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1. Ilesp paboThl

Vzyunrenue Teopun JIOKAJbHO! YCTONIMBOCTH OJITHOMEPHBIX OTOOPAarKEeHMIA.

2. TIlocranoBka 3ama4um

PaccMoTpuM TUCKPETHYIO JMHAMUYECKYIO CUCTEMY, 33/IaHHYI0 HEIPEPbIBHLIM
oTobparkeHuem

Trr1 = f(xn). (1)
[Tycrb x, — HenojBuKHas TouKa orobpaxkenust (1), T.e. KOpeHb ypaBHEHUs
f(z) —z=0.

YCToiauBOCTD Ty ONMPEJIENSETCS MYIBTUIIIMKATOPOM f/ () HEMOJBIKHON TOYKHY.
HemonBmxkubie TOUKE JIETATCS Ha 1B KIACCA: 2unepbosuveckue WHE Hezunepoo-
AUMECKUe.

Omupenesnenne: HenojpimkHas TOUKa T, HA3BIBACTCS 2unepboauieckot, ecim

()] # 1,

WHa4v€e, Ty — H@ZUTZ@])6OJLU"L€C’)€CL.}1.

3. ¥YcToitdymBOCTH ruiiepOb0JImiIecKnX HEMOABMXKHBIX TOYEK

Teopema 1. ITycrs x, — runiepbosinueckasi HENOABUXKHAS TOUKA OTOOPAXKEHU st
f, rne f wempepniBHO Juddepennupyemasi GYHKIUSI B Ty. 10Ia CIPABEJINBLI
CJIeJIYIOIIUe YTBEPKICHUA:

o Fcmm
()] <1 me. —1< f(x) <1,
TO T, ACUMITOTHUYECKH YCTOHYUBA.
e Eciu
If(x)] >1 me. fl(z,) <-1 or fl(x,)>1,

TO HEYCTOWYMBA.



f'(@)

ekl = flzx +ep) — f(2s) = fler)

Tpp1 = axy = f(7y)

0< fl(zy) <1
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TpaekTopuss MOHOTOH-
HO CXOJUTCS K HeIo-
ABUKHOH TOYKE Ty —
0.0: lim f*(zq) = 2.,
k—o0

Ty = 0. x4, — ycTOMUN-
Bas HENOJBU2KHAS TOY-
ka (0.0 < f'(z,) < 1.0).
S e
F(f(f(@o))) — ken
ureparud yHKImI f.
st iuneitnoro orodpa-

werns fF(xg) = aFxo.

—1< fl(zs) <O

0.8

0.0

/ \
—08

0.8

0.8

0.0

—0.8

-0.8

0.8

TpaekTopuss  Kojeba-
TEJIbHO
HEIIOJABU2KHOMN
T« = 0.0. Ilepemennas
T MECHAET 3HaK Ha
KaxK 101 UTEPAIUN:
klggo f¥ (o) = Ty
Ty = 0.0. =z, -
ycroiiuusaga
JBUZKHAS TOYKA

(—1.0 < f'(z4) < 0.0).

CXOUTCA K
TOYKE

HEIo-

fle) >1
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TpaexkTopus MOHO-
yaaIdeTcd
oT HETTOABUKHOMN

ze = 0.0
lim f*(zg) = Zoo.
k—o0

TOHHO

TOYKHU

T —  HeycToiuuBad
HeIIoABUXKHAA

(f'(24) > 1.0).

TOYKa

fxy) < —1
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TpaekTopusi  Koseba-
TEeTbHO VIAJSIEeTCs OT
HETIOABUKHOMN
zy = 0.0. Ilepemennast
T MEHAET 3HaK Ha
KazK 101 ATEPAIN:
lim ()| = o,
z, = 0. x4 — mEyCTOH-
YuUuBaAd HeIIoABUZXKHaA

rouka (f'(z.) < —1.0).

TOYKHN

4. YcTOMYMBOCTH HETUIIEPOOIMIECKNX HEMOABMYKHBIX TOYEK




Mynbroamkarop f'(x4)

ekr1 = f(zs + k) — fla4)

VenoBus yeToRuuBOCTH

Teopema 2.

IIycTh 7, — HETOABUIKHAS TOY-
ka f(x), takas, aro f'(z.) = 1.
Ecaun npoussogunte f'(x), f(x)
u f"”(r) HenpepBIBHBI B Ty, TO-
r1a  CHpPaBEIUBBL  CJIEIYIOIIe
yTBEp2KACHUA:

Ecnm f"(z,) # 0, To x4 acumm-
TOTHYIECKU TONYyCTORYINBA, CJIe-
Ba, ecn [ (z.) > 0 m acummTo-
TUYECKU TOJIYyCTONINBA CIIpaBa
ecm f"(z,) < 0.

Ecau f"(xzx) = 0u f"(xs) > 0,
TO Ty HEYCTONYHUBA.

Ecau f"(z) =0u f"(z.) <0,
TO Ty AaCUMIITOTUYECKU yCTOﬁLII/I—
Ba.
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o (a) f(z) =0, f"(z4) <

o (6) f(zx) =0, f"(2s) >

e
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Teopema 3.

Ilycrh Z, — HENOOBUXKHAA TOY-
ka f(x), rakag aro f'(z.) = —1.
Ecnm poussomuwie f'(z), f(x),
" (x) HempepBIBHBI B Ty, TOTIA
CJIeJlyeT pasmdaTh J[Ba, CIIydast:
(1) Ecm Sf(z«) < 0, TO x4
ACUMIITOTHUYECKU yCTOI?'ILII/IBa.

(2) Ecm Sf(zy) > 0, TO x4
Heycrofiuupa. 3x;ech Sf(z) —
npomn3soaHas [IIBapira.

[l =1
fl@a) =1
f@e) = -1
f(@e) = -1

—0.8

0.8

(a) Sf(xy) < 0:




BameruM, uro mpoussoaas [sapria S f(x)
@) 3 [f”(fc)r
ffle) 20 fx)]
Ecmn f'(z,) = —1, To
Sf(e) = = ") = 5 ")

Sf(x)

5. 3agaum K JadbopaTopHOil pabdbore

1. Haitjiure HeNojBUXKHYIO TOYKY T, U OTBEYAIONIUA €l MyJbTUILJIMKATOD
f'(x). Ucnionb3yst 3TOT pe3ysnbTat, Onpe/e/uTe 3HAYCHUsT TapaMeTpa @ Mpu KOTO-
PBIX HEMOJBUKHAS TOUKA ACKMITOTHICCKH YCTONINBA WM HEYCTOWINBA (HEYCTOM-
anBa JmbO MOJIY-yCTOYMBa cjieBa WK cripasa). Hamuimure nporpammy pacuera
WTepaMoOHHbIX guarpamm (cobweb diagrams) (cum. ja6. pa6. Nel). IpowmtocTpu-
pyiiTe pelrreHue 3aja4y Ha UTEPAIMOHHLIX JUarpaMMax.

2
a-x
1 ko= > 0
Lh+1 1 + xi f(xk?)u a
(1+a) s
2 = =
Th+1 1 +a-z, f(xk)
3. xpp=1—a 3= f(x)
4w = (1+a)-ap — 23 = fan)
b. w1 =(1+a) zp+ap = flaw)

YKA3AHUAL: Ilopanok BbINOJTHEHUS PAOOTHI

o 1. II3yunTh MaTepuaJbl JIEKINU U METOJINTIECKNX yKA3aHUl.

e 2. Jlano orobpaxkenue (B3sATh CBOil BApUAHT)

T = f(@g). (1)
e 3. HaiiTu kKopHu ypaBHeHUs
flz) —2=0. (2)
[Iycts z, — HemojBuXKHast ToUKa oToOpaykenust (1), T.e. KOpeHb ypaBHe-
Hust (2).



e 4. Haiitu npoussonnyio f'(z).

5. Buruncants MYJIbTUILIINKATOP HGHOILBH)KHOfI TOYKU:

[ = f(@)],—,

6. [IpoBepuTh ycaoBue runepOoOJIUnIHOCTHA HEIOABUXKHON TOUKHU Xy

|/ (@.)] # L.

7. Eciu HenojBurkHasi TOUKA Ty I'MIIEpOOIMUIecKasi, TO yCTORUNBOCTD OLIPE/ie-
asiercst TeopeMoii 1, unade — reopemamu 2 u 3 (M. MpUMep pereHust 3a,1a5H1 ).

8. IIpoBepThe pe3yabTaThl peleHus 3a/1a4 YUCICHHO TTyTeM OCTPOCHUS UTe-
PAIMOHHBIX JUarpaMM 1 c(OPMYIUPYHTE BHIBOJIBI.

9. Odopmure oruer 10 JabopaTopHOit padbore.

6. IIpumep BbITOSTHEHNA PabOOTHI

(a) Find the fixed points of the map

1
$k+1:a—1—$z5f(a,$k)-

(b) Then determine the values of the parameter a for which a fixed point is
asymptotically stable or unstable (unstable or semiasymptotically stable from
the left or from the right).

e (a) Haiiure HemojBruxKHbIe TOYKH OTOOPAYKEHMUSs

1
$k+1=a—1—$25f(a,$k)-

e (0) Bavem onpejesure 3HaYECHUs HApaAMeTpa G MPU KOTOPHIX HEMOJBHK-
Hasd TOYKA aCUCIHTOTUYECCKU YCTOMYMBA MU HEYCTOMYUBA (HeyCToﬁqHBa J1n00
TOJTIY-YCTONUNBA CJI€BA UJIH CIIPABA).

e 3aMedaHMe: YUCJICHHBIC PACUETHl UTEPAINOHHBIX AUAIPAMM B 3TOil paboTe
He JenaaTh (Oyger oraenbHas Jgab. pabora).



6.1. Pemienne

e 1. Jliig 3aj1aHHOrO OTOOpAYKEHUsI

1
Th+1 =a—1—xi = f(a,zy)
BoimuieM Gyskiwo f(a, x):
1 2
f(a,x) =a— -2

e 2. Haiijiem HernojiBurkHbie TOYKK. BCIIOMHUM olIpe/ie/ieHre HelOBUXKHON TOY-
ku. HemonBu:kuasg TouKa — €CTb KOpEeHb YPaBHEHUS

fla,2) —x=0 wm z= f(a,x),

T.e. a0CIUCCa TOYKHU IIepeceueHus: IpapuKoB JBYX (PYHKIUI: OUCCEKTPUCH
y=xzuny= f(a,x).

Ja,2) /

| \
/ Y= f\% )
\\\

Puc. 1.

Ha rpaduke (puc 1) xq, To — HENOJABUKHBIE TOYKK OTOOPAXKEHUS Ty =
f(a,xy), r.e. kopuu ypasuenus f(a,z) —x = 0:

fla,z1) =21 =0 u f(a,z9) — 22 =0.
e 3. IloscraBuB Bhipaxkenue st f(a, ) B
fla,z) —2=0, f(a,z)=a—1/4— 27

I[IOJIY9IUM ypaBHEHUE Jigd HEIIOJBU2KHBIX TOYEK:

1
a—1/4—2*—2=0 wm z*+x—a+-=0.

4
e 4. D10 ypaBHEHHE UMEET JIBa JEeHCTBUTEIHLHBIX KOPHSI:
1 1
$1:—§— a un x2:—§—|—\/5,

ecin  a > 0,



OTBeYalolIie JBYM HEIOJBUKHLIM TOoukaM. Ecim a = 0, To oToOpaKeHue

MMeeT eJIMHCTBEeHHYIO HEMO/BIXKHYIO TOUKY T, = —1/2.
of(a,x
5. Haitnem npoussopnyio f'(a,x) = %
Tax xax f(a,2) =a—1/4 — 22, 10
Of(a,x)
/ )
a,r) = —F-—= =21
flaw) = =
6. BbruucjiuM MyJibTUILIMKATOPbI
Flaers) = fla,o)],_,,,
1 1
HEILOBUKHBIX TOUCK, IIOACTABUE BLIPAKEHUS T} = —5 — /a1 Ty = —§+\/5

B bopmyany s f'(a, x):

f/(avxl):_z'x1:_2' <—%_\/a> :1+2\/5;

1
fl(a7x2) = _2'3:2 = -2 <_§+\/5> :1—2\/5
7. OnpejieiuM yCTORYMBOCTD IIEPBOI HEIOIBUXKHON TOUKHU X1:
1
n=—5-va, flan)=1+2Va

[Ipoepum ycioBue rumnepboJInIHOCTH X1:

|f'(a,z1)| #1 = [1+2va] # 1.

OTcrona

1+2va>1
1

quist Beex a > 0. CrenoBaresibHo, r1 = ——= — \/a — HeycToWunBast runepobo-

JInYecKasi HeloJBrKHas To4uka, ecian a > 0. Ecin a = 0, To 1 — Herunepbo-
JMYecKasi HeMOJBUKHAS TOUKa ¢ Myabruminkatopom f/(0, zq1) = +1.



e 8. Oupejie/ UM yCTORINBOCTDL HETHIIEPOOINIECKOH TOUKN

1
B=—5—va a=0=

1
331:—5

¢ mynprummkaropom f'(0,z1) = +1.

e Tak xak f'(a,x1) = +1 upu a = 0, vo ycroiiuuocrs 1 = —1/2 onpesessi-
ercs TeopeMoit 2.

e Haiiziem Bropyto npoussomuyio f”(a,z1), npu a = 0:

2
f"(a,z1) = 9 J1a, 1) f@(z;@)

e [lockonbky

f”(a,xl)\azo = -2<0,

= -2 <.

TO 1 — IHOJY-aCUMITOTUYECKU YCTOfIqHBa CIIpaBa.

e 9. Ha rpaduke (puc. 2) x; — wmHeycroitumbasi runepbosmveckas TOUKa,
f'(a,z1) > 1, a>0.

—0.5 a=0.01

fla,z)

—0.7 Y
-0.7 T —0.5

Puc. 2.

e 10. Ha rpaduke (puc. 3) z1 — merunepbosnaeckasi rouka ¢ f'(a, r1) = +1 mpu
a = 0; x1 — WOJIy- aCUMITOTHYECKH ycToitunBas cupasa, T.K. f’(a,x1) < 0
npu a =0

e 11. Bropas HemonBm»KHasi TOUYKa To

1
x2:—§+\/6

C MyJILTUILIMKATOPOM
f'(a,m3) =1 — 2+/a.

10



0.0

fla,)

—15 L
15 . 0.0

Puc. 3.
e 12. Econ

‘fl(a’xQ)‘ <1, fl(aax2) =1-2va

TO To — YCTORUMBAs ITUIIEPOOIMICCKAsT HEITOJAKMKHAsT ToYKa. OTCioa yejaoBue
YCTOWYUBOCTH COTJIACHO Teopeme 2

—1< flla,z2) < +1 & -1 <1—2Va < +1.

PemmB 310 HepaBeHCTBO OTHOCUTEJILHO IapaMeTpa a, IMOJyduM o00JacTh
YCTOUYUBOCTHU

O0<a<l.

Henonsmxmas rouka xy neycroitausa, ecin | f'(a, x2)| > 1. llockoabky a > 0,
TO T9 Heycroitunsa, eciu a > 1 ¢ f'(a,z9) < —1.

e 13. Ha rpaduke (puc. 4) xo — ycroitunsas rumepbojmdeckasi Touka, —1 <
f(a,z1) <1, a=0.38.

LO a=0.8

—-1.0

Puc. 4.

e 14. Ha rpadmure (puc. 5) xo — HeycroiiumBas TUMEpOOINICCKAS TOUKA C
f'(a,x1) < —1 mpu a > 1.

11



1.0

fla,)

-1.0

~-10 = 1.0

Puc. 5.

Puc. 6.

e 15. Ha rpaduke (puc. 6(a)) xo — aCUMITOTHIECKH YCTOWIMBAsS HETHIEPOO-
mudeckas touka ¢ f'(a,x9) = —1 mpmw a = 1 T.K. coracHo Teopeme 3:
Sf(a,zs) <0 npu a = 1.0.

e 16.

Ha rpaduke (puc. 6(6)) 9 = x; — nermnepbosnmueckas touka ¢ f'(a,xs) =
f'(a,z1) = +1 npu a = 0; x9 — HONY- ACKMITOTHICCKH YCTONUNBAS CIIpaBa,
.X. f"(a,x9) <0 npu a = 0.0.
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