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ÓÄÊ 534.1
Ñîñòàâèòåëü Æ.Ò. Æóñóáàëèåâ

Ðåöåíçåíò
Êàíäèäàò òåõíè÷åñêèõ íàóê, äîöåíò Ò.Í. Êîíàíûõèíà

×èñëåííîå ðåøåíèå çàäà÷ áåçóñëîâíîé ìèíèìèçàöèè ìåòîäàìè
ïåðâîãî ïîðÿäêà: ìåòîäè÷åñêèå óêàçàíèÿ ê ëàáîðàòîðíûì è ïðàêòè÷åñêèì
çàíÿòèÿì äëÿ ñòóäåíòîâ íàïðàâëåíèé ïîäãîòîâêè 09.03.01 è 09.04.01 Èíôîð-
ìàòèêà è âû÷èñëèòåëüíàÿ òåõíèêà/ Þãî-Çàï. ãîñ. óí-ò; ñîñò. Æ.Ò. Æóñóáà-
ëèåâ. � Êóðñê, 2022. � 11 ñ.: èë.1. � Áèáëèîãð.: ñ. 11.

Îïèñûâàåòñÿ ÷èñëåííûå ìåòîäû áåçóñëîâíîé ìíîãîìåðíîé ìèíèìèçàöèè ìåòîäàìè

ïåðâîãî ïîðÿäêà. Îïèñàí àëãîðèòì íàèñêîðåéøåãî ãðàäèåíòíîãî ñïóñêà è ñîïðÿæåííûõ

ãðàäèåíòîâ. Ïðåäíàçíà÷åíû äëÿ ñòóäåíòîâ íàïðàâëåíèé ïîäãîòîâêè 09.03.01, 09.04.01 î÷-

íîé è çàî÷íîé ôîðì îáó÷åíèÿ.

Òåêñò ïå÷àòàåòñÿ â àâòîðñêîé ðåäàêöèè

Ïîäïèñàíî â ïå÷àòü 2022. Ôîðìàò 60× 84 1/16.
Óñë. ïå÷. ë. . Ó÷.-èçä. ë. . Òèðàæ 50 ýêç. Çàêàç . Áåñïëàòíî.

Þãî-Çàïàäíûé ãîñóäàðñòâåííûé óíèâåðñèòåò.

305040, ã. Êóðñê, óë. 50 ëåò Îêòÿáðÿ, 94.



1. Öåëü ðàáîòû

Èçó÷åíèå ÷èñëåííûõ ìåòîäîâ ìíîãîìåðíîé áåçóñëîâíîé ìèíèìèçà-
öèè ìåòîäàìè ïåðâîãî ïîðÿäêà.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì çàäà÷ó áåçóñëîâíîé ìèíèìèçàöèè äèôôåðåíöèðóåìîé ôóíê-
öèè ìíîãèõ ïåðåìåííûõ f(x), f ∈ R, x ∈ Rn.

Ïóñòü x(k) � ïðèáëèæåíèå ê òî÷êå ìèíèìóìà x∗ è g(k) = g(x(k)). Êàê ìû
çíàåì, ÷òî â ìàëîé îêðåñòíîñòè x(k) íà íàïðàâëåíèå íàèñêîðåéøåãî óáûâàíèÿ
ôóíêöèè f(x) óêàçûâàåò àíòèãðàäèåíò −g(k).

Â ãðàäèåíòíûõ ìåòîäàõ íàïðàâëåíèå ñïóñêà èç òî÷êè x(k) âûáèðàåòñÿ
(p)(k) = −g(k).

Òàêèì îáðàçîì â ãðàäèåíòíûõ ìåòîäàõ

x(k+1) = x(k) − αk g(k), k = 0, 1, 2, ... (1)

Â çàâèñèìîñòè îò òîãî, êàê âûáèðàåòñÿ øàã αk, ñóùåñòâóþò ðàçëè÷íûå
ìîäèôèêàöèè ìåòîäà. Ýòè ìåòîäû îòíîñÿòñÿ ê ìåòîäàì ïåðâîãî ïîðÿäêà.

3. Ìåòîä íàèñêîðåéøåãî ñïóñêà

Ïóñòü

ϕk(α) = f(x(k) − αg(k)) (2)

åñòü ôóíêöèÿ ñêàëÿðíîé ïåðåìåííîé α > 0.
Â ìåòîäå íàèñêîðåéøåãî ãðàäèåíòíîãî ñïóñêà øàã αk âûáèðàåòñÿ èç

óñëîâèÿ

αk = min
α>0

ϕk(α).

Ìåòîä áûë ïðåäëîæåí â 1845 ã. ôðàíöóçñêèì ìàòåìàòèêîì Î.Êîøè.

Òåîðåìà 1. Ïóñòü f(x) äèôôåðåíöèðóåìà. Òîãäà â èòåðàöèîííîì ïðîöåññå

x(k+1) = x(k)− αk g(k), αk = min
α>0

ϕk(α), ϕk(α) = f(x− αg(k)), k = 0, 1, 2, ...
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Ðèñ. 1.

äëÿ ëþáîãî k > 1 ñïðàâåäëèâî(
∇f(x(k+1)),p(k)

)
= 0, x = (x1, x2, ..., xn)

T , p = (p1, p2, ..., pn)
T , (3)

ãäå ¾T¿ � çíàê òðàíñïîíèðîâàíèÿ.

Äîêàçàòåëüñòâî. Çàïèøåì íåîáõîäèìîå óñëîâèå ìèíèìóìà ôóíêöèè ϕ(α)
(ñì. (2))

ϕ′k(α) = 0,

èñïîëüçóÿ ïðàâèëî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè

ϕ′k(α) =
dϕk(α)

dα
=

n∑
i=1

∂f(xk+1
i )

∂xi
· ∂x

k+1)

∂α
= 0.

Ïðèíèìàÿ âî âíèìàíèå, ÷òî

x
(k+1)
i = x

(k)
i + α p

(k)
i ,

ïîëó÷àåì óñëîâèå (3).

Íà ðèñ. 1 èçîáðàæåíà ãåîìåòðè÷åñêàÿ èëëþñòðàöèÿ ìåòîäà íàèñêîðåé-
øåãî ãðàäèåíòíîãî ñïóñêà.

Èç íà÷àëüíîé òî÷êè x(0) â íàïðàâëåíèè p(0) = −g(0) ñïóñê ïðîäîëæàåòñÿ
äî òåõ ïîð, ïîêà ëèáî íå áóäåò äîñòèãíóòà ñòàöèîíàðíàÿ òî÷êà, â êîòîðîé
∇f(x(k+1)) = 0, èëè ïðÿìàÿ íå êîñíåòñÿ â òî÷êå x(k+1)) íåêîòîðîé ëèíèè
óðîâíÿ. Ðàâåíñòâî (3) è åñòü óñëîâèå êàñàíèÿ.
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4. Ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè ìåòîäîì
íàèñêîðåéùåãî ãðàäèåíòíîãî ñïóñêà

Ðåøèì çàäà÷ó ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè

f(x) =
1

2
(Ax,x)− (b,x) , A ∈ Rn×n, b,x ∈ Rn. (4)

Çäåñü A � ñèììåòðè÷íàÿ ïîëîæèòåëüíî-îïðåäåëåííàÿ ìàòðèöà.
Êàê ìû óæå çíàåì, ãðàäèåíò êâàäðàòè÷íîé ôóíêöèè

∇f(x) = g(x) = Ax− b.

Òîãäà ôîðìóëà (1) ïðèíèìàåò âèä

x(k+1) = x(k) − αk
(
Ax(k) − b

)
, k = 0, 1, 2, ...

Íàéäåì ôóíêöèþ ϕk(α):

ϕk(α) =
1

2

(
A(x(k) − αg(k)), x(k) − αg(k)

)
− (b, x(k) − αg(k)).

Îòñþäà îòñþäà ïîëó÷èì êâàäðàòè÷íóþ ôóíêöèþ ïåðåìåííîé α

ϕk(α) =
1

2

(
Ag(k), g(k)

)
· α2 − (g(k), g(k)) · α +

1

2

(
Ax(k), x(k)

)
− (b, x(k))

Çàïèøåì íåîáõîäèìîå óñëîâèå ìèíèìóìà

ϕ′k(α) = 0,

ãäå

ϕ′k(α) =
(
Ag(k), g(k)

)
· α− (g(k), g(k)).

Òàêèì îáðàçîì,

αk =
(g(k), g(k))(
Ag(k), g(k)

) .
Àëãîðèòì
ε← 10−12;
x← x0;
REPEAT
x0 ← x;
g0 ← Ax0 − b;

α0 =
(g0, g0)

(Ag0, g0)
;

x← x0 − α0(Ax0 − b);
UNTIL ||g0|| < ε;
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5. Ìåòîä íàèñêîðåéùåãî ãðàäèåíòíîãî ñïóñêà

Èòàê, ïîäâåäåì èòîã. Ïóñòü äàíà ôóíêöèÿ ìíîãèõ ïåðåìåííûõ f(x), f ∈
R, x ∈ Rn, êîòîðàÿ èìååò íàïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå âî âñåõ åãî
òî÷êàõ.

Òðåáóåòñÿ íàéòè ëîêàëüíûé ìèíèìóì ôóíêöèè f(x), ò.å. òàêóþ òî÷êó
x∗ ∈ Rn, â êîòîðîé îíà ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå

x∗ = min
x∈Rn

f(x).

Ðåøåíèå çàäà÷è, êàê ìû âûÿñíèëè âûøå, ñîñòîèò â ïîñòðîåíèè ïî-
ñëåäîâàòåëüíîñòè ïðèáëèæåíèé x(0), x(1), x(3), .... ê òî÷êå x∗, òàêèõ ÷òî
f(xk+1) < f(xk), k = 0, 1, 2, .... (ò.å. âûïîëíÿåòñÿ óñëîâèå óáûâàíèÿ).

Òàêàÿ ïîñëåäîâàòåëüíîñòü âû÷èñëÿåòñÿ

x(k+1) = x(k) − αk g(k), , g(k) = ∇f(xk), k = 0, 1, 2, ... (5)

Øàã αk ðàññ÷èòûâàåòñÿ äëÿ êàæäîãî øàãà k èç óñëîâèÿ

αk = min
α>0

ϕk(α), ϕk(α) = f(x(k) − αg(k)).

Ïîñòðîåíèå ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé {x(k)}, k = 0, 1, 2, .... çà-
êàí÷èâàåòñÿ â òî÷êå x(k), â êîòîðîé ||∇f(xk)|| < ε1 èëè ïðèíóäèòåëüíî,
êîãäà k > m, ãäå m � ïðåäåëüíîå ÷èñëî èòåðàöèé.

Ìîæíî çàêàí÷èâàòü ïðè îäíîâðåìåííîì âûïîëíåíèè äâóõ óñëîâèé
||f(xk+1)− f(xk)|| < ε2 è ||xk+1 − xk|| < ε2.

Ñ äðóãîé ñòîðîíû, âûáîð êðèòåðèÿ îñòàíîâà � çàäà÷à íå ñîâñåì ïðîñòàÿ.
Àëãîðèòì â îáùåì ñëó÷àå âêëþ÷àåò

• Øàã 1. Çàäàòü x(0), ε1 > 0, ε2 > 0 è m è íàéòè íàéòè ãðàäèåíò ôóíê-

öèè â ïðîèçâîëüíîé òî÷êå ∇f(x =

(
∂f(x)

∂x1
, ...,

∂f(x)

∂xn

)
. Ýòî îçíà÷àåò,

÷òî íàäî âûïèñàòü ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà f(x ïî âñåì
êîìïîíåíòàì x1, x2, ..., xn âåêòîðà x èëè ñîñòàâèòü àëãîðèòì ÷èñëåííî-
ãî íàõîæäåíèÿ ãðàäèåíòà ôóíêöèè f(x) ìåòîäîì ¾êîíå÷íî-ðàçíîñòíîé¿
àïïðîêñèìàöèè ïðîèçâîäíûõ.

• Øàã 2. Ïîëîæèòü k = 0.

• Øàã 3. Âû÷èñëèòü ∇f(x(k)).
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• Øàã 4. Ïðîâåðèòü óñëîâèå îñòàíîâà ||∇f(xk)|| < ε1:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî x∗ = x(k);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 5.

• Øàã 5. Ïðîâåðèòü óñëîâèå k > m:

(à) åñëè óñëîâèå âûïîëíÿåòñÿ, òî ìû ãîâîðèì, ÷òî ïðèíóäèòåëüíî çà-
âåðøàåì ðàáîòó àëãîðèòìà (âîïðîñ, íàñêîëüêî áëèçêî x(k) ê x∗, òðåáóåò
äîïîëíèòåëüíîãî èññëåäîâàíèÿ);

(á) åñëè íåò, òî ïåðåéòè ê øàãó 6.

• Øàã 6. Âû÷èñëèòü øàã αk êàê

αk = min
α>0

ϕk(α), ϕk(α) = f(x(k) − αg(k)).

.

• Øàã 7. Âû÷èñëèòü

x(k+1) = x(k) − αk ∇f(xk).

• Øàã 8. Ïðîâåðèòü âûïîëíåíèå óñëîâèé ||f(xk+1)−f(xk)|| < ε2 è ||xk+1−
xk|| < ε2:

(à) åñëè óñëîâèÿ âûïîëíÿþòñÿ òî x∗ = x(k+1) è çàêîí÷èòü ïîèñê.

(á) åñëè õîòÿ áû îäíî èç óñëîâèé íå âûïîëíÿåòñÿ, òî ïîëîæèòü k = k+1
è ïåðåéòè ê øàãó 3.

6. Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ

Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè

f(x) =
1

2
(Ax,x)− (b,x) , A ∈ Rn×n, b,x ∈ Rn.

Íåíóëåâûå âåêòîðû p(0), p(1), ...,p(n−1) íàçûâàþòñÿ âçàèìíî-
ñîïðÿæåííûìè îòíîñèòåëüíî A, åñëè(

p(k)),p(i)
)
= 0,

äëÿ âñåõ k 6= i.
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Â ìåòîäå ñîïðÿæåííûõ íàïðàâëåíèé

x(k+1) = x(k) + αk p
(k), k = 0, 1, 2, .., n− 1, (6)

ãäå âåêòîðû p(0), p(1), ...,p(n−1) âçàèìíî ñîïðÿæåíû, à αk:

αk = −
(g(k), p(k))(
Ap(k), p(k)

)
íàõîäèòñÿ êàê ðåøåíèå

αk = min
α>0

ϕk(α), ϕk(α) = f(x+ αp(k)).

6.1. Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ (ìåòîä Ôëåò÷åðà -Ðèâñà)

Â ýòîì ìåòîäå âåêòîðû p(0), p(1), ...,p(n−1) íàõîäÿòñÿ

p(0) = −g(0), p(k) = −g(k) + βk−1g
(k−1), k > 1,

ãäå

βk−1 =
(Ap(k−1), p(k))(
Ap(k−1), p(k−1)

) .
Òàêèì îáðàçîì,

x(k+1) = x(k) + αk p
(k), k = 0, 1, 2, .., (7)

p(0) = −g(0), p(k) = −g(k) + βk−1g
(k−1), k > 1, (8)

αk = min
α>0

ϕk(α), ϕk(α) = f(x+ αp(k)). (9)

Çäåñü â ñëó÷àå íåêâàäðàòè÷íûõ ôóíêöèé

βk−1 =

(
g(k), g(k) − g(k−1))

|p(k−1)|2

èëè

βk−1 =
|g(k)|2

|p(k−1)|2
.

ÇÀÌÅ×ÀÍÈÅ:
1. Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ ñõîäèòñÿ ê ðåøåíèõ çàäà÷è íå áîëåå

÷åì çà n øàãîâ, ãäå n � ðàçìåðíîñòü âåêòîðà x.
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2. Åñëè ôóíêöèÿ íåêâàäðàòè÷íàÿ, òî ìåòîä óæå íåñõîäèòñÿ çà êîíå÷íîå
÷èñëî èòåðàöèé. ×àñòî, äëÿ óìåíüøåíèÿ âëèÿíèÿ âû÷èñëèòåëüíîé ïîãðåø-
íîñòè, ïðè k = n, 2n, 3n, ..., êîýôôèöèåíò βk−1 îáíóëÿåòñÿ. Òàêàÿ ïðîöåäóðà
íàçûâàåòñÿ ¾îáíîâëåíèåì àëãîðèòìà¿.

Àëãîðèòì ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè
Çàäàòü x0, ε;
1. x← x0; g0 ← Ax0 − b;
p← −g0; k ← 0;
REPEAT

2. x0 ← x;
3. g0 ← Ax0 − b;
4. p0 ← p;
5. Âûáðàòü íàïðàâëåíèå p ïîèñêà:

If k = 0 Then

p← p0

Else Begin

β ← (Ap0, g0)

(Ap0,p0)
;

p← −g0 + βp0

End;

6. Ðàññ÷èòàòü øàã α:

α← − (g0,p0)

(Ap0,p0)
;

7. Ðàññ÷èòàòü x:

x← x0 + αp;
8. k ← k + 1;
UNTIL ||g0|| < ε;
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Çàäàíèÿ ê ëàáîðàòîðíûì è ïðàêòè÷åñêèì çàíÿòèÿì

1. Ðåøèòü ÷èñëåííî çàäà÷ó ìèíèìèçàöèè ôóíêöèè

f(x) =
1

2
xTAx− bTx

ìåòîäàìè íàèñêîðåéøåãî ãðàäèåíòíîãî ñïóñêà è ìåòîäîì ñîïðÿæåííûõ ãðà-
äèåíòîâ. Ðåøåíèå çàäà÷è ïðîèëëþñòðèðîâàòü ãðàôè÷åñêè.

Çäåñü

A =

[
N −N
−N N + 1

]
b =

[
3N − 1
5N + 3

]
.

Ïàðàìåòð N ðàâåí íîìåðó ñòóäåíòà â ñïèñêå ãðóïïû.
2. Ðåøèòü àíàëèòè÷åñêè çàäà÷ó ìèíèìèçàöèè ôóíêöèè

f(x) =
1

2
xTAx− bTx

ìåòîäîì ñîïðÿæåííûõ ãðàäèåíòîâ.
Çäåñü

A =

[
N −N
−N N + 1

]
b =

[
3N − 1
5N + 3

]
.

Ïàðàìåòð N ðàâåí íîìåðó ñòóäåíòà â ñïèñêå ãðóïïû.
3. Âûïîëíèòü 3 èòåðàöèè ìåòîäîì ñîïðÿæåííûõ ãðàäèåíòîâ äëÿ

f(x) =
1

2
xTAx− bTx.

Çäåñü

A =

[
N −N
−N N + 1

]
b =

[
3N − 1
5N + 3

]
.

Ïàðàìåòð N ðàâåí íîìåðó ñòóäåíòà â ñïèñêå ãðóïïû.
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4. Ðåøèòü çàäà÷ó ìèíèìèçàöèè ôóíêöèé

f(x) = −x1x2 e−(x1+x2), x(0) = (0, 1)T ;

f(x) = (x21 + x22 − 1)2 + (x1 + x2 − 1)2,x(0) = (0, 3)T .

ìåòîäàìè íàèñêîðåéøåãî ãðàäèåíòíîãî ñïóñêà è Ôëåò÷åðà-Ðèâñà.
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