SJUIMIITUYICCKUX KPUBBIX.

> W npoe

HpOBepKa dKCHMOM TIPYyIIIbI MHOXKCECTBA TOYCK AJUIMIITAYCCKON KpPIBOﬁ
OTHOCHUTCIIbHO UX CIOXXCHMHA.

5. JlorapudmupoBaHue Ha HUIUNTUIECKUX KPUBBIX.

Kparkue Teoperuueckue cBeieHHs.

Tem, kTo 3HaKoM c Kpunrorpaduerd ¢ OTKPBITHIM KJIIOYOM, HABEPHO H3BECTHBI
abopesuarypsl ECC, ECDH u ECDSA. IlepBas — st1o cokpamenue ot Elliptic Curve
Cryptography (kpunrorpadusi Ha JITUNTHYECKUX KPUBBIX), OCTAIbLHBIE — 3TO Ha3BaHUS
OCHOBAaHHBIX Ha HeW anropuTMOB. CerofHs KPUNTOCUCTEMbI HA DJUTMITHYECKUX KPUBBIX
ucnosib3yroTcst B TLS, PGP u SSH, BakHeHIMX TEXHOIOTHUSX, Ha KOTOPHIX 0a3UpyroTCs
coBpemeHHbI BeO 1 mup UT.

DIIIMNITHYECKHE KPUBbIE

JIns HAC TOCTATOYHO TOTO, YTO JJUIANTHYECKAs KpUBas — OTO MPOCTO MHOKECTBO TOYEK,
ONMCBHIBAEMOE YPABHECHUEM

y2=x3+ax+b
e 4a3 +27b% # 0, (310 HEoOXOAMMO, UTOOBI HMCKIIOUUTH OCOObIE KPHBBIE).
[IpuBenéHHOE BBILIIE ypaBHEHHUE HA3BIBAETCS 0ObIYHOL dopmynuposxoli
Betiepwmpacca 1Sl SIUITHYECKUX KPUBBIX.



https://tools.ietf.org/html/rfc4492
https://tools.ietf.org/html/rfc6637
https://tools.ietf.org/html/rfc5656
https://ru.wikipedia.org/wiki/%D0%9E%D1%81%D0%BE%D0%B1%D0%B5%D0%BD%D0%BD%D0%BE%D1%81%D1%82%D1%8C

Paznuunvie popmor snnunmuueckux kpusvix (b = 1, a usmensemes om 2 0o -3).

Buowi ocobennocmeii: cresa — Kpueas ¢ moukoii 6ozepama (kacnom) (y* = x3). Cnpasa

— Kpusas ¢ camonepeceuenuem (y* = x3 —3x + 2). Oba smux npumepa ne A61A10MCS
NOJIHOYEHHBIMU DJLTUNIMUYECKUMU KDUBLIMU.

DITUNITUYECKUE KPUBBIE CHMMETPUYHBI OTHOCUTEIBHO ocu OX.

Takke MOHANOOUTCS, YTOOBI YACThIO KPUBOM SBIISIACH OECKOHEYHO yAalIEHHas
TOYKa (TaKKe W3BECTHAs Kak ujaeaibHas Touka). C 3TOro MOMEHTa MBI OyJieM 0003HAYaTh
OECKOHEYHO yNajI€HHYIO TOUKY CUMBOJIOM () (HOJb).

OnpeneneHue dIUIMNTAYECKOW KPUBOM MOXKHO YTOUYHUTH CJICAYIOMUM 00pa3oMm:



https://ru.wikipedia.org/wiki/%D0%91%D0%B5%D1%81%D0%BA%D0%BE%D0%BD%D0%B5%D1%87%D0%BD%D0%BE_%D1%83%D0%B4%D0%B0%D0%BB%D1%91%D0%BD%D0%BD%D0%B0%D1%8F_%D1%82%D0%BE%D1%87%D0%BA%D0%B0
https://ru.wikipedia.org/wiki/%D0%91%D0%B5%D1%81%D0%BA%D0%BE%D0%BD%D0%B5%D1%87%D0%BD%D0%BE_%D1%83%D0%B4%D0%B0%D0%BB%D1%91%D0%BD%D0%BD%D0%B0%D1%8F_%D1%82%D0%BE%D1%87%D0%BA%D0%B0

{(x,y) € R?|y?> = x3 +ax + b,4a® + 27b% = 0 } U {0}
OnpeeuM IPyIIy IS SIUTMITHYECKUX KPUBBIX. A HMEHHO:

e DJIEMEHTHI IPYNIBI SBISAIOTCSA TOUKAMHU JUITUIITUYECKOU KPUBOW;
o CIMHUYHBIN ATEMEHT — 3TO OecKOHEeYHO yaanéHHas Touka O;
o oOpaTHast BeIMYMHA TOUYKH P — 3TO TOUYKa, CHMMETpUYHAast OTHOCUTENBbHO ocu OX;

e CIOKEHHE 3a4aETCs CICTYIONINM MIPABIIIOM: CyMMa TPEX HEHYJIEBBIX
touek P, Q u R, nexxammx Ha oHOM nipsiMo, Oynet paBHa P+Q+R=0.

Cymma  mpéx  mouek,  Haxooawuxcsi  Ha  0OHOU  mpsamou,  pasHa 0.

CTouT yd4ecTh, 4TO B MOCTEAHEM IpaBUjIe HaM TPEOYIOTCS TOJILKO TPU TOYKHA HA OJTHOM
TIPSIMOM, M TIOPSZIOK PACTIONIOKEHUS 3TUX TPEX TOUCK HE BAXKEH. ITO 3HAYUT, UTO ECITH TPH
touku P, Q u R nexxar wa omHoit mpsmoit, To P+(Q+R)= Q +( P + R )= P+( R +
Q)=...=0. Takum 00pa3oM Mbl MHTYUTHBHO TMOKa3ajH, YTO HaIl OMeparop + obOiamaer
CBOMCTBaMM AaCCOIIMATUBHOCTH M KOMMYTaTHUBHOCTH, T.€. Mbl HaXoAuMcsi B aOeleBou
rpyTIe.

FGOMeTpI/I‘leCKOC CJII0KCHHC

bnaronapst Tomy, 4TO Mbl HAXOAUMCS B a0€JIEBOU IPyIIIE, TO MOKEM
3anucatb P+Q+R=0 xak P+Q=-R . 310 ypaBHeHue B Takoil popme Mo3BoIsET HAM
BBIBECTU F'€OMETPUYECKUI CITIOCOO BBIYHMCIIEHUS CYMMBI IBYX Touek P u Q: ecnu Mbl
POBENEM JIMHUIO, TPOXOAsILyto uepe3 P u Q, ata npsimas nepeced€r TPeThio TOUKY
KkpuBoil R (310 moapazymeBaercs, motomy uto P, Q u R HaxonaTcst Ha oTHOM MPSMONA).
Ecnu Mbl BO3bMEM 00paTHYIO BETUUYHMHY 3TOM TOUKH -R, MbI Hailném cymmy P+Q.



G.
I1Iposooum npamyio uepes P u Q. [Ipsmas nepecexaem mpemuio mouxy R.
Cummempuunas eil mouxka -R aenaemcsa pezynomamom P+Q .

['eomeTpuueckuii cmocod padboTaet, HO TpeOyeT ycoBeplIeHCTBOBaHUS. B yacTHOCTH, HAM
HY>KHO OTBETUTH Ha HECKOJIHKO BOTIPOCOB:
e Yro ectm P=0 mimm Q=07 PazymeeTtcs, Mbr He cMokeM mpoBectr mipsimyto (0 He
HaxoauTcs Ha iockoctu XOY). Ho nockonbky Mbl onpegenniu 0 kak
eauHnyHbIi 5emMeHT, P+0= P u 0+Q= Q s mro6oii P u mro60oit Q.

o Uro ecnmu P= -Q7?B »sTrom ciydae mpsimas, OpoXoAsimias dYepe3 JBE TOUKH,
BEepTUKaJIbHA, M HE TepecekaeT TpeTbio Touky. Ho ecnm P siBisercs oOpatHoi
BemmmunHoU Q , To P+Q= P+(- P )=0 u3 onpexnencHust 00paTHOW BETHYUHBI.

o Urto eciiu P= Q ? B aToM ciyuae depe3 TOUKy MpOXOIUT OECKOHEUHOE KOJIMYECTBO
NpsMBIX. 371€Ch BCE CTAHOBUTCSI HEMHOTO clioxkHee. Ho mpencraBum, uTo Touka P+
Q’ . Uro mpomsoiaér, ecnmm Mbl 3actaBuM Q' cTpemuThcs Kk P, Bc€ Oosbire
pPUOINKASCH K HEW?




Lpu coOnudxcenuu 08yx mouex npoxooawas yepe3 Hux npsamas CmaHo8umcsl
KacameabHou K KPUBOL.

[Tockonbky Q’ ctpemutrcs k P, mpsimas, npoxojsmias udepe3 P u Q’ cranoBurcs
KacaTeJIbHON K KpHBOH. B cBeTe 3TOro Mbl MOXeM ckaszaThb, uto P+ P=-R, rne R —
ATO TOYKA MEPECEUCHUS MKy KPUBOM M KacaTeJIbHOU K KpUBOU B Touke P .

o Urto eciu P# Q, HO Tperbeil Touku R Her? B sToM ciydae cuTyainus moxoska Ha
npeasinynyro. Ha camom peme, B OJTOM CUTyauuu mpsMas, OPOXOISAIIAs
yepe3 P u Q, siBnsieTcst KacaTeNbHOM K KPUBOM.

[Ipennonoxum, uto P sBiseTcs Toukon kacanus. B npenpiayiiem cirydae Mbl 3alycalin

P+ P=-R. B gannom cinyudae R= Q. DT0 ypaBHeHue Teneps npeppamaercs B P+ Q =-P . C
JIPYTOM CTOPOHBI, €clii ObI TOUKOU KacaHus Obuia Q, TO MPaBUILHBIM ObLIO OBl ypaBHEHUE

P+Q=-Q.

['eomeTpuyeckuii cnoco® Teneph MOJOH W YYUThIBaeT Bce ciaydau. C MOMOIIBIO
KapaHjaIia U JIMHEWKH MOXKHO BBITIOJIHUTH CIOKEHUE BCEX TOYEK JIF000H JUITMITHYECKON
kpuBoi. imeercs Bu3yanbHbiii muHCTpYMeHT Ha HTMLS/JavaScript
(https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html),
CO3JIaHHBIN JJIS1 BBIYUCIIEHUSI CyMM TOYEK AJUIMNTUYECKUX KPUBBIX.



https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html

AuredOpauveckoe CJI0KeHUE

Jnst TOro, 4YTOOBI CIIOKEHHWEM TOYEK 3aHUMAJICS KOMIIBIOTEP, HYXXHO NIPEBpPaTUTh
reoMeTpudeckuii crnocod B anredpandeckuit. [I[peodpazoBaHue BBIIEHU3I0KEHHBIX TTPABUIT
B Habop ypaBHEHUIl MOXKET Ka3aTbCsi MPOCTHIM, HO Ha CaMOM JeJie OHO JOBOJIbHO
YTOMUTEIBHO, TOTOMY YTO TpeOyeT pernieHus: KyOu4eckux ypaBHeHuil. [1oaToMy n3noxxum
TOJIBKO PE3YJIbTaThl.
Jlns Havama nmaBaiiTe m30aBUMCS OT CaMbIX pa3IpakaroIuX TYMHKOBBIX CHUTyalluid. MBI
yke 3HaeM, yto P+(- P )=0, u 3maem, uyro P+0= 0+P =P. IlostoMy B HaImx
ypaBHEHUSX MbI OyneM wu30eratb ASTUX JABYX CIYy4aeB W PAaCCMOTPUM TOJIBKO JBE
HEHYJIEBBIE HECUMMETPUYHBIE TOUKH P = (Xp,yp) U Q = (Xq,Yq)-

Eciu P u Q He coBHajaioT (Xp # Xgp), TO NPOXOJsAIlas Yepe3 HUX IpsMas
uMeeT Kod(PUITMEHT HAKIIOH:

m = 227Ye

Xp—XQ

[lepecedenue 3To¥ NPSIMOI € ATUTUNITUYECKON KPUBOM — ATO TPEThs Touka R = (Xg, Yr):
Xp =m* —xp — Xg
Yr = Yp + m(xg — xp)
WIIH, aHAJOTHYHO:
Yr = Yo + m(xg — xq)
[Mostomy (xp, yp) + (xQ,yQ) = (xg, —yg) (oOpaThTe BHMMaHHWE HAa 3HAKH U TIOMHHTE,
uro P+ Q = —R).

MoxHO IMMO3KCIICPUMCHTHPOBATL C IIPUMEPOM: COITIACHO BU3YAJIbHOMY MHCTPYMCHTY
(https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html).



https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html

3aMeThTe, YTO 3TH YPaBHEHUs pabOTAIOT Jake B cliydyae, Korjaa Touka P wim Q
sIBJIsIETCSl TOUKOM Kacanms. J[aBaiite mpoBepum Ha P = (—1,4) u Q = (1,2).

Yp—Yo 4-2
Xp — Xq C-1-1
xp=m*—xp—xp=(-1)> - (-1)—-1=1

Yr=Yp +mlxg —xp) =4+ (-D(1-(-1)) =2

Mg mosryuniu pesynbtat P + Q = (1, —2), KOTOpBIi COBIAAAET ¢ pe3yabTaToM,
HOJ'Iy‘-IaCMBIM B BU3YAJIbHOM MHCTPYMCHTC
(https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html?px=-
1&amp;py=4&amp;gx=1&amp:;qy=2).

K ciaydaro P = Q HyXHO OTHOCHUTBCS HEMHOI'O nHaye:. YpaBHEHUS
JUISL Xg U Yp OCTAIOTCSA TEMH JK€, HO C Y4ETOM TOro, H9TO Xp = Xo HAM TMPHACTCS
HUCITOJIB30BAaTh AJIA KOB(b(l)I/IL[I/IeHTa HaKJIOHa APYToC YPaBHCHHUC!
3x5+a

2yp

BaMeTBTe, 49TO, KaK 1 MOXXHO 6BIJ'IO OXuagartrb, 3TO BBIpa)KeHI/IC IS M IBJISICTCA HCpBOﬁ
MPOU3BOIHON OT BBIpAKEHUS (DYHKIIUU:

m =

m =

yp=i\/xg+ax+b

UroObl J0Ka3aTh MpPaBWIBHOCTh JTOrO pe3ysibTaTa, JOCTATOYHO YOEIUThCA,
YTO R NMpUHAIIEKUT KPUBOM U YTO MpsAMasi, mpoxoasdmas yepe3 P u R, umeeT ToapKo ABa
nepeceyeHus ¢ KpuBod. He Oyaem jgoka3piBaTh 3TO, a BMECTO 3TOro pa3depém
npumep: P = Q = (1,2).
3x3+a 3-12-7

2yp 22
xp=m*—xp—x9=(-1)>-1-1=-1

= -1

m =

Ye=Ypt+tmxg—xp) =2+ (-1 (-1-1)=4
Yro naérvam P + P = —R = (—1,—4).

XoTs mpolieypa Mmoy4eHus: pe3yJIbTaToB OY€Hb YTOMHUTENIbHA, HAIITU YPaBHEHUS
JIOBOJILHO KpaTku. Bc€ aTo O6maromaps oObano# hopmynupoBke Beiiepitpacca!

CrajisipHOoe YMHOXKEHH e

KpoMme cioxxeHusi, Mbl MOKEM OIPEACTUTh U JPYTyI0 ONEPAIMIO: CKAISIPHOE YMHOXKEHUE,
Toectb.n*P=P+P+--+P

n pas

IZIe N — HaTypajbHOE 4MuCio. VMeeTcss BU3YAIbHBIM WHCTPYMEHT U JUIsl CKaISIPHOIO
YMHOXKEHHS.



https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html?px=-1&amp;py=4&amp;qx=1&amp;qy=2
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html?px=-1&amp;py=4&amp;qx=1&amp;qy=2
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html?px=-1&amp;py=4&amp;qx=1&amp;qy=2
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-mul.html

[Ipn 3amucu B Takod QopmMe OYEBHIHO, 4YTO BBIYHCIEHHE N * P Tpedyer n
cinoxkenud. Ecnu P coctouT u3 k AECATUYHBIX pa3psaoB, TO aNrOpuT™M OyAeT HUMETh
cnoxuocth 0(2%), uto He ouens xopomo. Ho cymmecTByioT u 6osee GbICTpBIE aTOPUTMBI.

OavH W3 HUX — aJIrOPUTM YABOCHHUA-CIOXKEeHUsS. [IpuHIMn ero paboThl mmpolie
00bsicHUTh Ha mpumepe. Bo3zpmém 151. B aonunom ¢popme ono mmeet Bua 10010111,.
Taxyto n1Bon4HyI0 (POpMY MOKHO MPEACTABUTH KAK CYMMY CTETICHEN ABOUKH:
151=1-2"4+0-2°40-2°+1-2*40-23+1-22+1-2'+1-2°
T.e. 1561 =27 +2* + 22 + 21 + 1.

C yu€ToM 3TOro MOKHO 3aIluCaTh:

151-P=27-P+2*-P+2%-P+2'-P+1-P
AJITOPUTM YJIBOCHUSI-CJIOKEHUSA 3aJ1a€T CICAYIOUINNA TOPSIAOK JCUCTBUIA:

e Bgzsats P.

o Yoeoums ero, uToObI MOTYUUTH 2 * P.

« Crnoocums P u 2 - P (4T00BI NONY4uTh pe3yasrar 21 - P + 1 - P).

«  Yoeoumw 2 - P, uTo6bI OTyuuTH 2% P .

«  Crooicums ¢ pe3ynbratoM (4To6sl nonyuuts 2% - P + 21 - P + 1 P).
« Yoeoumw 2% - P , nonyuuts 23 - P .

« He Bomonnars cnoxenve ¢ 22-P +21-P+ 1P,

e Yoeoumw 23 - P, uro6sI nomyuuts 2% - P .

«  Crnooicums ¢ pe3yabTatoM (4to0sl nonyuuts 2% - P +22-P +21-P +1-P).

B pesynpraTe Mbl BeruncauM151 - P, BEIIOJHUB BCErO CEMb YABOCHHI U YETHIPE
CJIOYKEHUS.

Dot ckpunt Ha Python, peanu3sytomuii 3TOT aaropuT™:

def bits(n):

FeHepI/IpyeT ABOHNYHBIC pa3psaAbl N, HAYHMHAA
C HauMEHee 3HaUMMOTo OHuTa.

bits(151)->1,1,1,0,1,0,0,1
while n:

yield n &
n>>=



def double_and_add(n, x):
Bo3sBpaiaer pe3yasTar n * X, BHIYUCICHHBIN
AJIrOPUTMOM YABOCHUA-CIIOKCHUA.
result =
addend = x

for bit in bits(n):
if bit ==
result += addend
addend *=

return result

Ecniu ynBoenme u cioxkeHue sBisroTcst omeparusiMu 0(1), TO 3TOT aaropuTM HMEET
cinoxuocth O(logn) (unu O(k), ecniv yduThIBaTh OMTOBYIO JJIMHY), HAMHOTO JIy4IIlE, 4YeM
u3HavdanbHbI anroputM O (n) !

Jlorapugm

JUist 3apaHHbIX N1 Py Hac umeeTrcs Mo KpaHeW Mepe OJIMH IMOJIMHOMMAJIbHBIN
anroput™m BblunciieHusa Q = n - P. Ho kak Hacu€r oOpatHoM 3amaun? Uto ecim Mbl
3HaeM Q U P, a HaM HYXHO olpefenurb n? OTa 3ajJada M3BECTHA Kak 3aja4a
gorapudmMupoBaHusi. Ml ynotpe0iisieM CIOBO «iorapu@m» BMECTO TEPMHHA «JICJICHUE
JUISl COTJIACOBAHHOCTU C JIPYTMMHU KPUIITOCUCTEMAMHU (B KOTOPBIX BMECTO YMHOXKEHUS
UCIIOJIb3YETCSl BO3BEJICHUE B CTEIICHb ).

He wu3BeECTHO HM OJHOTO «IPOCTOrO» alIropuT™Ma Ui pELIEHUs 3aJadu
JorapupMUpOBaHUS.

IIpumepbl BBINOJIHEHUS! 32 JAHUI
3ananue 1. HauvepruTrh rpaduk JLUIMNTHYECKON KPUBOW Hax MOJeM

AeCTBUTENLHBIX uncet. y2 = x3 + x + 4.

Pemienuie Oynet onupaThCs Ha BU3YAIbHBIA HHCTPYMEHT
(https://cdn.rawqit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html)



https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html

3aganme 2. I'eoMeTpryecKHM MeTOJOM HAWTH CYyMMY JABYX TO4YeK

JJUIMITHYECKON KPUBOM HA/l MI0JIEM J1efiCTBUTEIbHBIX YHCeJI.

y2=x3—x+1, (0,1); (1,1

Pemenue 6yz[eT ONMPATHCS HA BU3YAIbHBIA HHCTPYMEHT
(https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html)

3aganme 3. Aure0paMyecKHM MeTOAOM HAWTH CYMMY JABYX TO4YeK
VIMNTHYECKON KPUBOH HAJA MOJEeM ACHCTBUTEIbHBIX YHCe], 32JaHHBIX B YCI0BHU
3aJaHuqAg 2.

O06o3naunM uepe3 P Touky (0,1), a yepe3 Q - (1,1) . Beiuucium chHavana

o o . yp—Yq 1-1
KOB(l)(I)I/IL[I/IeHT HAKJIOH IPAMOMU IMPOXOAAIICH YEPE3 OTU TOUYKHU. M = —x o _O 1 0.
PTAQ -

Boruncnum nepByro KoopauHaTy TOUkU R, sBisitoleicss oOpaTHO# K CyMMe Touek P
uQ.
xg=m?—xp—xp=(0)*-0—-1=-1.
Tenepb BBIYMUCIUM BTOPYIO KOOPAMHATY 3TOW TOUKHU R:
Yr=Yp+mlxg—xp) =14+0(-1-0)=1

Wnn, ananorudno: yg = yo + m(xR — xQ) =14+0(-1-1) =1.
Takum 06pazom, 71t JAHHOM SIUTUITHYECKOM KPUBOU MOJYUYUIIN CYMMY JIBYX TOUYEK

PuQ:(0,1)+(1,1) =(-1,-1).

3ananue 4. I'eomeTpryecKMM METOJOM HAWTH OOPATHBLIH 3JIEMEHT TOYKH

UIMNTHYECKON KPUBOM HA/l M0JIEM JefiCTBUTEJIbHBIX YHUCeJI.

y2=x3—x+1, (0,1)
Pemenne 6yI[CT ONUPATHCS HA BU3YAIbHBIA HHCTPYMEHT
(https://cdn.rawqit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html)

3aganme 5. Aure0paMyecKuM MeETOJOM HAWTH OOpPATHBIM 3JIEMEHT TOYKH
IIMNTHYECKOM KPUBOM HAJI MOJIEM JIeHCTBUTEIbHbBIX YHCeJI.

y2=x3—x+1, (1,1)


https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html
https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/reals-add.html

B manHom ciydae P= -Q =(1,-1). Ho Torma mpsimasi, mpoXoJsiiasi 4Yepe3 3TH JBE
TOYKH, BEpPTUKAJIbHA, M HE JaeT B IEpeCceUeHUH TpeThio TouKy. Ho ecnm P siBnsieTcs
obparnoit Bemuumuoit Q , To P+Q=P+(- P )=0 , kak cineayeT u3 ompeiciieHus
0oOpaTHOM BETMYUHBI.

3aganmne 6. Haiitu ckansiproe ymHoskenue toukm Q=(1,1) m3 3amaum 2 Ha
yucjo n = 3.

B stoM ciywyae Mbl 1oipKkHBI Halth cymmy T = Q + Q + Q . CHavana HaiigeMm
cymmy Q + Q. B stom ciiydyae P = Q ¥ HY)XHO NOCTYIaTh HEMHOIO MHAye. ypaBHEHUS
IJIS Xg U Y OCTAOTCA TEMHU JKE, HO C YYETOM TOIO, 4YTO Xp = Xo HAM INPUAETCH
UCIOJIb30BaTh JIs1 KO3 PUIUEHTA HaKJIOHA IPYrO€ ypaBHEHUE:!
_3x,§+a_3-(1)2—1_1
2y 2-1

m

xg=m?—xp—x,=1"-1-1=-1
Yr=yptmlp—xp) =1+1(-1-1)=-1.
Taxum o6pazom umeeM R = Q + Q = (—1,1)
Teneps naitnem cymmy T = (Q + Q) + Q = R + Q. 3ametum, 4to R # Q, mosTomy

YR™Y 1-1
m = Q = = 0’
Xp—xq —1-1

xp =m?—xp—x9 = (02— (-1)-1=0,

yr=Yo+m(xg —x9) =1-0((-D -1 =1.

Taxum ob6pazom, umeem T = 3Q = (1, —1).
IIpakTuyeckue 3aJaHusi 10 BApHAHTAM

3aganue 1. Havepruth rpaduk IILIMIOTHYECKONW KPHUBOW HaX MOJEeM
AEMCTBUTEJbHBIX YHCEJI.

Bapuant YpaBHEHUE KpUBOU
1 y2=x3—x+1
2 y?=x3-x-1
3 y:i=x3—-x+4
4 y2=x3—x—4
5 y2=x3+2x+1
6 y2=x34+2x-1
7 y?=x3-2x—-1




8 y2=x3—-2x+1
9 y2=x3+x+1
10 y2=x3+x—-1
3agaHue I'eomeTpuyeckumM MeTOAOM HAWTH CYMMY [JBYX TOYeEK
IUIMNTHYECKOM KPUBOM HAJI MOJIeM JeCTBUTEIbHBIX YHCeJI.
Bapuant YpaBHEHUE KPUBOU Koopannatel Touek Ha KprUBOU
1 y2=x3+2x+1 (0,1);(1,2)
2 y2=x3+2x+1 (0,—1);(1,2)
3 y? = x3 +2x+1 (0,-1);(1,-2)
4 y2=x3+2x+1 (0,1); (1,-2)
5 y2=x3—x+4 (0,2);(1,2)
6 y2=x3—x+4 (0,-2);(1,-2)
7 y2=x3—x+4 (0,2); (1,-2)
8 yi=x>—-x+4 0,-2); (1,2)
9 y2=x3—-x+1 (0,-1);(1,-1)
10 y2 x2—x+1 (0,1);(1,-1)
3ananue AsireOpanyecKMM  METOJOM HAWTH CyMMY JBYX TOYeK

FJLIMITHYECKOM KpHBOﬁ HAJl 1M0JIeM JeHCTBUTEIbHBIX quceJl, 3aJaHHbIX B YCJIOBHH

3aganud 2.

3ananmne 4. I'eomeTpu4ecKMM MeETOJOM HAWTH OOpPATHBIN 3JI€eMEHT

TOYKH

UIMIITHYECKON KPUBOM HA/l M0JIEM J1efiCTBUTEIbHBIX YHUCEJI.

Bapuant YpaBHEHUE KpUBOU KoopauHatel TOUKM Ha KpUBOM
1 y2=x3+2x+1 (1,2)
2 y2=x3+2x+1 (0,—1)
3 y2=x3+2x+1 (1,-2)
4 y2=x3+2x+1 (0,1)
5 y2=x3—x+4 (1,2)
6 y2=x3—-x+4 (0,-2)
7 y2=x3—x+4 (1,-2)
8 y2=x3—x+4 (0,2)
9 y2=x3—x+1 (0,—-1)
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y2=x3—-x+1

(1,-1

3aganme 5. AnredpanmyeckMM MeETOJOM HANTH OOpPATHBIA 3JIEMEHT

UIMNTHYECKOM KPUBOM HAJI MOJIeM JIeHCTBUTEIbHBIX YHCeJI.

TOYKH

Bapuant YpaBHEHUE KPUBOU KoopauHatel Touek Ha KpUBOM
1 y2=x3+2x+1 (0,1))
2 y2=x3+2x+1 (1,2)
3 y2=x3+2x+1 (0,—1)
4 y2=x3+2x+1 (1,-2)
5 y2=x3—x+4 (0,2)
6 y2=x3—x+4 (1,-2)
7 y2=x3—x+4 (0,2)
8 y2=x3—x+4 (1,2)
9 yi=x3-x+1 (1,—-1)
10 y2=x3—x+1 (0,1)

3ananue 6. HaiiTu ckansipHoe ymMmHo:keHue TOUKHA Q U3 3a/1a4um 2 HA YHCJIO N =

k + 1, rne k — HOMep Bamero BapuanTa.



PABOTA Ne 2 (13) I'pynnbI mo ¢J10:KeHHI0 TOYEK HA IIMNTHYECKUX KPUBBIX HAJ
KOHEYHbIMHU MOJISAMH.

Koneunoe moine — 3TO, B MEpPBYIO oOdYepelb, MHOXECTBO KOHEUYHOTO 4YHCIIA
3NIeMeHTOB. [IpuMepoM KOHEYHOro TIOJisi SIBISIETCS MHOXECTBO IIENBIX YHUCEN IO
MOJYJIIO P, TAe P — IpocToe yuciio. B o0mieM Bue 3To 3aUChIBAETCS Kak

Z [p, GFp) nnu £;,. Mbl OyieM UCTIONB30BaTh TOCIIETHIO 3aIHCh.

MHOXeCTBO HeJbIX YHceJ M0 MOAYJIO P COCTOMT M3 BcexX HeJbix yucea ot 0
no p-1. CnoxxeHue U yMHOXEHHE pabOTalOT Kak B TEOpUM cpaBHEHUM. HyXHO 4€TKO

MOHUMATh, ut0 ¥ /3, 03Hauaet Haz £. [lonpocty rogopsi: X/ = x -y~

DJUIMNTHYECKHME KPUBBIE HaJl £ MHOKECTBO TOUEK

{(x,y) € Fp?|y? = x3 + ax + b(mod p),4a® + 27b* % 0 (mod p)} U {0}
rie 0 — mHo-TpeXXHeMy TOouka B OECKOHEUYHOCTH, a @ M b — nBa nensix umcna B Fp.
3aMeTuM, uTO IS KaKJ0ro X CyIIECTBYeT MAaKCHMyM JIB€ TOUKM Ha 9Toil kpuBoii. Takxke

OTMCTUM CUMMCTPHUIO KpHBOﬁ OTHOCHUTCIIBHO y = p/2
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Kpusas y? = x3 — 7x + 10(mod p), c p = 19,97,127,487.

Hecmotps Ha orpanuueHue o0JacTH ONpPENEIECHHUs, dJUIMITUYECKUE KPUBBIE Hal f{ BCE

paBHO co3nmatoT abemeBy rTpynmy. [Ipsmas Ham £, — 5T0 MHOXecTBO ToueK (X,Y),
YIIOBJIETBOPSIIOLINX YPABHEHUIO
axtby+c= 0(mod p) (3T0 cTaHmapTHOE YypaBHEHHE NPSIMOH ¢ J00aBICHHOMN

yacteio "(mod p)"). Tpu TOUKHM HAXOIATCS HA OJHOM MPSIMOM, €CIM CYIIIECTBYET MpsimMasi,

COETUHSIONIAs UX.
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Crnoxcenue mouex ons kpusoti y* = x3 — x + 3(mod 127), npu P=(16,20) u Q=41,120).
3amemsme, kax coedunsaowas mouku npamas P,Q «nosmopsiemy» cebs na niockocmu.

YuuThIBas TO, YTO MBI MO-TIPEKHEMY HAXOJUMCS B TPYIIIIE, CIOKEHUE TOUYEK
COXpaHAET YK€ U3BECTHBIC HAM CBOMCTBA:

o Q+0=0+Q=Q (U3 ompeneneHus: EAMHUYHOTO JIEMEHTA).

o Jna Q oOparHas BenmunHa —Q — 3TO TOYKA, UMEIOMIAs Ty K€ aOCITUCCY, HO
obpatHyto opauHaty. To ectb -Q= (Xo,-Yo)(mod p). Hanpumep, eciu kpuBas
Haj 59 nmeet Touky Q=(2,5), To oOpaTHO# BenmuuHoi OyaeT —Q= (2,-5)(mod 29)
=(2, 24).

« Kpowme toro, P+(-P)=0 (u3 onpenesnenns oOpaTHON BEITUIHHBI).

Ecmu P = (xp,yp),Q = (xQ,yQ) U R=(Xg,yr), T0 P+Q=-R MOXHO BBIYUCIUTH
CJEAYIOIIUM CITOCOOOM:
xg = (Mm? — xp — x)(mod p)
Vr = [yp + m(xg — xp)1(mod p) = [yq +m(xz — xQ)](mOd D).



Ecnu P # Q, T0 k03 duLMeHT HaKIOHA M MPUHUMAET QOopMYy:
m = (y, = y,)(xp — x9)~ (mod p)
Wnaue, ecniu P=Q, To mpumensiem Gpopmyiy:
m = (3x} + a)(2y,) ' (nod p)
VYpaBHeHUs HE U3MEHUJINCH, U 3TO HE COBIIAJICHUE: HA CAMOM JIeJie, OTH YPaBHCHHUS
paboTaroT Haja JOOBIM IOJIeM, W HaJl KOHEYHBIM, M HajJ OCCKOHEUHBIM (3a

HCKITFOUEHUEM 1% U 13, KOTOPBIC SBIISIOTCS OCOOBIMH CITYyYasiMH ).

HNmeercss MHTEPaKTHBHBIA  HWHCTPYMEHT (Opurunanenbiii  Teker:  <div
class="parameter curve-coefficient"><label for="coefficient-p">p</label><input
id="coefficient-p"” name="p" value="97" type="number" step="1"></div> ) s
BBIITOJIHEHUSA CIIOKEHUSA TOYCK.

DnunTUdecKas KpuBasd, OHpeﬂeHéHHaﬂ HaJd KOHCYHBLIM IIOJICM, MMCCT KOHCYHOC
KOJIMYCCTBO TOYCK, UYTO COOTBCTCTBYCT IMOPAIKY ATOH I'PYIIIIBL.

B o6miem ciiyyae mpoBepka BceX BO3MOKHBIX 3HAYEHUU st X B UHTEpBajie oT 0
mop—1 Oymer HEBHINOJHUMBIM CIOCOOOM  MOACYETa TOYEK, IMOTOMY  9YTO
noTtpedyert O (p) maros, a 3Ta 3a7a4a «CJI0KHAY, €CITU P — OOJIBIIOE MPOCTOE YUCIIO.

Opnako, i BBIUMCIEHUSA ~ TOpsJIKAa  CYIIECTBYeT — Oosiee  OBICTpHIi

AJTOPUTM: AJITOPUTM Ulyd)a. OH BBITIOJHSACTCS 3a TMTOJJMHOMHAIBLHOE BpEM:, a UMCHHO 3TO

Y HY)KHO.
Eciu wMbl CKJIaabIBa€M JIBa 3HAYCHUA, KPATHBIX P, TO IIOJydJacM 3HA4YCHMUC,
KpaTHoe P (T.e. 3HaueHus1, KpaTHbIe P, 3aMKHYTbI OTHOCUTEIBHO ONEPALIMH CIIOKECHHUS).
nP+m-P=P+P+---+P+P+P+--+P=(n+m)-P

n pas m pas

MHOXeCTBO KpaTHBIX P 3HaYE€HUW — 3TO IMKINYECKAS MOATPYIIA TPYIIIIHI,

00pa30BaHHOM AIUTUIITUYECKON KPUBOM.

Touka P  Ha3bIBaCTCS MOPOXKIAOIIMM  DJIEMEHTOM, TE€HEPATOpPOM MU 0a30BOM
TOYKOHM IIUKJINYECKOW MOATPYIIIHI.

[Topsnok P cBA3aH C MOPAAKOM DJJUIMOTHYECKOM KpUBOM Teopemon Jlarpamxa,

COIIaCHO KOTOPOM MOPSAIOK MOATPYIIIEI — 3TO AEIUTEIb NOPSIAKA UCXOIHOU TPYIIIIHI.

OnpenenuTs TOPSAIOK MOATPYNNBI ¢ 0a30BOM TOYKOHW P MOXKHO IO CIEIYIOIIEMY
aNTOpUTMY:

Breruncrnsem nopsiiok siuntuueckoit kpusod N ¢ momotnbio anroputma lyda.
Haxonum Bce nennrenu N.

Jutst kaxxnoro penureltst n nopsaka N Beraucisiem n - P.

> w e

Haumensblee n, takoe, yto n* P = 0, siBAsieTCS HOPSAIKOM TOATPYIIBI,
MOPOXKJAECHHOW TOYKOM P.
[Toarpynmel rpynmnbel OpOCTOrO MHOPSIAKA P MOTYT HUMETh MHOPSAOK TOJBKO N =

1 umun = p. Kornan = 1, noarpynna coiepkuT TOJbKO 0ECKOHEYHO YJIaNEHHYIO TOUKY;


https://cdn.rawgit.com/andreacorbellini/ecc/920b29a/interactive/modk-add.html
https://ru.wikipedia.org/wiki/%D0%90%D0%BB%D0%B3%D0%BE%D1%80%D0%B8%D1%82%D0%BC_%D0%A8%D1%83%D1%84%D0%B0
https://ru.wikipedia.org/wiki/%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B0_%D0%9B%D0%B0%D0%B3%D1%80%D0%B0%D0%BD%D0%B6%D0%B0_(%D1%82%D0%B5%D0%BE%D1%80%D0%B8%D1%8F_%D0%B3%D1%80%D1%83%D0%BF%D0%BF)

KOrjan = p, NOATPYINa COAEPKUT BCE TOYKHU DIUIMIITHYECKOM KPUBOM, T.€. 3TO cama
rpymnmna.

JIns  anropuTMOB KPUNTOCHCTEM HA DJJUIMINTHYECKUX KPHUBBIX TPEOYIOTCSA
MOATPYIIIIBI C BBICOKMM TOPAAKOM. [loATOMY OOBIYHO BBEIOMPAETCS DITUNTHYCCKAS
KpuBasi, Bbruucisiercs €€ nopsiaok (N), B kKauecTBe MOpsaKa TPymHmbl (1) BbIOMpaeTCs
OOJIBIION JENHUTENb, @ TOTOM HAXOUTCS MOAXO0/s1ast 0a30Basi TOUKA.

N
Teopema Jlarpamka moapazymeBaer, 4YTO YHCIO h = —BCErIa 1e0e (motomy

yro N — genutenb N). Yucmo h umeer coOCTBEHHOE Ha3BaHWE: ATO KO(MAKTOP
MOATPYTIITHI.
Ucxons u3 ompeeIcHUs Ko(akTopa, MBI MOKEM 3aIncaTh:
n(hP) =0

Tenepp A0OIyCTUM, YTO 11 — MPOCTOE YUCIIO. DTO ypaBHEHUE, 3alIICAHHOE B TaKou (hopme,
TOBOPHT HaM, 4TO Touka G = hP co37a€T MOArpyIITy nopsaka n (3a UCKIIOUYEHUEM
ciydas G = hP = 0, B KOTOpOM MOATPYIITIa UMEET MOPAIOK 1).

B cBete aTOro Mel MoxxeM OIIPCACIINTD CJIGIIYI-OIHI/Iﬁ AJIT'OPUTM:

1. Beruucnsiem nopsaok N 3JTMNTHYECKON KPUBOM.

Bri6upaem nopsaok n noArpynmsl. YToObI aIropuT™ cpadoTal, YUCIO JOJKHO
OBITh IPOCTHIM U OBITH JenutenaeM N.

N
Brrancnsiem kodaktop h = — .
n

Bri6upaem Ha KpUBOM CITy4yallHYIO TOUKY P.

Beruucisiem G = hP .

o 0~ W

Ecnu G paBHo 0, To Bo3Bpaiiaemcs k mary 4. B npoTUBHOM cilyyae Mbl HAllLIA
reHepaTop MOATPYIIIILI C TTOPSIIKOM 1 M KohakTopom h.

3amaya AUCKPETHOTO JOTapu(PMHUPOBAHUS COCTOUT B CJCAYIOIIEM: €CIH MBI
3HaeM P u Q, To kakum Oynet k , Takoe, uto Q = kP?

B u3BecTHBIX anroputMax, OCHOBAHHBIX Ha TEOPUU YHCEJ, HCIOJB3YETCs He
CKaJIIpHOE YMHOKEHHE, a BO3BEJCHHE B CTEMEeHb M0 Moaymto. VX 3amauy AMCKPETHOTO
JorapupMHUpOBaHHUST MOXKHO COPMYIUPOBATH TaK: €CIM HM3BECTHBI A U b, TO KaKuM
oyner k, Takoe, uto b = a*(mod p)?

Ob6e »TM 3agaun «IUCKPETHBI», MOTOMY YTO B HHUX HCIOJB3YIOTCS KOHEUYHBIC
MHOXXECTBa (a2 KOHKpETHEe — UUKIMYECKHEe MoArpymnmnsl). W OHUM  SBISIOTCS
«JrorapuMamMm», TOTOMY YTO aHAJTOTUYHBI OOBIYHBIM JIOTapUpMaM.

Kpunto cucremMa Ha OCHOBE OJIITMITHYECKUX KPUBBIX HMHTEpPECHA TEM, YTO Ha
CETOAHSIIHANA MOMEHT 3ajJada JIUCKPETHOTO JIOTapu(MUPOBAHUSA M DIUTUNTHYECKUX
KPUBBIX KaXKETCS «CIOKHEe» IO CPaBHCHHIO C JPYTUMH CXOXKHMH 3aJadaMu,
UCIOJIBb3YEMBbIMU B KpuUnTorpapuu. IT0 MOApa3yMEBaET, YTO HaM MOTPEOyeTCs MEHbIEe
our nans uenoro k, 4TOOBl TOJYYUTh TOT K€ YPOBEHb 3aIIUTHI, YTO U B JPYrUX
KPUIITOCHUCTEMAX.



IIpuMepsI BLINOTHEHUS 3aJaHUI

3ananue 1. HaiiTu BCce TOYKH IMNTHYECKOW KPHUBOW 1O YPABHECHUIO HAaJ
KOHEYHbIM I10JIEM.

y2=x3+x+1(modp), F

CHayaJia mpoBeprM HEOOXOIMMOE YCIIOBUE DIITUITHUSCKON KPUBOH.
4a3 + 27b?% # 0(mod 5)
HeictBurensno: 4(1)3 + 27(1)? = 31 = 1(mod 5).
Teneps Oyaem npuaaBaTh X 3HAYEHHSI U3 MOJHOM CHCTEMBbI BBIYETOB MO MOJIYIIO 5 H
BBIYHCIISATH BO3MOYKHBIC 3HAYCHUS Y, YTOOBI HAMTH TOYKH AJUTUNITHYECKON KPUBOM.
x=0,y2=x3+x+1=1= 1(mod5).
DToMy yA0BIeTBOPsIOT 3HaueHust ¥y = 1 = 1(mod 5) uy = —1 = 4(mod 5).
Takum o00pa3oM, MOJYYWJIM JIBE TOYKH JJUIMITHYEeCKON kpuour P; = (0,1); P, =
(0,4).
x=1y>=x3+x+1=3=3(mod5)
Jlerko y0eauThCs, UTO HU OJTHO YUCIIO U3 TIOJHOM CUCTEMBI BHIYETOB MO MOAYJIIO 5 OoT 0
710 4 B KBaJpate HE JAAaeT Yucia, CPABHUMOTO ¢ 3 IO MOAYJIIO 5.
x=2,y2=x3+x+1=11= 1(mod 5)
Kak u mpu x = 0 moay4aeM JIB€ TOUKH JUTUNTUYECKON KPUBOU
Py = (2,1); P, = (2,4).
x=3,y2=x3+x+1=31= 1(mod 5)
BHOBB mosTydaeM B TOYKH uTUNTAYCCKON KpuBoit Py = (3,1); Py = (3,4).
x=4,y>=x3+x+1=69 =4(mod5)
JlaHHOMY CpaBHEHHIO YIOBJICTBOPSIOT JBa 3HaueHUs Yy = 2 = 2(mod 5) u
y = —2 = 3(mod 5), T.e. moay4aeM eiie ABe TOUKH DILIMIITUIECKON KPUBO
P, = (4,2); Pg = (4,3).
Takum 00pa3oM, AaHHas dJuMNTHYeckas kpuBad y? = x3 + x + 1 (mod 5) Han
nosiem £5 comepxut 9 touek: Py, P,, Ps, Py, Ps, Pg, P;, P 1 6€CKOHEYHO YIAJICHHYIO TOUYKY

0.

3ananue 2. IlpoBepuTh BBHINOJHEHHE AKCHOM TIPYNNbl JJsl CJI0KEHHS TOYEK
JLUIHNTHYECKON KpUBOM U3 3aj1aum 1.

J1Jist TpOBEPKH BBITIOJIHEHHS] aKCMOM TPYIIIBI BHaYajle HEOOXOAMMO yOeTUThCS, UYTO
CJIOKEHHUE TOYEK IITUNTUYCCKON KPUBOU SIBIISIETCS OTEPAIUECH, T.€. CIOKEHUE JTFOOBIX
JBYX DIIEMEHTOB U MHOXeCTBa {P;, Py, P3, Py, Ps, Py, P;, Pg, 0} maeT TOUKy M3 3TOTO Ke
MHOXecTBa. 13 onpenenenns 0eCKOHEYHO YJadeHHON TOYKHU, T.e. ToukHu (), sICHO, 4TO
Pp+0=0+P =P, nua i=1,..,6. 3Haunur, Touka ( SABIAETCS HEUTPAIBLHBIM
AJIEMEHTOM.

3aMeTnM, 4TO0 CyMMa KOMMYTAaTHWBHA, T.K. MpsMasi MPOXOAAIIas 4epe3 JBE TOUKU HE

3aBUCHUT OT PacCMOTpeHHUs uX mopsaka. [loaroMy, Oy/ieM UCKaTh TOJNBKO CIEAYIOIIME MapHBIE
cymmnl P, + P, P, +P,, P, +P;, P, +P,, P+ Ps, P+ P, P, +P,, P, + Pg P, + P,,



P, + P3, P, + Py, P, + Ps, P, + Pg, P, + Py, Py + Py Py + P, Py + Py, Py + Ps, Py + P,
Py + Py, Py + Py, Py + Py, Py + Pg, Py + Pg, P, + P;, P, + Pg, Ps+ Py, Ps+Pg, Ps + Py,
Ps + Pg, Pg + Pg, P + P, Pg + Pg, P, + P;, P, + Pg, Py + Py,

P, + P, P, = (0,1):
m = (3x3 + a)(2y,) (mod p) = (3-0% + 1)(2- 1) '(mod 5) = (1) - (2)" ' (mod 5)
= (1) - (3)(mod 5) = 3(mod 5)
xg = (m? — xp — xo)(mod p) = (m? — 2xp, ) (mod p) = (32 — 0)(mod 5) = 4(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xg — xp,)|(mod p) =
=[1+3(4—-0)](mod5) = 3(mod5)
[Mostomy P, + P; = (4,—3) = (4,2)(mod 5), .e. P, + P, = P;.

P, +P,, P, =(0,1), P, =(0,4):
3amerum, uto P, = —P;, noatomy P; + P, = 0.

P, +P;, P, =(0,1), P; =(2,1):
m=(y, — yQ)(xP - xQ)_l(mOd p) = (ypl - yp3)(xP1 - xP3)_1(m0d 5)
= (1-1)(0 — 2)"'(mod 5) = 0(mod 5)
xg = (m? — xp — x¢)(mod p) = (M? — xp, — xp,)(Mod 5) = (0° — 0 — 2)(mod 5)
= (—=2)(mod 5) = 3(mod 5)
v = [7p +mCxx — x)](mod p) = [yp, +m(xg — xp,)](mod 5)
=[1+0(3—-0)](mod5) = 1(mod 5)
[Tosromy P; + P; = (3,—1) = (3,4) (mod 5), caenosarensuo P; + P; = Pg.

P, +P, P, =(0,1), P, = (2,4):
m = (y, = y,)(xp = xg) " (mod p) = (v, — ¥, )(xp, — xp,)" (m0d 5)
= (1-4)(0-2)""(mod 5) = (-3)(=2)"'(mod 5) = (2)(3) *(mod 5)
= (2)(2)(mod 5) = 4(mod 5)
xg = (m? —xp — xg)(mod p) = (M? — xp, — xp,)(mod 5) = (4° — 0 — 2)(mod 5)
= 4(mod 5)
yr = [yp + m(xg — xp)](mod p) = [}’Pl + m(xR — xpl)](mod 5)
=[1+4(4 —0)](mod 5) = 2(mod 5)
[Mostomy P, + P, = (4,—2) (mod 5) = (4, 3) (mod 5), cnenosarensuo P; + P, = Ps.

P, + P, P, =(0,1), P =(3,1):
m = (y, = y,)(xp — xg) " (mod p) = (v, — ¥, )(xp, — xp,)" (m0d 5)
=(1-1)(0—-3)"'(mod 5) = (0)(=2) '(mod 5) = 0(mod 5)
xg = (m? — xp — x¢)(mod p) = (m? — xp, — xp, ) (mod 5) = (0° — 0 — 3)(mod 5)
= 2(mod 5)



yr = [yp + m(xg — xp)](mod p) = [yP1 + m(xR — xpl)](mod 5)
=[1+0(2—-0)](mod5) = 1(mod 5)
[Mostomy P; + Ps = (2,—1) (mod 5) = (2,4) (mod 5), cnenoBatensHo P; + P =
P,.

P, + P, P, =(0,1), P, = (3,4):
m= (y, = y)(xp —x0) "' (mod p) = (v, — ¥, )(xp, — xp,)” (mMod 5)
= (1—-4)(0—-3)""(mod 5) = (-3)(2) '(mod 5) = (2)3(mod 5) = 1(mod 5)
xg = (m? —xp — xg)(mod p) = (M? — xp, — xp, ) (mod 5) = (1* — 0 — 3)(mod 5)
= (—2)(mod 5) = 3(mod 5)
Yr = [yp + m(xg — xp)](mod p) = [)’Pl + m(xR — xpl)](mod 5)
=[1+4+1(3—-0)](mod 5) = 4(mod 5)

[Mostomy P, + Py = (3,—4) = (3,1) (mod 5), cienoBarensho Py + Py = Ps.

P, + P, P, = (0,1), P, = (4,2):
m=(y, — }’Q)(XP - xQ)_l(mod p) = ()’pl - yp7)(xP1 - xP7)_1(m0d 5)
= (1-2)(0-4)"'(mod 5) = (-1)(1) *(mod 5) = 4(mod 5)
xg = (m? — xp — xg)(mod p) = (m? — xp, — xp,)(Mod 5)
= (42 -0—-4)(mod 5) = 12(mod 5) = 2(mod 5)
Yr = [yp + m(xg — xp)(mod p) = [yp, + m(xz — xp,)|(mod 5)
=[1+4(2—-0)](mod5) = 4(mod 5)
[Toatomy P; + P, = (2,—4) = (2,1) (mod 5), caenosarensuo P; + P, = P;.

P, + Py, P, = (0,1), Py = (4,3):
m= (v, = ¥,)(xp — %)~ (mod p) = (v, — ¥ )(xp, = xp,)" (M0d 5)
= (1-3)(0—4)""(mod5) = (—2)(1) '(mod 5) = (3)(1) *(mod 5) = 3(mod 5)
xg = (m? — xp — xy)(mod p) = (m? — xp, — xp,)(Mod 5)
= (32— 0-4)(mod 5) = (5)(mod 5) = 0(mod 5)
yr = [yp + m(xg — xp)](mod p) = [}’Pl + m(xR — xpl)](mod 5)
= [1+ 3(0 —0)](mod 5) = 1(mod 5)
[Tostomy P, + Pg = (0,—1) = (0,4) (mod 5), cnegosarensho P, + Pg = P,.

P, + P,, P, = (0,4):
m = (3x} + a)(2y,) ' (mod p) = (3-02 + 1)(2-4) "' (mod 5) = (1)(3)”' (mod 5)
= (1)(2)(mod 5) = 2(mod 5)
xp = (Mm? —xp — xo)(mod p) = (M? — xp, — xp,)(mod 5) = (2° — 0 — 0)(mod 5)
= 4(mod 5)
ye = [yp + m(xg — xp)](mod p) = [yp, + m(xz — xp,)](mod 5)
= [4 + 2(4 — 0)](mod 5) = 2(mod 5)
[Mostomy P, + P, = (4,—2) = (4,3) (mod 5), cnenosarensho P, + P, = Pg.



P, + P;, P, = (0,4), P; = (2,1):
m= (v, = ¥,)(xp = x9) "' (mod p) = (v, ~ ¥ )(xp, = xp,)" (Mod 5)

= (4 - 1)(0 — 2)"!(mod 5) = (3)(3) *(mod 5) = 1(mmod 5)

xg = (M2 —xp — xo)(mod p) = (M? — xp, — xp,)(mod 5) = (1° — 0 — 2)(mod 5)
= (—1)(mod 5) = 4(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xz — xp,)|(mod 5)
=[4+ 1(4 — 0)](mod 5) = 3(mod 5)

[oatomy P, + P; = (4,—3) = (4,2)(mod 5), cnenosarensuo P, + P; = P,.

P, + P, P,=1(0,4), P, =(2,4):
m = (y, = y)(xp — x0) "' (mod p) = (v, — ¥, )(xp, = xp,)” (Mod 5)
= (4 — 4)(0 — 2) ! (mod 5) = 0(mod 5)
xg = (M2 —xp — xo)(mod p) = (M? — xp, — xp, ) (mod 5) = (0° — 0 — 2)(mod 5)
= 3(mod 5)

Yr = lyp + m(xg — xp)](mod p) = [yp, + m(xz — xp,)|(mod 5)
=[4+0(2—-0)](mod5) = 4(mod 5)

[loatomy P, + P, = (3,—4) = (3,1)(mod 5), cnenosarensHo P, + P, = Ps.

P, + P, P, =(0,4), Ps = (3,1):
m=(y, — }’Q)(XP - xQ)_l(mOd p) = ()’pz - yps)(xpz - xps)_l(mod 5)
=(4-1)(0-3)"'(mod5) = (4 — 1)(-3) " (mod 5) = (3)(2)"(mod 5)
= 3(3)(mod 5) = 4(mod 5)
xg = (m? — xp — x¢)(mod p) = (m? — xp, — xp,)(mod 5) = (4° — 0 — 3)(mod 5)
= 3(mod 5)

Yr = [yp + m(xg — xp)](mod p) = [yp, + m(xg — xp,)|(mod 5)
= [4+ 4(3 — 0)](mod 5) = [16](mod 5) = 1(mod 5)
[oatomy P, + Ps = (3,—1) = (3,4)(mod 5), cnenoBarensuo P, + Ps = Pg.

P, + P;, P, = (0,4), Ps = (3,4):
m= (v, = ¥,)(xp — %)~ (mod p) = (v, — ¥ ) (xp, = xp,)" (Mod 5)
= (4—4)(0—-3)"'(mod 5) = (0)(2) '(mod 5) = 0(mod 5)
xg = (m? — xp — x)(mod p) = (M? — xp, — xp, ) (mod 5) = (0° — 0 — 3)(mod 5)
= (—3)(mod 5) = 2(mod 5)

Yr = [yp + m(xg — xp)](mod p) = [yp, + m(xg — xp,)|(mod 5)
=[4+0(2—-0)](mod5) = 4(mod 5)
[loatomy P, + Py = (2,—4) = (2,1)(mmod 5), cnenoBatensho P, + Pg = Ps.

P, + P, P, = (0,4), P, = (4,2):
m= (v, = y)(xp —xg) "' (mod p) = (v~ )(xp, = xp,) " (mMod 5)
= (4 —2)(0—4)"'(mod 5) = (2)(1) *(mod 5) = 2(mod 5)



xg = (m? — xp — x)(mod p) = (M? — xp, — xp,)(mod 5) = (2° — 0 — 4)(mod 5)
= (0)(mod 5) = 0(mod 5)
yr = [yp + m(xg — xp)](mod p) = [sz + m(xR — xpz)](mod 5)
=[4+ 2(0 — 0)](mod 5) = 4(mod 5)
[loatomy P, + P, = (0,—4) = (0,1)(mod 5), cnenoBarensuo P, + P, = P;.

P, + Pg, P, = (0,4), P; = (4,3):

m= (v, = y)(xp — x0) "' (mod p) = (v, — ¥, )(xp, = xp,)” (mod 5)
= (4 —3)(0 — 4)"'(mod 5) = (1)(1) *(mod 5) = 1(mod 5)

xg = (m? — xp — x¢)(Mod p) = (M? — xp, — xp,)(mod 5) = (1° — 0 — 4)(mod 5)
= (—3)(mod 5) = 2(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xz — xp,)|(nod 5)
=[4+1(2 - 0)](mod 5) = 1(mod 5)
[loatomy P, + P = (2,—1) = (2,4)(mod 5), cnenosarensho P, + Pg = P,.

P; + P;, P; = (2,1):
m = (3x} + a)(2y,)” (mod p) = (3x}, + a)(Zypg)_l(mod D)
= (3-22+1)(2-1) *(mod 5) = (13)(2- 1) *(mod 5)
= (3)(2) *(mod 5) = (3)(3)(mod 5) = 4(mod 5)
xg = (m? —xp — xg)(mod p) = (M? — xp, — xp,)(mod 5) = (4° — 2 — 2)(mod 5)
= (12)(mod 5) = 2(mod 5)
yr = [yp + m(xg — xp)](mod p) = [)’P3 +m(xg — xp3)](m0d 5)
=[1+4(2—-2)](mod 5) = 1(mod 5)
[loatomy P; + P; = (2,—1) = (2,4)(mod 5), cnenosarensho P; + P; = P,.

P;+ P, P;=(2,1), P, = (2,4):
3amerum, uto P, = —P5, noatomy P; + P, = 0.

P, + P, P, = (2,1), Ps = (3,1):
m= (v, = ¥,)(xp — %)~ (mod p) = (v, — ¥ ) (xp, = xp,)" (Mod 5)
= (1-1)(2 - 1)"(mod 5) = (0)(1) *(mod 5) = 0(mod 5)
xg = (m? — xp — x¢)(mod p) = (m? — xp, — xp, ) (mod 5) = (0° — 2 — 3)(mod 5)
= (=5)(mod 5) = 0(mod 5)

yr = [yp + m(xg — xp)](mod p) = [}’P3 + m(xR — xp3)](m0d 5)
=[1+0(0—2)](mod 5) = 1(mod 5)
[Toatomy P; + Ps = (0,—1) = (0,4)(mmod 5), cnenoBatensho P; + Pg = P,.

P, + P, P, = (2,1), P, = (3,4):
m= (v, = ¥,)(xp — %)~ (mod p) = (v, — ¥ ) (xp, = xp,)" (M0d 5)
= (1-4)(2—-3)"'(mod 5) = (-3)(-1) ' (mod 5) = (2)(4) ' (mod 5)
= (2)(4)(mod 5) = 3(mod 5)



xg = (m? — xp — x)(mod p) = (M? — xp, — xp, ) (mod 5) = (3° — 2 — 3)(mod 5)
= (4)(mod 5) = 4(mod 5)
yr = [yp + m(xg — xp)](mod p) = [)’P3 + m(xR — ng)](mOd 5)
=[1+3(4 —2)](mod5) = 2(mod 5)
[losatomy P; + P, = (4,—2) = (4,3)(mod 5), cnenoBarensuo P; + P, = Pg.

P, + P, P;=(2,1), P, = (4,2):
m= (v, —y)(xp —xg) "' (mod p) = (v, — ¥, )(xp, — xp,) " (Mod 5)
=(1-2)2-4)"'(mod5) = (-1)(-=2)"'(mod 5) = (4)(3) *(mod 5)
= (4)(2)(mod 5) = 3(mod 5)
xg = (M2 —xp — xo)(mod p) = (M? — xp, — xp,)(mod 5) = (3° — 2 — 4)(mod 5)
= (3)(mod 5) = 3(mod 5)
yr = [yp + m(xg — xp)](mod p) = [)’P3 + m(xR — xp3)](m0d 5)
=[1+3(3—2)](mod5) = 4(mod 5)
[Toatomy P; + P, = (3,—4) = (3,1)(mmod 5), cnenoBarensho P; + P, = Ps.

P; + Pg, Py = (2,1), Py = (4,3):
m= (v, = ¥)(xp —xg) " (mod p) = (v, — ¥, )(xp, — xp,)" (Mod 5)
=(1-3)2-4)"'(mod5) = (-2)(-2)"'(mod 5) = (3)(3) *(mod 5)
= (3)(2)(mod 5) = 1(mod 5)
xg = (m? — xp — x¢)(Mod p) = (M? — xp, — xp,)(mod 5) = (1° — 2 — 4)(mod 5)
= (—=5)(mod 5) = 0(mod 5)
Yr = [yp + m(xg — xp)](mod p) = [yp, + m(xz — xp,)|(mod 5)
=[1+4+1(0 - 2)](mod 5) = (—1)(mod 5) = 4(mod 5)
[Toatomy P; + Pg = (0,—4) = (0,1)(mmod 5), cnenoBatensho P; + Pg = P;.

P,+ P, P, =(2,4):
m = (3x; + @)(2y,) ' (mod p) = (3x3, + A)(2y,, )~ (mod p)
= (3:22+ 1)(2-4) *(mod 5) = (13)(3) (mod 5)
= (3)(3) *(mod 5) = 1(mod 5)
xg = (m? — xp — x)(mod p) = (M? — xp, — xp,)(mod 5) = (1° — 2 — 2)(mod 5)
= —3(mod 5) = 2(mod 5)
Yr = [yp + m(xg — xp)](mod p) = [}’P4 +m(xg — xp4)](m0d 5)
=[4+ 1(2 - 2)](mod 5) = (4)(mod 5) = 4(mod 5)
lloatomy P, + P, = (2,—4) = (2,1)(mod 5), cnenosarensuo P, + P, = P;.

P4+P5,P4=(2,4),P5=(3,1):



m = (y, = y,)(xp — x9) " (mod p) = (v, — ¥, ) (xp, = xp,) " (mod 5)
=(4-1)2-3)""(mod5) = (3)(~1) '(mod 5) = (3)(4) ' (mod 5)

= (3)(4)(mod 5) = 2(mod 5)
xg = (m? — xp — x¢)(Mod p) = (M? — xp, — xp,)(mod 5) = (2° — 2 — 3)(mod 5)
= 4(mod 5)
Y& = [yp + m(xg — xp)1(mod p) = [yp, + m(xg — xp,)|(mod 5)
=[4+2(4—2)](mod 5) = 3(mod 5)

[loaTomy P, + Ps = (4, —3)(m0d 5 = (4,2)(mod 5)), cienoBarensHo P, + Ps =
P,.

Py + P, P = (2,4), Ps = (3,4):
m= (v, = ¥)(xp — x0) "' (mod p) = (v, — ¥, )(xp, — xp,)" (mMod 5)

= (4—4)(2 - 4)"'(mod 5) = (0)(—2) *(mod 5) = 0(mod 5)
xg = (m? — xp — x)(mod p) = (M? — xp, — xp,)(mod 5) = (0° — 2 — 3)(mod 5)
= 0(mod 5)
vr = [yp + m(xg — xp)](mod p) = [yp, + m(xz — xp,)](mod 5)
=[4+0(0—2)](mod 5) = 4(mod 5)
[loatomy P, + P, = (0,—4)(mod 5) = (0,1)(mod 5), caemoBarenpHo P, + P =

P,.
P,+P,P,=(2,4),P,=(42):
m = (y, = y,)(xp — xg) " (mod p) = (v, =¥, )(xp, = xp,)" (mod 5)

= (4—-2)2-4)""(mod5) = (2)(-2) '(mod 5) = (2)(3) *(mod 5)
= (2)(2)(mod 5) = 4(mod 5)

xg = (m? —xp — xg)(mod p) = (M? — xp, — xp,)(mod 5) = (4° — 2 — 4)(mod 5)
= 0(mod 5)

Ve = Lyp + m(eg — xp)](mod p) = [yp, +m(xg — xp,)](mod 5)
=[4+4+4(0—-2)](mod5) =[4+ 4(3)](mod 5) = 1(mod 5)

[loatomy P, + P, = (0,—1)(mod 5) = (0,4)(mod 5), caenoBarenbuo P, + P, =
P,.

P,+ Pg, P, = (2,4), Pg = (4,3):

m= (v, —y)(xp = xg) "' (mod p) = (v, — ¥, )(xp, — xp,) " (Mod 5)

(4—3)(2—4)""(mod 5) = (1)(—2) *(mod 5) = (1)(3)" ' (mod 5)
(2)(mod 5) = 2(mod 5)
xg = (m? — xp — x)(mod p) = (M? — xp, — xp,)(mod 5) = (2° — 2 — 4)(mod 5)
= (—2)(mod 5) = 3(mod 5)
Ya = [yp + m(xg — x)|(mod p) = [yp, + m(xq — xp,)](mod 5)
=[4+2(3-2)](mod5) =[4+2(1)](mod 5) = 1(mod 5)
[loatomy P, + Pg = (3,—1)(mod 5) = (3,4)(mod 5), caenoBarenbuo P, + Pg =

P,.



P + Ps, Ps = (3,1):
m = (3x} + a)(2y,)” (mod p) = (3xp, + a)(ZyPS)_l(mod )
=(3-32+1)(2-1) '(mod 5) = (28)(2-1) ' (mod 5)
= (3)(2) '(mod 5) = (3)(3)(mod 5) = 4(mod 5)
xg = (m? — xp — x¢)(mod p) = (M? — xp, — xp,)(mod 5) = (4° — 3 — 3)(mod 5)
= 10(mod 5) = 0(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xg — xp,)|(mod 5)
=[1+4(0—-3)](mod5) =[-11](mod 5) = (—1)(mod 5) = 4(mod 5)
[Toatomy Ps + Ps = (0,—4) = (0,1)(mmod 5), cnenoBatensho Ps + P = P;.

P5+P6,P5 == (3,1),P6 == (3,4)
3ametum, uto Py = —Pg, nostomy Ps + Pg = 0.

P.+ P,, P- =(3,1), P, = (4,2):
m = (y, = ¥o)(xp —xg) " (mod p) = (v~ ¥, )(xp, — xp,)” (mMod 5)
=(1-2)(3-4)"'(mod5) = (-1)(=1) ' (mod 5) = 1(mod 5)
xg = (m? — xp — x¢)(mod p) = (m? — xp, — xp,)(mod 5) = (1* — 3 — 4)(mod 5)
= —6(mod 5) = 4(mod 5)
yr = [yp + m(xg — xp)](mod p) = [)’PS +m(xg — xPS)](mod 5)
=[1+1(4—-3)](mod5) = 2(mod 5)
[loaTomy Ps + P, = (4,—2) = (4,3)(mod 5), cnenosarensho Py + P, = Pg.

P. + P, Ps = (3,1), Py = (4,3):
m = (y, = y,)(xp — Xg) " (mod p) = (v, — ¥, )(xp, — xp,)" (m0d 5)
= (1-3)3—4)"'(mod 5) = (=2)(~1)"'(mod 5) = (3)(4) *(mod 5)
= (3)(4)(mod 5) = 2(mod 5)
xg = (m? — xp — x¢)(Mod p) = (M? — xp, — xp,)(mod 5) = (2° — 3 — 4)(mod 5)
= —3(mod 5) = 2(mod 5)
Yr = [yp + m(xg — xp)](mod p) = [}’P3 + m(xR - xps)](mod 5)
=[1+2(2—-3)](mod5) = (—1)(mod 5) = 4(mod 5)
[Toatomy Ps + Pg = (2,—4) = (2,1)(mmod 5), cnenoBatensHo Ps + Pg = Ps.

P, + P, Py = (3,4):
m = (3x} + a)(2y,) " (mod p) = (3x}, + a)(2yp6)_1(mod )
= (3:32+1)(2-4) *(mod 5) = (28)(8) '(mod 5)
= (3)(3) '(mod 5) = (3)(2)(mod 5) = 1(mod 5)
xg = (m? — xp — x)(mod p) = (M? — xp, — xp,)(mod 5) = (1° — 3 — 3)(mod 5)
= (—=5)(mod 5) = 0(mod 5)



yr = [yp + m(xg — xp)](mod p) = [YP6 + m(xR - xpﬁ)](mod 5)
=[4+ 1(0 — 3)](mod 5) = [1](mod 5) = 1(mod 5)
[Tostomy Pg + P, = (0,—1) = (0,4)(mod 5), cnenoBarensuo Py + P, = P,.

P+ P,, P, = (3,4), P, = (4,2):
m= (v, = ¥)(xp = xg) "' (mod p) = (v~ ¥p, )(xp, — xp,) " (mMod 5)
= (4—-2)(3-4)"'(mod5) = (2)(-1) ' (mod 5) = (2)(4) *(mod 5)
= (2)(4)(mod 5) = 3(mod 5)
xg = (M2 —xp — xo)(mod p) = (M? — xp, — xp,)(mod 5) = (3° — 3 — 4)(mod 5)
= 2(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xg — xp,)|(mod 5)
= [4+ 3(2 — 3)](mod 5) = 1(mod 5)
[loaTomy Py + P, = (2,—1) = (2,4)(mod 5), cnenosarensHo Pg + P, = P,

P, + Pg, P, = (3,4), Pg = (4,3):
m= (v, = ¥)(xp = xg) ' (mod p) = (v, — ¥, )(xp, — xp,) " (Mod 5)
= (4—-3)(3—-4)"'(mod5) = (1)(=1) ' (mod 5) = (1)(4) ' (mod 5)
= (1)(4)(mod 5) = 4(mod 5)
xg = (m? — xp — x¢)(Mod p) = (M? — xp, — xp,)(mod 5) = (4° — 3 — 4)(mod 5)
= 4(mod 5)
yr = [yp + m(xg — xp)](mod p) = [yPe + m(xR — xpﬁ)](mOd 5)
= [4+ 4(4 — 3)](mod 5) = 3(mod 5)
[Toatomy Py + Pg = (4,—3) = (4,2)(mmod 5), cnenoBatensHo Py + Pg = P;.

P, + P, P, = (4,2):
m = (3x; + @)(2y,) " (mod p) = (3xp, + )2y, )~ (mod p)
= (3-42+1)(2-2) '(mod 5) = (49)(4) ' (mod 5)
= (4)(4)(mod 5) = 1(mod 5)
xg = (M2 —xp — xo)(mod p) = (M? — xp, — xp,)(mod 5) = (1° — 4 — 4)(mod 5)
= (—2)(mod 5) = 3(mod 5)
Yr = [yp + m(xg — xp)](mod p) = [}’P7 + m(xR — xp7)](m0d 5)
=[2+4+ 13 —4)](mod 5) = [1](mod 5) = 1(mod 5)
[loatomy P, + P, = (3,—1) = (3,4)(mmod 5), cnenosarensho P; + P, = Pg.

P, + Pg, P, = (4,2), Ps = (4,3):
3amerum, uto Pg = —P;, nostomy P, + Pg = 0.

Pg + Pg, Py = (4,3):
m = (3x} + a)(2y,) " (mod p) = (3x}, + a)(ZyPS)_l(mod )
= (3-42+1)(2-3) '(mod 5) = (49)(1) *(mod 5)
= (4)(1)(mod 5) = 4(mod 5)



xg = (m? —xp — xg)(mod p) = (M? — xp, — xp, ) (mod 5) = (4> — 4 — 4)(mod 5)
= (8)(mod 5) = 3(mod 5)
Yr = [yp + m(xg — xp)1(mod p) = [yp, + m(xg — xp,)|(mod 5)
=[3+4(3 —4)](mod 5) = [-1](mod 5) = 4(mod 5)
[oatomy Pg + Pg = (3,—4) = (3,1)(mmod 5), cnenoBatensuo Pg + Pg = Pg

Teneps pacCMOTPUM BBITIOJHEHHE aKCHOM TPYIIIIBL.
SICHO TIO OIpEIeIeHHIO, YTO HEUTPAIBHBIM DIEMEHTOM siBissercss 0 — OECKOHEYHO
yaajeHHast TOUKa.
JI71st KaXKI0T0 3JIEMEHTA CYIIECTBYET MPOTHBOIOIOXKHBIM, YTO YCTAaHOBJICHO BBIIIIC:
P,+P,=P,+P, =0;
P,+P,=P,+P;=0;
P, + P, = Py + P; = 0;
P,+Py=Py+P, =0.
dopMajabHO IS TOro, 4YToOBl YCTAaHOBUTH accomuaruBHOCTE a + (b +c) =
(a + b) + ¢ B rpynme, motpebyeTcs 9° MPOBEPOK, YTO OYEHH MHOTO. MBI BCE IIPOBEPKH
IPOBOIUTH HE OyIeM, HO HEKOTOPBIE IPUBEIET I IOHUMAHMSI.
[Ipu 1r000M 37EMEHTE A BBIMOJHSCTCS paBeHCTBO a + (a+a) =(a+a)+a B
CHITy KOMMYTAaTHBHOCTH CJIOXKEHHSI TOYEK.
Ecmu xotst Okl oguH M3 Tpex 3JeMeHTOB a,b,c paBeH 0, TO COOTBETCTBYIOIICE
PaBEHCTBO OYEBH/IHO BBIIMOJIHACTCS U3-3a CBOMCTB HEHTPAIBHOTO JI€MEHTA:
Hanpumep npu b = 0 umeem
a+(0+c)=(@+0)+c=a+c.
PaccMOTpHM Tereph IS HEKOTOPBIX JPYTUX 3JIEMEHTOB.
P,+(P,+P) =P, +P, =P,
(P, +P,)+P;=0+P; =P,
Tak Kak npaBble YaCTH PaBEHCTB PaBHBIL, TO U JIEBBIE PABHEI, T.€.
P, + (P, + P;) = (P, + P,) + Ps.

P+ (P,+P)=P,+P, =0

(P,+P)+P,=P.+P,=0
CHGI[OBaTeJIBHO M B 3TOM CJIy4dac BBIIIOJHACTCA paBCHCTBO:

P,+ (P, +P)=(P,+P)+P,.

P1+(P4+P7)=P1+P2=O
(P1+P4)+P7:P8+P7=0
U B aTom ciydae noaydaem P; + (P, + P;) = (P + P,) + P5.

[TpoBenem erie oHyY ITPOBEPKY.
P;+(Ps+P,))=P;+Pg =P,
(P3+Ps)+P,=P,+P, =P,
T.e. ¥ B 3TOM ci1ydae paBeHCTBO BBIIOJIHACTCS.
Takum 00pa3oM MOKHO yOEIUTHCS B BBITIOJHEHUN aKCUOMBI aCCOLIMATUBHOCTH JIJIS
CJIOKEHHS TOYEK DIJUIUNTHYECKON KPUBOM.



Ha MHOXecTBE TOYEK IJUIMNTUYECKONM KPUBOW BBIIIOJHEHBI BCE TPU AKCHOMBI
IPYNIbI: aCCOMATUBHOCTDH CJIOKEHHUS, CYLIECTBOBAHUSA HEUTPaAJIBLHOrO SJIEMEHTAa W JJIs
Ka)XJ0TO AJIEMEHTA CYILECTBYET MPOTHUBOMNOJIOXKHBIN. KpoMe Toro panee oTMe4anoch, 4To
CJIOKEHHE TOYEK DIUIUNTHYECKON KPHUBOM KOMMYTATHUBHO. T.€. TOUKH JJUIMOTHYECKOMN
KPUBOM MO CIIOKEHHIO 00Pa3yrOT KOMMYTATUBHYIO TPYIIITY.

3ananmne 3. HaiiTu mopsiiku BcexX 3JIeMEHTOB TIPYNIbl TOYEK JJLIMNTHYECKOH
KpuBoOii 3agaum 1.
HanoMHuM, dYTO mnOpSIAKOM »3JIEMEHTAa @ Ha3bIBACTCS TAKOE HAWMEHBIIEE
HaTypajbHOE 4ucio n ,yron - a = 0.
OueBuaHO nopsikoM seMenTa 0 siBysiercs 1.

Haiinem nmopsinok snementa Py. 2P, =P, + P, =P;; 3P, = (P, +P,)+P, =P, +
P,=P +P,=P;;4P, =P, +3P, =P, + P; = P;; 5P, = P, + 4P, = P; + P; = Ps;

6P, =P, +5P,=P +P;=P,; 7Pp=P,+6P,=P,+P,=Pg; 8P, =P, +
7P, =P, +P3=P,; 9P, =P, +8P, =P;+P, =0. Takum o0pa3oM MOpSA0K
anemenTta P; pasen O(P;)=9.

Haiinem mopsimox snementa P,. 2P, =P, + P, =Pg;, 3P, = (P, +P,) + P, =
P8+P2=P2+P8=P4; 4P2=P2+3P2=P2+P4=P5; 5P2=P2+4P2=P2+
P5=P6; 6P2=P2+5P2=P2+P6=P3; 7P2=P2+6P2=P2+P3=P7; 8P2=
P,+7P, =P, + P, =P;; 9P, = P, + 8P, = P, + P, = 0. Takum 00pa3oM MOPsAI0K
anemenTta P, pased O(P,)=9.

Haiinem nopsnok snementa P3. 2P; = P;+ P; = P;; 3P; = (P3 + P3) + P; = P, +
P; = 0. Takum oOpa3om mopsIok anmemenTa P; paBer O(Ps)=3.

Haiinem nopsinok snemenra Py. 2P, = P, + P, = P3; 3P, = (P, +P,) + P, = P; +
P, = 0. Takum oGpa3om nopsinok 3nementa P, pasen O(P,)=3.

Haiinem nopsinok snementa Ps. 2Py = P + P = Py; 3P = 2P + Ps = Py + P =
= P,;4P; = Py + 3P; = Ps + P, = P;; 5P = P; + 4P = P5 + P, = Pg;

6Ps; = P +5P5 = Ps +P3g =P;; 7P =Ps+6P;=P;+P;=P,; 8P;=P;+
7P = Ps+ P, =P;; 9P; =P +8Ps =P+ P, =0. Takum o0pa3oM TOPSIOK
anemenTa Py paBen O(Ps)=9.

HaﬁﬂeMHOpﬁﬂOKBHeMeHTaP6. 2P6=P6+P6=P2;3P6=2P6+P6=P2+P6=
:P3;4P6:P6+3P6:P6+P3:P8;5P6:P6+4P6:P6+P8:P3;

6P6=P6+5P6:P6+P3=P8; 7P6:P6+6P6:P6+P8:P3; 8P6:P6+
7Pg = Py + P; = Pg; 9P = Pg + 8P =P+ Ps = 0. Takum o0pa3om TMOpSIOK
anemeHTa Py paBeH O(Pg)=9.

Haiinem nopsnox snemenra P,. 2P, = P, + P, = P;; 3P = 2P, + P, = P, + P, =
= Py;4P; = P, +3P; =P, + P, = P,; 5P; = P, +4P; = P, + P, = Py



6P7=P7+5P7=P7+P1=P3; 7P7=P7+6P7=P7+P3=P5; 8P7=P7+
7P, =P, + P; =Pg; 9P, =P, +8P, =P, +P3=0. Takum o0pa3oMm MOpsIOK
aneMenTa P, pasen O(P,)=9.

Haiinem nopsinok snementa Pg. 2Pg = Pg + Pg = P5; 3Pg = 2Pg + Pg = P; + Pg =
= P3;;4Pg = P + 3Pg = Pg+ P; = P;; 5Pg = Pg + 4Pg = Pg + P, = P,;

6Pg = Pg+5Pg =Pg+P,=P,; 7Pg=Pg+6Pg=Pg+P,=P;; 8Pg=Pg+
7Pg = Pg+ Pg = P;; 9Pg=Pg+8P3 =Pg+ P, =0. Takum o0pa3oM MOpsIOK
anteMenTa Pg paBen O(Pg)=9.

3apanue 4. YkKa3zaTh NpocThbie MNOATrPYNNbI TPYNNbl MO CJI0KEHUIO TOYeK
UIMNITHYECKON KPUBOi U3 3axaum 1.
CornacHo TeopeMe Jlarpanxa nopsiIoK TPYIIIBI SBJISIETCS ACIMTENIEM HOPSIIKA TPYIILL. Y

Hac B rpymme 9 snementoB. [emurensimu uncna 9 sBisores 1, 3 m 9. 1 coorBercTBYeET
MOJrpyIIe, coaepskaiiei Tonbko 0. 9 cOOTBETCTBYET BCel rpymme. 3HauuT COOCTBEHHBIMU HE
OJTHORJIEMEHTHBIMHU TIOJTPYMIIAMH MOTYT OBITH TOJBKO MOATPYMIIBI TOpsaKa 3. DTO MPOCTOM
MOPSAZOK. A Tpynma MpoOCTOr0 MOPSIKA MOPOXKAACTCS OJHUM JJIEMEHTOM. 3HAYUT TaKUMU
NOATPYIIIaMU OyAyT SIBISATHCS TOATPYIIIHI TOPOXKACHHBIN 2eMeHTamMu mopsiaka 3. Takux
351eMeHTOB JBa: P; u Py. O0a 3T 3yieMeHTa MOPOKAAIOT OJHY U TYXE NOATPYIIITY

{0, P;, P,}. Ona Oymer B [JaHHOM CiIy4ae €IMHCTBEHHON IOATPYIIION IIPOCTOrO
MOpSAKA.

Hpamnqecmle 3aJaHU4A 110 BapuaHTaM

3ananue 1. HaiiTu BCce TOYKH JIIMNTHYECKOH KPHUBOW 1O YPAaBHEHUIO HAaJ
KOHEYHBIM I0JIeM.

No YpaBHEHHE SIUTUIITUYECKON KPUBOH Koneunoe nose £,
BapUaHTa
1 y? =x3—x+ 1 (mod p) pod
2 y? =x3—x+ 1 (mod p) ~
3 y? = x3 — x + 4(mod p) Pl
4 y? = x3 — x + 4(mod p) ~
5 y? =x3 + 2x + 1(mod p) Pl
6 y? =x3+ 2x + 1(mod p) ~
7 y? = x3 — 2x + 1(mod p) ~
8 y? =x3 — 2x — 1(mod p) pod
9 y? = x3 + x + 4(mod p) pod
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y? = x3 + x + 4(mod p)

3ananue 2. IlpoBepuTh BBHINOJHEHHE AKCHOM TIPYNNbl JJsl CJI0KEHHS TOYEK
UIMNITHYECKON KPUBOi U3 3axaum 1.

3anaﬂne 3. Haiitn MOPHAAKHN BCEX IJIJIEMECHTOB I'PYIIIBI TOYCK LIMNTHYECKOM

KpuBoii 3agaum 1.

3aganme 4. Yka3arb NpoOCTbie NOATPYNIbI TPYNIbI MO CJI0KEHHID TOYEK
VTN THYECKON KPUBOM U3 3a71a4m 1.
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