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Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåì✳ ìîäåë✳ íåëèíåéíûõ ñèñòåì✱ ✷✵✷✷

✶ ❰Ö➴❮❰×❮Û➴ ÑÐ➴➘ÑÒ➶➚ ➘❐ß Ò➴✃ÓÙ➴➹❰ ✃❰❮ÒÐ❰❐ß
ÓÑÏ➴➶➚➴❒❰ÑÒ➮

✶✳✶ Òåìà✿ ❰ñíîâíûå ïîíÿòèÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

✶✳✶✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

• ✶✳ ×òî òàêîå ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå❄

• ✷✳ Ýòàïû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ✳

• ✸✳ Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè✳ Ýòàïû ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè✳
Ïîíÿòèå îáúåêòà✱ ñõåìû çàìåùåíèÿ✳ ➚äåêâàòíîñòü ìàòåìàòè÷åñêîé ìîäåëè✳

• ✹✳ Ïðèìåð ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè✳

• ✺✳ Ðåàëèçàöèÿ ìàòåìàòè÷åñêîé ìîäåëè✳ Ñîäåðæàíèå ýòàïîâ ðåàëèçàöèè✳

• ✻✳ Ïðèìåð ðåàëèçàöèè ìàòåìàòè÷åñêîé ìîäåëè✳

✶✳✷ Òåìà✿ ❮åëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè✿ äèíàìè÷åñêàÿ ñèñòåìà êàê
îñíîâíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü åñòåñòâîçíàíèÿ

✶✳✷✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

• ✶✳ ➚âòîíîìíûå è íåàâòîíîìíûå äèíàìè÷åñêèå ìîäåëè ñ íåïðåðûâíûì âðåìåíåì✳

• ✷✳ Ðåäóêöèÿ ê ëîêàëüíîé ôîðìå àâòîíîìíûõ è íåàâòîíîìíûõ ìîäåëåé✳

• ✸✳ Ðàâíîâåñíûå ðåøåíèÿ✿ ñîñòîÿíèÿ ðàâíîâåñèÿ è ïåðèîäè÷åñêèå ðàøåíèÿ✳ ❮åðåãó✲
ëÿðíûå ðåøåíèÿ ✭êâàçèïåðèîäè÷åñêèå è õàîòè÷åñêèå✮✳

• ✹✳ ➘èñêðåòíûå íåëèíåéíûå ìîäåëè✳ Ïîíÿòèå îòîáðàæåíèå Ïóàíêàðå✳

• ✺✳ Ïîñòðîåíèå îòîáðàæåíèÿ Ïóàíêàðå ìåòîäîì Õåíîíà✳

• ✻✳ Ïîñòðîåíèå ñòðîáîñêîïè÷åñêîãî îòîáðàæåíèÿ Ïóàíêàðå íåàâòîíîìíûõ ñèñòåì✳

• ✼✳ ➚âòîíîìíûå í íåàâòîíîìíûå îòîáðàæåíèÿ✳

• ✽✳ ❮åàâòîíîìíûå ìàòåìàòè÷åñêèå ìîäåëè ñ äèñêðåíòíû âðåìåíåì✳

✶✳✸ Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ ❒åòîäû ðåàëèçàöèè ìàòåìàòè÷åñêèõ ìîäå✲
ëåé

✶✳✸✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

• ✶✳ ×èñëåííûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé✳

• ✷✳ Ïîíÿòèå àïïðîêèìàöèè è ïðîñòåéøèå ñõåìû ÷èñëåííîãî ðåøåíèÿ✿

✕ ßâíûé è íåÿâíûé ìåòîäû Ýéëåðà✳

✕ ❒åòîä òðàïåöèé✳

✷



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåì✳ ìîäåë✳ íåëèíåéíûõ ñèñòåì✱ ✷✵✷✷

✕ ❒åòîäû Ðóíãå✲✃óòòà è ðàçíîñòíûå ìåòîäû✳

• ✸✳ Óñòîé÷èâîñòü ÷èñëåííûõ ñõåì✳

✕ Óñòîé÷èâîñòü ÿâíîãî è íåÿâíîãî ìåòîäîâ Ýéëåðà✳

✕ Óñòîé÷èâîñòü ìåòîäà òðàïåöèé✳

✶✳✹ Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ ➶âåäåíèå â íåëèíåéíóþ äèíàìèêó ìàòåìà✲
òè÷åñêèõ ìîäåëåé

✶✳✹✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

• ✶✳ Ðàñ÷åò ñîñòîÿíèé ðàâíîâåñèÿ àâòîíîìíûõ äèííàìè÷åñêèõ ìàòåìàòè÷åñêèõ ìî✲
äåëåé✳

• ✷✳ ➚ëãîðèòìû ÷èñëåííîãî ïîèñêà ïåðèîäè÷åñêèõ ðåøåíèé àâòîìîíìûõ è íåàâòî✲
íîìíûõ ìîäåëåé✳

• ✸✳ Óñòîé÷èâîñòü è áèôóðêàöèè ñîñòîÿíèé ðàâíîâåñèÿ àâòîíîìíûõ âåêòîðíûõ ïî✲
ëåé✳

• ✹✳ Óñòîé÷èâîñòü è áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé äèíàìè÷åñêèõ ìîäåëåé ñ
íåïðåðûâíûì âðåìåíåì✳

• ✺✳ ➹ëàäêèå è íåãëàäêèå äèñêðåòíûå ìîäåëè✳

• ✻✳ Óñòîé÷èâîñòü è áèôóðêàöèè íåïîäâèæíûõ òî÷åê è ïåðèîäè÷åñêèõ äâèæåíèé
äèñêðåòíûõ ñèñòåì✳

• ✼✳ ➶âåäåíèå â òåîðèþ íåëîêàëüíûõ áèôóðêàöèé èíâàðèàíòíûõ ìíîæåñòâ ✳

✶✳✹✳✷ ❒åòîäè÷åñêèé ìàòåðèàë è çàäà÷è ê òåìå ➽➶âåäåíèå â íåëèíåéíóþ äèíàìèêó ìàòå✲

ìàòè÷åñêèõ ìîäåëåé➾

Ñèñòåìû ñ ïîñòîÿííîé ìàòðèöåé

dX

dt
= AX +B(t), B(t+ T ) ≡ B(t), ✭✶✮

X,B ∈ R
n, A ∈ R

n×n. ✭✷✮

➪✳ ➚ëãîðèòì
✶✳ Ðåøèòü çàäà÷ó ✃îøè íà îäíîì ïåðèîäå✿

dX

dt
= AX +B(t), X(0) = 0, 0 6 t 6 T ✭✸✮

òåì ñàìûì ðàññ÷èòàòü âåêòîð X(T, 0)✳
✷✳ Ðàññ÷èòàòü ìàòðèöó F (T ) ÷èñëåííî ðåøèâ óðàâíåíèå

dF (t)

dt
= AF (t), F (0) = E, 0 6 t 6 T

íà îäíîì ïåðèîäå 0 6 t 6 T èëè ðàññ÷èòàòü F (T ) ïî ôîðìóëå

F (T ) = ❡AT .

✸
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✸✳ Ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(E − F (T ))Q = X(T, 0)

îòíîñèòåëüíî âåêòîðà íà÷àëüíûõ óñëîâèé Q äëÿ ïåðèîäè÷åñêîãî ðåøåíèÿ Xc(t)✳
✹✳ Ðåøèòü çàäà÷ó ✃îøè íà îäíîì ïåðèîäå ñ óñëîâèåì X(0) = Q è òåì ñàìûì ðàññ÷è✲

òàòü ïåðèîäè÷åñêîå ðåøåíèå Xc(t)✿

dX

dt
= AX +B(t), X(0) = Q, 0 6 t 6 T

✺✳ ❮àéòè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F (T )

det(F (T )− λE) = 0

è ïðîâåñòè àíàëèç èõ ðàñïîëîæåíèÿ â êîìïëåêñíîé ïëîñêîñòè îòíîñèòåëüíî åäèíè÷íîãî
êðóãà✳
Ñ✳×èñëåííàÿ ðåàëèçàöèÿ àëãîðèòìà
✶✳ ➶ûáðàòü øàã èíòåãðèðîâàíèÿ h = T/m✳
✷✳ Ðàññ÷èòàòü ìàòðèöó ω(A, h) = A−1(❡Ah − E)✳
✸✳ Ðåøèòü çàäà÷ó ✃îøè ñ óñëîâèåì X(0) = 0 äëÿ ñèñòåìû ✭✶✺✮ ÷èñëåííî✿

Xk+1 = Xk + ω(A, h)(AXk +Bk), k = 0,m− 1, X0 = 0.

➬äåñü Xk = X(tk)✱ Bk = B(tk)✱ tk = k · h✳
✹✳ Ðàññ÷èòàòü ìàòðèöó F (T )✱ ðåøèâ ìàòðè÷íîå óðàâíåíèå

dF (t)

dt
= AF (t), F (0) = E, 0 6 t 6 T

÷èñëåííî ïî ñõåìå

Fk+1 = Fk + ω(A, h)AFk, k = 0,m− 1, F0 = E.

➬äåñü Fk = F (tk)✱ tk = k · h✳
✺✳ Ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(E − Fm)Q = Xm, Fm = F (T ), Xm = X(T, 0).

✻✳ Ðåøèòü ÷èñëåííî çàäà÷ó ✃îøè ñ óñëîâèåì X(0) = Q è òåì ñàìûì ðàññ÷èòàòü
ïåðèîäè÷åñêîå ðåøåíèå Xc(t)✿

Xk+1 = Xk + ω(A, h)(AXk +Bk), k = 0,m− 1, X0 = Q.

✼✳ Ðàññ÷èòàòü ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F (T ) è ïðîâåñòè àíàëèç èõ ðàñïîëî✲
æåíèÿ â êîìïëåêñíîé ïëîñêîñòè îòíîñèòåëüíî åäèíè÷íîãî êðóãà✳
ÓÏÐ➚➷❮➴❮➮ß
✶✳ ❮àéòè ïåðèîäè÷åñêîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è èññëåäî✲

âàòü óñòîé÷èâîñòü

dX

dt
= AX +B(t),

✹
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X =

[
x1

x2

]
, A =



−R

L
− 1

L
1

C
− 1

CRL


 , B(t) =

Vm

L

[
cos(Ωt)

0

]
.

Ïàðàìåòðû✿ R = 10 ❰ì✱ L = 0.1 ➹í✱ C = 10−6 Ô✱ RL = 200 ❰ì✱ T = 2π/Ω✱ T = 10−3

❝✱ Vm = 20 ❇✳
✷✳ ❮àéäèòå ïåðèîäè÷åñêîå ðåøåíèå xc(t) óðàâíåíèÿ

dx

dt
= −ax+ b(t), b(t+ T ) ≡ b(t),

ãäå x ∈ R è b(t) = Am cos t❀ T = 2π ✕ ïåðèîä ïåðèîäè÷åñêîãî ðåøåíèÿ✱ a✱ Am = const✳
Óêàçàíèÿ✿ Ïóñòü äåéñòâèòåëüíàÿ ìàòðèöà A ðàçìåðíîñòè 2×2 èìååò äâà ðàçëè÷íûõ

äåéñòâèòåëüíûõ èëè êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèÿ λ1, λ2✱ λ1 6= λ2✳
✭à✮ ❒àòðèöà eAt âû÷èñëÿåòñÿ ïî ôîðìóëå

eAt = eλ1tQ1 + eλ2tQ2.

➬äåñü

Q1 =
A− λ2E

λ1 − λ2

, Q2 =
A− λ1E

λ2 − λ1

,

ãäå E✖åäèíè÷íàÿ ìàòðèöà✳
✭á✮ Ïóñòü ñîáñòâåííûå çíà÷åíèÿ (2 × 2)✲ìàòðèöû A êîìïëåêñíûå✿ λ1,2 = α ± jβ✱ ãäå

α, β ✖ äåéñòâèòåëüíàÿ è ìíèìûå ÷àñòè✳ Òîãäà ìàòðèöà eAt âû÷èñëÿåòñÿ ÷òî ôîðìóëå

eAt = åαt
[
E · cos βt+ (A− αE)

sin βt

β

]
,

ãäå E✖åäèíè÷íàÿ ìàòðèöà✳
Ñèñòåìû ïåðåìåííîé ìàòðèöåé

Ïîñòàíîâêà çàäà÷è

dX

dt
= A(t)X +B(t), A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), ✭✹✮

X,B ∈ R
n, A ∈ R

n×n,

ãäå A(t) ✖ êóñî÷íî ïîñòîÿííàÿ ìàòðèöà

A(t) =

{
A1, kT 6 t < kT + τ ;

A2, kT + τ 6 t 6 (k + 1)T,
0 < τ < T. ✭✺✮

➚ëãîðèòì ïîèñêà ïåðèîäè÷åñêîãî ðåøåíèÿ
✶✳ Ðåøèòü çàäà÷ó ✃îøè íà îäíîì ïåðèîäå✿

dX

dt
= A(t)X +B(t), X(0) = 0, 0 6 t 6 T. ✭✻✮

✺



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåì✳ ìîäåë✳ íåëèíåéíûõ ñèñòåì✱ ✷✵✷✷

✷✳ Ðàññ÷èòàòü ìàòðèöó F (T ) ÷èñëåííî ðåøèâ óðàâíåíèå

dF (t)

dt
= A(t)F (t), F (0) = E, 0 6 t 6 T,

A(t) =

{
A1, kT 6 t < kT + τ ;

A2, kT + τ 6 t 6 (k + 1)T

íà îäíîì ïåðèîäå 0 6 t 6 T èëè ðàññ÷èòàòü F (T ) ïî ôîðìóëå

F (T ) = ❡A2(T−τ)❡A1τ .

✸✳ Ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(E − F (T ))Q = X(T, 0)

îòíîñèòåëüíî âåêòîðà íà÷àëüíûõ óñëîâèé Q äëÿ ïåðèîäè÷åñêîãî ðåøåíèÿ Xc(t)✳
✹✳ Ðåøèòü çàäà÷ó ✃îøè íà îäíîì ïåðèîäå ñ óñëîâèåì X(0) = Q✿

dX

dt
= A(t)X +B(t), X(0) = Q, 0 6 t 6 T.

✺✳ ❮àéòè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F (T )

det(F (T )− λE) = 0

è ïðîâåñòè àíàëèç èõ ðàñïîëîæåíèÿ â êîìïëåêñíîé ïëîñêîñòè îòíîñèòåëüíî åäèíè÷íîãî
êðóãà✳

➚ëãîðèòì ÷èñëåííîé ðåàëèçàöèè
✶✳ ➶ûáðàòü øàã èíòåãðèðîâàíèÿ h = T/m✳
✷✳ Ðàññ÷èòàòü ìàòðèöû ω(A1, h) = A−1

1 (❡A1h − E)✱ ω(A2, h) = A−1
2 (❡A2h − E) ✳

✸✳ Ðåøèòü çàäà÷ó ✃îøè ñ óñëîâèåì X(0) = 0 äëÿ ñèñòåìû ✭✶✺✮ ÷èñëåííî✿

Xk+1 = Xk + ω(A, h)(AXk +Bk), k = 0,m− 1, X0 = 0,

ω(A, h) =

{
ω(A1, h), 0 6 tk < τ ;

ω(A2, h), τ 6 tk 6 T,
tk = k · h.

➬äåñü Xk = X(tk)✱ Bk = B(tk)✳
✹✳ Ðàññ÷èòàòü ìàòðèöó F (T )✱ ðåøèâ ìàòðè÷íîå óðàâíåíèå

dF (t)

dt
= AF (t), F (0) = E, 0 6 t 6 T,

A(t) =

{
A1, kT 6 t < kT + τ ;

A2, kT + τ 6 t 6 (k + 1)T

÷èñëåííî ïî ñõåìå

Fk+1 = Fk + ω(A, h)AFk, k = 0,m− 1, F0 = E,

ω(A, h) =

{
ω(A1, h), 0 6 tk < τ ;

ω(A2, h), τ 6 tk 6 T,
tk = k · h.

✻
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➬äåñü Fk = F (tk)✱ tk = k · h✳
✺✳ Ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(E − Fm)Q = Xm, Fm = F (T ), Xm = X(T, 0).

✻✳ Ðåøèòü ÷èñëåííî çàäà÷ó ✃îøè ñ óñëîâèåì X(0) = Q è òåì ñàìûì ðàññ÷èòàòü
ïåðèîäè÷åñêîå ðåøåíèå Xc(t)✿

Xk+1 = Xk + ω(A, h)(AXk +Bk), k = 0,m− 1, X0 = Q,

ω(A, h) =

{
ω(A1, h), 0 6 tk < τ ;

ω(A2, h), τ 6 tk 6 T,
tk = k · h.

✼✳ Ðàñ÷åò ñîáñòâåííûõ çíà÷åíèé ìàòðèöû F (T )

det(F (T )− λE) = 0.

ÓÏÐ➚➷❮➴❮➮ß
✶✳ ❮àéòè ïåðèîäè÷åñêîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è èññëåäî✲

âàòü óñòîé÷èâîñòü

dX

dt
= A(t)X +B, A(t) =

{
A1, kT 6 t < kT + τ ;

A2, kT + τ 6 t 6 (k + 1)T,

X =

[
x1

x2

]
, A1 =



−R

L
− 1

L
1

C
− 1

CRL


 , A2 =



−R

L
0

0 − 1

CRL


 , B =

Vm

L

[
1
0

]
.

Ïàðàìåòðû✿ R = 10 ❰ì✱ L = 0.1 ➹í✱ C = 10−6 Ô✱ RL = 200 ❰ì✱ T = 2π/Ω✱ T = 10−3

❝✱ Vm = 20 ❇✱ τ = T/4✳
❮åëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè

Ðàññìîòðèì â êà÷åñòâå ïåðâîãî ïðèìåðà ñèñòåìó óïðàâëåíèÿ ñ àìïëèòóäíî✲÷àñòîòíî✲
èìïóëüñíîé ìîäóëÿöèåé ïåðâîãî ðîäà ❬✷✲✺❪✱ ïîâåäåíèå êîòîðîé îïèñûâàåòñÿ ñêàëÿðíûì
óðàâíåíèåì âèäà✿

ẋ = f(x) +
∞∑

k=0

bkδ(t− tk), f(x) = −λx, λ > 0. ✭✼✮

❒îìåíòû èìïóëüñàöèè tk â ✭✼✮ îïðåäåëÿþòñÿ ❬✷✲✺❪

tk+1 = tk + Φ(x(t−k )), k = 0, 1, 2, ...,

ãäå Φ(x) ✖ íåóáûâàþùàÿ ôóíêöèÿ ✭÷àñòîòíàÿ ìîäóëÿöèîííàÿ õàðàêòåðèñòèêà✮✳
➶åëè÷èíû bk â ïðàâîé ÷àñòè ✭✼✮ íàõîäÿòñÿ êàê ❬✷✲✺❪

bk = F (x(t−k )), k = 0, 1, 2, ...,

ãäå F (x) ✖ íåâîçðàñòàþùàÿ ôóíêöèÿ ✭àìïëèòóäíàÿ ìîäóëÿöèîííàÿ õàðàêòåðèñòèêà✮✳

✼



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåì✳ ìîäåë✳ íåëèíåéíûõ ñèñòåì✱ ✷✵✷✷

Ôóíêöèè Φ✱ F ÿâëÿþòñÿ îãðàíè÷åííûìè è ïðèíèìàþò ïîëîæèòåëüíûå çíà÷åíèÿ✳ ➶
êà÷åñòâå ìîäóëÿöèîííûõ ôóíêöèé Φ✱ F â ❬✷✲✺❪ âûáðàíà ôóíêöèÿ Õèëëà✿

Φ(x) = k1 + k2
(x/r)p

1 + (x/r)p
, F (x) = k3 +

k4
1 + (x/r)p

,

ãäå p = 1, 2, .... ✖ ïîêàçàòåëü ôóíêöèè Õèëëà✱ îïðåäåëÿþùàÿ êðóòèçíó ìîäóëÿöèîí✲
íûõ õàðàêòåðèñòèê❀ k1✱ k2✱ k3✱ k4✱ r ✖ ïàðàìåòðû✱ êîòîðûå ïðèíèìàþò ïîëîæèòåëüíûå
çíà÷åíèÿ✳ Ïðèìåðû ôóíêöèé Φ(x) è F (x) ïîêàçàíû íà ðèñ✳ ✷✳

✃àê ìû îòìå÷àëè ðàíåå✱ ðåøåíèå óðàâíåíèÿ ✭✼✮ êóñî÷íî✲íåïðåðûâíî ñ êîíå÷íûìè
ðàçðûâàìè â òî÷êàõ tk✱ k > 0 ✭ñì✳ ðèñ✳ ✸✮✳

Ïðåäëîæåíèå ✶ ➶åëè÷èíû ñêà÷êîâ â òî÷êàõ ðàçðûâà t = tk îïðåäåëÿþòñÿ âûðàæå✲
íèåì

x(t+k )− x(t−k ) = bk.

➘îêàçàòåëüñòâî✳ ➶ îáëàñòè tk−1 < t < tk+1 óðàâíåíèå ✭✼✮ çàïèñûâàåòñÿ â ôîðìå

ẋ = −λ x+ bkδ(t− tk). ✭✽✮

Ðåøåíèå óðàâíåíèÿ ✭✽✮ â ïðîìåæóòêå tk−1 < t < tk+1 áóäåì èñêàòü â âèäå

x(t) = x−(t) + [x+(t)− x−(t)]η(t− tk), ✭✾✮

ãäå x±(t) ✖ íåïðåðûâíûå ôóíêöèè✱ îïðåäåëåííûå ñîîòâåòñòâåííî â îáëàñòÿõ tk−1 < t <
tk è tk < t < tk+1 è óäîâëåòâîðÿþùèå óðàâíåíèþ ẋ = −λ x✳

Ïîäñòàâëÿÿ ✭✾✮ â ✭✽✮ è ó÷èòûâàÿ ÷òî η′(t− tk) = δ(t− tk)✱ èìååì

ẋ−(t) + [ẋ+(t)− ẋ−(t)]η(t− tk) + [x+(t)− x−(t)]δ(t− tk) =

= −λ x−(t)− λ[x+(t)− x−(t)]η(t− tk) + bkδ(t− tk).

Ïîñêîëüêó ẋ±(t) = −λx±(t)✱ òî

{x(t+k )− x(t−k )− bk}δ(t− tk) = 0, x(t±k ) = lim
t→tk±0

x±(t).

Ïðèðàâíèâàÿ íóëþ âûðàæåíèå â ôèãóðíûõ ñêîáêàõ✱ íàéäåì

x(t+k )− x(t−k ) = bk.

➬àïèøåì óðàâíåíèå ✭✼✮ â ýêâèâàëåíòíîé ôîðìå ❬✻❪

ẋ = −λx. ✭✶✵✮

➬äåñü x(t) èìåþò ñêà÷êè â ìîìåíòû âðåìåíè tk✱ k > 0✿

x(t+k ) = x(t−k ) + bk, tk+1 = tk + Tk, bk = F (x(t−k )), Tk = Φ(x(t−k )).

➶ äàëüíåéøåì áóäåì ïðåäïîëàãàòü íåïðåðûâíîñòü x(t) ñëåâà îò òî÷åê ðàçðûâà t = tk✳
➶ ïðîìåæóòêàõ ìåæäó òî÷êàìè ðàçðûâà ✭â èíòåðâàëàõ íåïðåðûâíîñòè✮

tk < t < tk+1, k = 0, 1, 2, ....

óðàâíåíèå ✭✶✵✮ èìååò âèä

ẋ = −λx,

✽
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Ðèñ✳ ✶✿ ❒îäóëÿöèîííûå õàðàêòåðèñòèêè Φ(x)✱ F (x)✿ Φ(x) ✕ ÷àñòîòíàÿ õàðàêòåðèñòèêà❀ F (x) ✕ àìïëè✲
òóäíàÿ õàðàêòåðèñòèêà

✭❛✮ ✭á✮

Ðèñ✳ ✷✿ ❒îäóëÿöèîííûå õàðàêòåðèñòèêè Φ(x)✱ F (x) ïðè ðàçíûõ çíà÷åíèÿõ ïîêàçàòåëÿõ p ôóíêöèè
Õèëëà✿ ✭❛✮ ✖ ÷àñòîòíàÿ ìîäóëÿöèîííàÿ õàðàêòåðèñòèêà Φ(x)❀ ✭á✮ àìïëèòóäíàÿ ìîäóëÿöèîííàÿ õàðàê✲
òåðèñòèêà F (x)

Ðèñ✳ ✸✿ Ðåøåíèå óðàâíåíèÿ ✭✶✵✮✱ ãäå tk è tk+1 ✖ òî÷êè ðàçðûâîâ

ðåøåíèå êîòîðîãî ñ íà÷àëüíûì óñëîâèåì x(tk) = x(t+k ) íàõîäèòñÿ

x(t) = e−λ(t−t+
k
) x(t+k ).

✾
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❰òñþäà äëÿ t = t+k+1

x(t−k+1) = e−λ(tk+1−t+
k
) x(t+k ) ✭✶✶✮

èëè

x(t−k+1) = e−λTk x(t+k ), Tk = Φ(x(t−k )),

ãäå x(t+k ) ✭ ñì✳ ðèñ✳ ✸✮✿

x(t+k ) = x(t−k ) + bk, bk = F (x(t−k )).

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ x(t+k ) â ✭✶✶✮✱ ïîëó÷èì

x(t−k+1) = e−λTk (x(t−k ) + bk), Tk = Φ(x(t−k )), bk = F (x(t−k )). ✭✶✷✮

✭à✮
✭á✮

Ðèñ✳ ✹✿ ✭❛✮ ❰òîáðàæåíèå ✭✶✸✮✳ ✭á✮ ➪èôóðêàöèîííàÿ äèàãðàììà✱ èëëþñòðèðóþùàÿ ïåðåõîä ê õàîñó ÷åðåç
áåñêîíå÷íûé êàñêàä áèôóðêàöèé óäâîåíèÿ ïåðèîäà

❰áîçíà÷èì xk = x(t−k )✳ Òîãäà îòîáðàæåíèå ✱ ïîðîæäàåìîå óðàâíåíèåì ✭✶✵✮✱ çàïèñû✲
âàåòñÿ ❬✻❪

xk+1 = Q(xk), ✭✶✸✮

Q(x) = e−λΦ(x) (x+ F (x)),

Φ(x) = k1 + k2
(x/r)p

1 + (x/r)p
, F (x) = k3 +

k4
1 + (x/r)p

.

Ïàðàìåòðû✿ k1 = 40✱ k2 = 80✱ k3 = 0.0001b✱ k4 = 5b✱ ãäå 2 < b < 100✱ r = 2.7✱ p = 4✱
0.003 < λ < 0.038✳ ➶ êà÷åñòâå âàðüèðóåìûõ âûáåðåì λ è b✳ Òàêèì îáðàçîì✱ äèôôåðåí✲
öèàëüíîå óðàâíåíèå ✭✼✮ ñ ðàçðûâíûì ðåøåíèåì ñâîäèòñÿ ê ãëàäêîìó îòîáðàæåíèþ ✭✶✸✮✳

➬àäà÷à ✶✳✶✳ ❒àòåìàòè÷åñêàÿ ìîäåëü ðåëåéíîé ñèñòåìû✿

✶✵
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dx

dt
= G(x), G(x) =

{
Ax+ b, ξ > 0,

Ax− b, ξ < 0,
✭✶✹✮

x =

[
x1

x2

]
, A =

[
λ1 0
0 λ2

]
, b ∈ R

2, b = −
[
λ1

λ2

]
, ξ(x1, x2) = q + C ′

x = x1 − ϑx2 + q,

C =

[
1
−ϑ

]
, ϑ = λ1/λ2.

Ïàðàìåòðû✿ λ1 = −0.8857✱ λ1 = −0.1249✱ q = 3.2388✳ ➬íàê øòðèõ ➽′➾ çäåñü è äàëåå
îáîçíà÷àåò òðàíñïîíèðîâàíèå ìàòðèöû✳

➬àäà÷à ✶✳✷✳ ❒îäåëü ðåëåéíîé ñèñòåìû ñ êîëåáàòåëüíîé ëèíåéíîé ÷àñòüþ✿

dx

dt
= G(x), G(x) =

{
Ax+ b, ξ > 0,

Ax− b, ξ < 0,
✭✶✺✮

x =

[
x1

x2

]
, A =

[
α −β
β α

]
, b ∈ R

2, b = −
[
α− β
α + β

]
, ξ(x1, x2) = q + C ′

x = ϑx1 − x2 + q,

C =

[
ϑ
−1

]
, ϑ =

α + β

α− β
.

Ïàðàìåòðû✿ α = −0.3842✱ β = 0.266✱ q = 0.4852✳
✶✳ Ïîëó÷èòå óðàâíåíèÿ äëÿ ðàñ÷åòà T ✲ïåðèîäè÷åñêîãî ðåøåíèÿ ñ äâóìÿ ïåðåñå÷åíè✲

ÿìè ïîâåðõíîñòè ðàçðûâà✳
✷✳ Ïðîâåðüòå âûïîëíåíèå óñëîâèÿ òðàíñâåðñàëüíîñòè ïåðåñå÷åíèÿ✳
✸✳ Ïîëó÷èòå âûðàæåíèå äëÿ ðàñ÷åòà ìàòðèöû ìîíîäðîìèè F (T )✳
✹✳ ❮àïèøèòå ïðîãðàììó ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ ïåðèîäîâ ìåòîäîì ❮üþòîíà

✲Ðàôñîíà✳
✺✳ ❮àïèøèòå ïðîãðàììó ðàñ÷åòà ïåðèîäè÷åñêîãî ðåøåíèÿ è àíàëèçà ëîêàëüíîé óñòîé✲

÷èâîñòè✳
✻✳ Ðàññ÷èòàéòå ôàçîâûé ïîðòðåò äèíàìè÷åñêîé ñèñòåìû✳
➬àäà÷à ✶✳✸✳ Ðåãóëÿòîð òåìïåðàòóðû â ïîìåùåíèè✱ îïèñûâàåòñÿ óðàâíåíèåì

C
dθ

dt
= −Kθ +Wϕ(ε).

➬äåñü θ ✖ òåìïåðàòóðà ïå÷è❀ C ✕ òåïëîåìêîñòü ïå÷è❀ W ✖ ìîùíîñòü✱ ïîäâîäèìàÿ ê
ïå÷è ñî ñòîðîíû íàãðåâàòåëÿ❀ Kθ ✖ ìîùíîñòü òåïëîîòäà÷è âî âíåøíþþ ñðåäó❀ ε =
θref − θ ✖ îøèáêà✱ ãäå θref ✖ ïîñòîÿííûé çàäàþùèé ñèãíàë❀ ϕ(ε) ✖ ðåëåéíàÿ ôóíêöèÿ ñ
ãèñòåðåçèñîì χ0✱ ïðèíèìàþùàÿ ïîñòîÿííûå çíà÷åíèÿ +1 è 0✳

Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ äëÿ ðàñ÷åòà ïðåäåëüíîãî öèêëà ñ îäíèì èìïóëüñîì íà
ïåðèîäå✳ ➮ññëåäóéòå ëîêàëüíóþ óñòîé÷èâîñòü ïðåäåëüíîãî öèêëà✳

➬àäà÷à ✶✳✹✳ ➮ññëåäóéòå óñòîé÷èâîñòü T ✲ïåðèîäè÷åñêîãî äâèæåíèÿ ìàòåìàòè÷åñêîé
ìîäåëè ñèñòåìû óïðàâëåíèÿ ñ øèðîòíî✲èìïóëüñíîé ìîäóëÿöèåé âòîðîãî ðîäà ✭Ø➮❒✲✷✮✱
íåïðåðûâíàÿ ëèíåéíàÿ ÷àñòü êîòîðîé îïèñûâàåòñÿ ïåðåäàòî÷íîé ôóíêöèåé

W (s) =
K

T · s+ 1
. ✭✶✻✮

✶✶
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Ïàðàìåòðû ëèíåéíîé ÷àñòè è ìîäóëÿòîðà óòî÷íèòå ó ïðåïîäàâàòåëÿ✳
Óêàçàíèå✿ Ïåðèîäè÷åñêîå ðåøåíèå íàéäèòå ìåòîäîì óðàâíåíèé ïåðèîäîâ✳
Óêàçàíèÿ✿

✭à✮ Ðåøåíèå ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
dx

dt
= Ax+ b ñ óñëî✲

âèåì x(t0) = x0✿
x(t) = eA(t−t0){x0 + xs} − xs✱ xs = A−1

b✱ detA 6= 0✳
➬äåñü x = (x1, x2, . . . , xn)

′✱ b = (b1, b2, . . . , bn)
′✲âåêòîðû✱ A✖(n× n)✲ìàòðèöà✳

✭á✮ Ïóñòü äåéñòâèòåëüíàÿ ìàòðèöà A ðàçìåðíîñòè 2 × 2 èìååò äâà ðàçëè÷íûõ äåé✲
ñòâèòåëüíûõ èëè êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèÿ λ1, λ2✱ λ1 6= λ2✳

✭â✮ ❒àòðèöà ❡At âû÷èñëÿåòñÿ ïî ôîðìóëå

❡At = ❡λ1tQ1 + eλ2tQ2.

➬äåñü

Q1 =
A− λ2E

λ1 − λ2

, Q2 =
A− λ1E

λ2 − λ1

,

ãäå E✖åäèíè÷íàÿ ìàòðèöà✳
✭ã✮ Ïóñòü ñîáñòâåííûå çíà÷åíèÿ (2× 2)✲ìàòðèöû A êîìïëåêñíûå✿ λ1,2 = α ± jβ✱ ãäå

α, β ✖ äåéñòâèòåëüíàÿ è ìíèìûå ÷àñòè✳ Òîãäà ìàòðèöà eAt âû÷èñëÿåòñÿ ÷òî ôîðìóëå

❡At = åαt
[
E · cos βt+ (A− αE)

sin βt

β

]
,

ãäå E✖åäèíè÷íàÿ ìàòðèöà✳
➚ëãîðèòì ðàñ÷åòà ïåðèîäè÷åñêîãî ðåøåíèÿ

Ïóñòü tk✱ k = 1, ...,m ✖ ìîìåíòû ïåðåêëþ÷åíèÿ ðåëåéíîãî ýëåìåíòà íà ïåðèîäå T
ïåðèîäè÷åñêîãî ðåøåíèÿ xc(t + T ) ≡ Xc(t)✳ ➘ëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü✱ ÷òî â
ìîìåíò âðåìåíè t = tk ❝ ðîñòîì t ôóíêöèÿ ξ(xc(t)) ìåíÿåò çíàê ñ ➽+➾ íà ➽−➾✱ à â
ìîìåíò âðåìåíè t = tk+1 ✖ ñ ìèíóñà ➽−➾ íà ïëþñ ➽+➾✳

✭❛✮ ✭❜✮

Ðèñ✳ ✺✿ ✭❛✮ ❮àïðàâëåíèÿ ïåðåñå÷åíèé ïîâåðõíîñòè ðàçðûâà✳ ✭á✮ ➶ûõîäíîé ñèãíàë ðåëåéíîãî ýëåìåíòà✳
➬äåñü τ+

k
= tk − tk−1✱ τ

−

k
= tk+1 − tk äëèòåëüíîñòè ïîëîæèòåëüíîãî è îòðèöàòåëüíîãî èìïóëüñîâ✱

ñîîòâåòñòâåííî✳

➶âåäåì ñëåäóþùèå îáîçíà÷åíèÿ ✭ñì✳ Ðèñ✳ ✺✮✿ τ+k = tk−tk−1 ✕ øèðèíà ïîëîæèòåëüíîãî
èìïóëüñà✱ τ−k = tk+1 − tk ✕ øèðèíà îòðèöàòåëüíîãî èìïóëüñà✱ K❋ ✖ âûõîäíîé ñèãíàë
ðåëåéíîãî ýëåìåíòà✳

✶✷
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➬àäà÷ó ïîèñêà xc(t) ìîæíî ñâåñòè ê çàäà÷å ðàñ÷åòà ìîìåíòîâ ïåðåêëþ÷åíèÿ tk✱ k =
1,m ðåëåéíîãî ýëåìåíòà✱ ãäå m ✕ ÷èñëî ïåðåêëþ÷åíèé íà ïåðèîäå T ✿

ξk(t1, t2, ...., tm) = q + C ′
x̂c(tk) = 0, k = 1,m. ✭✶✼✮

➬äåñü x̂c(t)✕ ïåðèîäè÷åñêîå ðåøåíèå ïðè çàäàííûõ tk✱ k = 1,m✳
✶✳ Ïðè çàäàííûõ ìîìåíòàõ tk✱ k = 1,m âûõîäíîé ñèãíàë ðåëåéíîãî ýëåìåíòà✿

K❋(t) =

{
+1, tk−1 < t 6 tk,

−1, tk < t 6 tk+1.

Òîãäà ñèñòåìû ✭✶✹✮✱ ✭✶✺✮ ñòàíîâÿòñÿ ëèíåéíûìè✿

dx

dt
= Ax+ b(t), ✭✶✽✮

b(t) = bK❋(t) =

{
+b, tk−1 < t 6 tk,

−b, tk < t 6 tk+1.
✭✶✾✮

Ïåðèîäè÷åñêîå ðåøåíèå òàêîé ñèñòåìû ëåãêî íàõîäèòñÿ✳ Ïóñòü m = 2✱ òîãäà

dx

dt
= Ax+ b(t),

b(t) = bK❋(t) =

{
+b, t0 < t 6 t1, ,

−b, t1 < t 6 t2 = t0 + T.

➶ îáëàñòè t0 < t 6 t1

dx

dt
= Ax+ b, x(t0) = Q.

Ðåøåíèå

x(t) = ❡A(t−t0)(Q+ xs)− xs, xs = A−1
b

❰òñþäà äëÿ t = t1

x(t1) = ❡A(t1−t0)(Q+ xs)− xs ✭✷✵✮

èëè

x(t1) = ❡Aτ+(Q+ xs)− xs τ+ = t1 − t0.

➶ îáëàñòè t1 < t 6 t2

dx

dt
= Ax− b, x(t1) = ❡A(t1−t0)(Q+ xs)− xs.

Ðåøåíèå

x(t) = ❡A(t−t1)(x(t1)− xs) + xs

➘ëÿ t = t2

x(t2) = ❡A(t2−t0)(Q+ xs)− 2❡A(t2−t1)xs + xs ✭✷✶✮

èëè

x(t2) = ❡Aτ++τ−(Q+ xs)− 2❡Aτ−
xs + xs τ− = t2 − t1, τ+ + τ− = t2 − t0 = T.

✶✸
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➮ç óñëîâèÿ ïåðèîäè÷íîñòè x(t0 + T ) = x(t2) = Q ïîëó÷èì

Q = ❡A(t2−t0)(Q+ xs)− 2❡A(t2−t1)xs + xs

èëè

Q = ❡A(τ++τ−)(Q+ xs)− 2❡Aτ−
xs + xs.

❰òñþäà âåêòîð íà÷àëüíûõ óñëîâèÿ Q äëÿ ïåðèîäè÷åñêîãî ðåøåíèÿ ëèíåéíîé ñèñòå✲
ìû ✭✶✽✮ óäîâëåòâîðÿåò ñèñòåìå ëèíåéíûõ óðàâíåíèé

(E − ❡A(τ++τ−))Q = (❡A(τ++τ−) − 2❡Aτ− + E)xs.

Ðåøåíèå ëåãêî íàõîäèòñÿ

Q = (E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs. ✭✷✷✮

✷✳ Ðàñ÷åò x̂c(tk) äëÿ çàäàííûõ ìîìåíòîâ tk✱ k = 1,m✱ m = 2✳ Ïîäñòàâèâ ✭✷✷✮ â ✭✷✵✮ è
îáîçíà÷èâ x(t1) = x̂c(t1)✱ èìååì

x(t1) = x̂c(t1) = ❡Aτ+(Q+ xs)− xs =

❡Aτ+(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs − (E − ❡Aτ+)xs)

➚íàëîãè÷íî ïîäñòàâèâ ✭✷✷✮ â ✭✷✶✮✱ ïîëó÷èì

x(t2) = x̂c(t2) = ❡A(τ++τ−)Q+ (❡A(τ++τ−) − 2❡Aτ− + E)xs =

= ❡A(τ++τ−)(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs + [❡A(τ++τ−) − 2❡Aτ− + E]xs.

✸✳ Ïîñëå ïîäñòàíîâêè âûðàæåíèé äëÿ x̂c(tk)✱ k = 1, 2 â ✭✶✼✮✱ ïîëó÷èì ñèñòåìó íåëè✲
íåéíûõ óðàâíåíèé îòíîñèòåëüíî τ+✱ τ−✿

ξ1(t1, t2) = ξ1(τ
+, τ−) = q + C ′

x̂c(t1) = 0,

ξ2(t1, t2) = ξ1(τ
+, τ−) = q + C ′

x̂c(t2) = 0,

ãäå

x̂c(t1) = ❡Aτ+(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs − (E − ❡Aτ+)xs),

x̂c(t2) == ❡A(τ++τ−)(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs + [❡A(τ++τ−) − 2❡Aτ− + E]xs.

❰êîí÷àòåëüíî✿

ξ1(τ
+, τ−) = q + C ′❡Aτ+(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs − C ′(E − ❡Aτ+)xs) = 0,

ξ2(τ
+, τ−) = q + C ′❡A(τ++τ−)(E − ❡A(τ++τ−))−1(❡A(τ++τ−) − 2❡Aτ− + E)xs+

+C ′[❡A(τ++τ−) − 2❡Aτ− + E]xs = 0.

➚ëãîðèòì
✶✳ Ðàñ÷åò âåêòîðà íà÷àëüíûõ óñëîâèé Q ïåðèîäè÷åñêîãî ðåøåíèÿ ñèñòåìû ëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé✳

dx

dt
= Ax+ b(t),

b(t) = bK❋(t) =

{
+b, tk−1 < t 6 tk, ,

−b, tk < t 6 tk+1.

✶✹
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✷✳ Ðàñ÷åò x̂c(tk)✱ k = 1,m
✸✳ Ïîëó÷åíèå óðàâíåíèé ïåðèîäîâ✿

ξk(t1, t2, ...., tm) = q + C ′
x̂c(tk) = 0, k = 1,m.

✹✳ ×èñëåííîå ðåøåíèå óðàâíåíèé ïåðèîäîâ✳
➮ññëåäîâàíèå ëîêàëüíîé óñòîé÷èâîñòè ïåðèîäè÷åñêîãî ðåøåíèÿ

❐îêàëüíàÿ óñòîé÷èâîñòü ïåðèîäè÷åñêîãî ðåøåíèÿ îïðåäåëÿåòñÿ ñîáñòâåííûìè çíà✲
÷åíèÿìè ρ1, ρ2 ìàòðèöû ìîíîäðîìèè F (T )

det(F (T )− ρE) = 0,

ãäå

F (T ) =
m∏

k=1

Mm+1−k · ❡A(tm+1−k−tm−k),

Mk = E + A−

k = (E − A+
k )

−1, A±

k =

∆Gk

(
∂ξ(x)

∂x

)′

dξ

dt

±
, t = tk, x = xc,

∆Gk = G+
k −G−

k , G±

k = G(xc(tk ± 0)),
dξ

dt

±

=

(
∂ξ(xc(tk))

∂x

)′

G±

k .

➶ âûðàæåíèè äëÿ A±

k ÷èñëèòåëü äðîáè ✖ êâàäðàòíàÿ ìàòðèöà✱ çíàìåíàòåëü ✖
ñêàëÿð✳

➘ëÿ m = 2 ôîðìóëà ïðèíèìàåò âèä

F (T ) = M2 · ❡A(t2−t1) ·M1 · ❡A(t1−t0) = M2 · ❡Aτ− ·M1 · ❡Aτ+

M1 = E + A−

1 , M2 = E + A−

2 .

✶✳✺ Ðàçäåë ✭òåìû✮ äèñöèïëèíû✿ ❒àòåìàòè÷åñêîå ìîäåëèðîâàíèå íåëèíåé✲
íîé äèíàìèêè áèîëîãè÷åñêèõ è òåõíè÷åñêèõ ñèñòåì

✶✳✺✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

• ✶✳ ❒àòåìàòè÷åñêèå ìîäåëè èìïóëüñíûõ è íåïðåðûâíûõ àâòîìàòè÷åñêèõ ñèñòåì✿
ìîäåëè ðåãóëÿöèè òåñòîñòåðîíà è ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ íàðêîçîì
ïðè îáùåé àíåñòåçèè✳

• ✷✳ ➪èôóðêàöèÿ ❮åéìàðêà✲Ñàêêåðà✳

• ✸✳ ×èñëî âðàùåíèÿ✳

• ✹✳ ➘âóìåðíûé òîð è çàìíóòàÿ èíâàðèàíòíàÿ êðèâàÿ✳

• ✺✳ Ðåçîíàíñ íà çàìêíóòîé èíâàðèàíòíîé êðèâîé✳

• ✻✳ ➽❇♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ â íåãëàäêèõ äèñêðåòíûõ ìîäåëÿõ✳

✶✺
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✶✳✺✳✷ ❒åòîäè÷åñêèé ìàòåðèàë è çàäà÷è ê òåìå ➽❒àòåìàòè÷åñêîå ìîäåëèðîâàíèå íåëè✲

íåéíîé äèíàìèêè áèîëîãè÷åñêèõ è òåõíè÷åñêèõ ñèñòåì➾

➬àäà÷à ✷✳✶✳ ➘èñêðåòíûå ìîäåëè ãèáðèäíûõ ñèñòåì

✶✳ Ðàññìîòðèòå óðàâíåíèå

ẋ = −λx, x(t+k ) = x(t−k ) + F (x(t−k )), tk+1 = tk + Φ(x(t−k )), k = 0, 1, 2, ....

✶✳✶✳ Ïîñòðîéòå îòîáðàæåíèå â ôîðìå

xk+1 = Q(xk), xk = x(t+k ), k = 0, 1, 2, ...,

ò✳å✳ x(t+k+1) = Q(x(t+k )), x(t
+
k ) = x(t−k ) + F (x(t−k )), tk+1 = tk + Φ(x(t−k )).

✶✳✷✳ Ðàññ÷èòàéòå áèôóðêàöèîííóþ äèàãðàììó äëÿ p = 4✱ b = 50.0 è 0.0042 < λ <
0.0086✳

✶✳✸✳ Ñîñòàâèòü àëãîðèòì ÷èñëåííîãî ðàñ÷åòà íåïîäâèæíîé òî÷êè è àíàëèçà åå ëî✲
êàëüíîé óñòîé÷èâîñòè✳ Ïîñòðîéòå èòåðàöèîííûå äèàãðàììû äëÿ ñèòóàöèé 0 < ρ < 1✱
−1 < ρ < 0✱ ρ < −1✳ ❰áúÿñíèòå íàáëþäàåìóþ äèíàìèêó✳

✷✳ ➮ññëåäîâàòåëüñêàÿ çàäà÷à✳

➬àäà÷à ✷✳✷✳ ✃óñî÷íî✲ãëàäêèå äèñêðåòíûå ìîäåëè èìïóëüñíûõ ñèñòåì

Ðàññìîòðèòå ìîäåëü ñèñòåìû óïðàâëåíèÿ ñ àìïëèòóäíî✲÷àñòîòíî✲èìïóëüñíîé ìîäóëÿ✲
öèåé

ẋ = −λx.

➬äåñü x(t) èìåþò ñêà÷êè â ìîìåíòû âðåìåíè tk✱ k > 0✿

x(t+k ) = x(t−k ) + b · F (x(t−k )), tk+1 = tk + Φ(x(t−k )),

ãäå F (x)✱ Φ(x) êóñî÷íî✲ëèíåéíûå ôóíêöèè ❬✸❪✿

F (x) =





F1, 0 6 x < ∆1,

−aFx+ bF, ∆1 6 x < ∆2,

F2, x > ∆2,

Φ(x) =





Φ1, 0 6 x < ∆1,

−aΦx+ bΦ, ∆1 6 x < ∆2,

Φ2, x > ∆2.

aF =
F2 − F1

∆2 −∆1

, aΦ =
Φ2 − Φ1

∆2 −∆1

, bF =
F1∆2 − F2∆1

∆2 −∆1

, bΦ =
Φ1∆2 − Φ2∆1

∆2 −∆1

.

Ïàðàìåòðû✿ ∆1 = 1.5❀ ∆2 = 4❀ F1 = 3.0❀ F2 = 5.0❀ Φ1 = 60.0❀ Φ2 = 100.0❀ 1 < b < 10❀
0.003 < λ < 0.038✳

✶✳ Ïîñòðîéòå ìàòåìàòè÷åñêóþ ìîäåëü â ôîðìå êóñî÷íî✲ãëàäêîãî îòîáðàæåíèÿ ❬✾✱✶✵❪✳

xk+1 = Q(xk), xk = x(t−k ), Q(x) =





QL(x), 0 6 x < ∆1,

QM(x), ∆1 6 x < ∆2,

QR(x), x > ∆2,

ãäå QL✱ QM✱ QR ✖ ãëàäêèå ôóíêöèè✳
✷✳ Ñîñòàâüòå àëãîðèòì ðàñ÷åòà ïåðèîäè÷åñêîãî ðåæèìà ñ îäíèì èìïóëüñîì íà ïåðè✲

îäå✳

✶✻
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✸✳ Ñîñòàâüòå àëãîðèòì èññëåäîâàíèÿ ëîêàëüíîé óñòîé÷èâîñòè ïåðèîäè÷åñêîãî ðåæè✲
ìà ñ îäíèì èìïóëüñîì íà ïåðèîäå✳

✹✳ ❰ïðåäåëèòå õàðàêòåð ïîòåðè óñòîé÷èâîñòè✳ Ïðîèëëþñòðèðóéòå ðåøåíèå çàäà÷è íà
èòåðàöèîííûõ äèàãðàììàõ✳

✺✳ Ðàññ÷èòàéòå áèôóðêàöèîííóþ äèàãðàììó ïðè âàðèàöèè λ✳ ❰áúÿñíèòå✱ ÷òî ïðîèñ✲
õîäèò ïðè íàñûùåíèè ìîäóëÿòîðà✳

➬àäà÷à ✷✳✸✳ ➘èñêðåòíûå ìîäåëè øèðîòíî✲èìïóëüñíûõ ñèñòåì

✶✳ Ïîñòðîéòå ñòðîáîñêîïè÷åñêîå îòîáðàæåíèå äëÿ ìàòåìàòè÷åñêîé ìîäåëè ñèñòåìû
óïðàâëåíèÿ ñ øèðîòíî✲èìïóëüñíîé ìîäóëÿöèåé âòîðîãî ðîäà ✭Ø➮❒✲✷✮✱ íåïðåðûâíàÿ
ëèíåéíàÿ ÷àñòü êîòîðîé îïèñûâàåòñÿ ïåðåäàòî÷íîé ôóíêöèåé

W (s) =
K

T · s+ 1
. ✭✷✸✮

Ïàðàìåòðû ñèñòåìû óòî÷íèòå ó ïðåïîäàâàòåëÿ✳
✷✳ Ñîñòàâüòå àëãîðèòì ðàñ÷åòà ïåðèîäè÷åñêîãî ðåæèìà ñ îäíèì èìïóëüñîì íà ïåðè✲

îäå ✭✶✲öèêëà èëè íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ✮✳
✸✳ Ñîñòàâüòå àëãîðèòì èññëåäîâàíèÿ ëîêàëüíîé óñòîé÷èâîñòè ïåðèîäè÷åñêîãî ðåæè✲

ìà ñ îäíèì èìïóëüñîì íà ïåðèîäå✳ Ðàññ÷èòàéòå îáëàñòü óñòîé÷èâîñòè ✶✲öèêëà ïî êîýô✲
ôèöèåíòó óñèëåíèÿ öåïè îáðàòíîé ñâÿçè✳

✹✳ Ðàññ÷èòàéòå áèôóðêàöèîííóþ äèàãðàììó ïðè âàðèàöèè êîýôôèöèåíòà óñèëåíèÿ✳
❰ïðåäåëèòå✱ êàê ìåíÿåòñÿ äèíàìèêà ïðè ïîòåðå óñòîé÷èâîñòè ✶✲öèêëà✳ Ïðîèëëþñòðè✲
ðóéòå ïåðåõîä íà èòåðàöèîííûõ äèàãðàììàõ✳

➪èôóðêàöèîííûé àíàëèç äâóìåðíûõ íåëèíåéíûõ ìîäåëåé

Ðàññìîòðèì äâóìåðíîå îòîáðàæåíèå

x 7→ f(α,x), x = (x, y) ∈ R
2, α ∈ R, f : R2 → R

2,

êîòîðîå äëÿ ìàëûõ |α| èìååò íåïîäâèæíóþ òî÷êó

x0 = (0, 0)

ñ ìóëüòèïëèêàòîðàìè

ρ1,2 = |ρ(α)|e±iθ(α), |ρ(0)| = 1, θ(0) = θ0, 0 < θ0 < π,

ò✳å✳ ïðè áèôóðêàöèîííîì çíà÷åíèè ïàðàìåòðà

α = α0 = 0

êîìïëåêñíî✲ñîïðÿæåííûå ìóëüòèïëèêàòîðû ρ1,2 ðàñïîëîæåíû íà ãðàíèöå åäèíè÷íîé
îêðóæíîñòè✳
❰ïðåäåëåíèå✳ ➪èôóðêàöèÿ íåïîäâèæíîé òî÷êè✱ ïðè êîòîðîé êîìïëåêñíî✲ñîïðÿæåííàÿ

ïàðà ìóëüòèïëèêàòîðîâ ïîïàäàåò íà ãðàíèöó åäèíè÷íîé îêðóæíîñòè✱ ò✳å✳ ρ1,2 = e
±iθ0

íàçûâàåòñÿ áèôóðêàöèåé ❮åéìàðêà✲Ñàêêåðà ✭◆❡✐♠❛r❦✲❙❛❝❦❡r ❜✐❢✉r❝❛t✐♦♥✮✳ ➪èôóðêàöèÿ
ðåàëèçóåòñÿ òîëüêî✱ åñëè n > 2
➚íàëèç áèôóðêàöèè ❮åéìàðêà✲Ñàêêåðà îñíîâûâàåòñÿ íà ñëåäóþùåé òåî✲

ðåìå✳
Òåîðåìà✳ Ïóñòü äâóìåðíîå îòîáðàæåíèå

x 7→ f(α,x), x = (x, y) ∈ R
2, α ∈ R, f : R2 → R

2

✶✼
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èìååò äëÿ ìàëûõ çíà÷åíèé ïàðàìåòðà |α| íåïîäâèæíóþ òî÷êó

x0 = (0, 0)

ñ ìóëüòèïëèêàòîðàìè

ρ1,2 = |ρ(α)|e±iθ(α), |ρ(0)| = 1, θ(0) = θ0, 0 < θ0 < π.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ

r′(0) 6= 0, r(0) = |ρ(0)|, (r(α) = |ρ(α)|),
e
±i kθ0 6= 1, k = 1, 2, 3, 4.

Òîãäà ñóùåñòâóåò îêðåñòíîñòü íåïîäâèæíîé òî÷êè x0 = (0, 0)✱ â êîòîðîé ðîæäàåò✲
ñÿ åäèíñòâåííàÿ çàìêíóòàÿ èíâàðèàíòíàÿ êðèâàÿ ïðè ïðîõîæäåíèè ïàðàìåòðîì α
áèôóðêàöèîííîãî çíà÷åíèÿ α0 = 0✳

Ïðèìåð

Ðÿä çàäà÷ èç áèîëîãèè è ýêîëîãèè ìîæåò áûòü ñâåäåí ê àíàëèçó ëîãèñòè÷åñêîãî
îòîáðàæåíèÿ ñ çàäåðæêîé

xk+1 = αxk(1− yk); yk+1 = xk, xk > 0, yk > 0.

❰òîáðàæåíèå èìååò íåïîäâèæíóþ òî÷êó (0, 0) äëÿ âñåõ çíà÷åíèé ïàðàìåòðà α✳ Ïðè
α > 1 âîçíèêàåò íåòðèâèàëüíàÿ íåïîäâèæíàÿ òî÷êà ñ êîîðäèíàòàìè

x = y = 1− α−1.

❒àòðèöà ßêîáè✱ âû÷èñëåííàÿ â íåòðèâèàëüíîé íåïîäâèæíîé òî÷êå✱ èìååò âèä

J(α) =

[
1 1− α
1 0

]
.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ßêîáè îïðåäåëÿþòñÿ âûðàæåíèåì

ρ1,2(α) =
1

2
±

√
5

4
− α.

➴ñëè α > 5/4✱ òî ìóëüòèïëèêàòîðû êîìïëåêñíûå è |ρ1,2|2 = ρ1ρ2 = α − 1 è r(α) =
|ρ1,2| =

√
α− 1✳

Ñëåäîâàòåëüíî✱ â òî÷êå α = α0 = 2 íåòðèâèàëüíàÿ íåïîäâèæíàÿ òî÷êà òåðÿåò óñòîé✲
÷èâîñòü✱ êîãäà êîìïëåêñíî✲ñîïðÿæåííàÿ ïàðà ìóëüòèïëèêàòîðîâ âûõîäèò íà ãðàíèöó
åäèíè÷íîãî êðóãà✳

❒óëüòèïëèêàòîðû â áèôóðêàöèîííîé òî÷êå α = α0 = 2 ðàâíû

ρ1,2 =
1

2
± j

√
3

2
= e

±jθ0 .

➬äåñü

θ0 = arctan
ρj
ρr

= arctan
√
3 = π/3.

Ïðîâåðèì óñëîâèå íåâûðîæäåííîñòè✱ ó÷èòûâàÿ✱ ÷òî θ0 = π/3

✶✽
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r(α) =
√
α− 1, r′(α) =

1

2
√
α− 1

, r′(α0) = r′(2) =
1

2
6= 0,

e
j π

3 6= 1, e
j 2π

3 6= 1, e
jπ 6= 1, e

j 4π

3 6= 1.

Ñëåäîâàòåëüíî✱ â ñèñòåìå èç íåïîäâèæíîé òî÷êè ðîæäàåòñÿ çàìêíóòàÿ èíâàðèàíòíàÿ
êðèâàÿ T ✳

Ðèñ✳ ✻✿

➘âèæåíèå íà çàìêíóòîé èíâàðèàíòíîé êðèâîé îïðåäåëÿåòñÿ ÷èñëîì âðàùåíèÿ w✿

w =
θ

2π
mod 1.

✃îãäà îíî èððàöèîíàëüíî✱ çàìêíóòàÿ êðèâàÿ âñþäó ïëîòíî çàïîëíÿåòñÿ òðàåêòîðè✲
ÿìè ✭ñå÷åíèå Ïóàíêàðå ïðåäñòàâëÿåò ñîáîé ãëàäêóþ çàìêíóòóþ êðèâóþ✮ è äèíàìèêà
êâàçèïåðèîäè÷íà✳ ➶ ñëó÷àå✱ åñëè w ✖ ðàöèîíàëüíîå ÷èñëî✿

w =
p

q
,

ãäå p✱ q ✖ öåëûå ÷èñëà✱ òî ãîâîðÿò✱ ÷òî èìååò ìåñòî ðåçîíàíñ p : q✱ òàê êàê ÷åðåç q
èòåðàöèé òðàåêòîðèÿ çàìûêàåòñÿ íà çàìêíóòîé èíâàðèàíòíîé êðèâîé✳

➬àäà÷à✳ ➶ûïîëíèòå áèôóðêàöèîííûé àíàëèç îòîáðàæåíèÿ

(
x
y

)
7→

(
y

by − cx+ x2

)
.

➪èôóðêàöèîííûé àíàëèç èìïóëüñíûõ

➬àäà÷à ✸✳✷✳✶✳ ➶ûïîëíèòå àíàëèç áèôóðêàöèè ❮åéìàðêà✲Ñàêåðà â ìîäåëè
øèðîòíî✲èìïóëüñíîé ñèñòåìû

xk+1 = eλ1 · (xk − 1) + 2eλ1(1−zk) − 1; yk+1 = eλ2 · (yk − 1) + 2eλ2(1−zk) − 1,

k = 0, 1, 2, ....

ãäå zk ✭0 6 zk 6 1✮✿

zk =





0, s−k < 0;
αΓ

2P
ϕk +

1

2
, s−k > 0 ❛♥❞ s+k 6 0;

1, s+k > 0,

✭✷✹✮

✶✾
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ϕk =
q

Γ
+ xk − ϑyk, s−k =

q

Γ
+ xk − ϑyk +

P

αΓ
,

s+k =
q

Γ
+ xk − ϑyk −

P

αΓ
.

Ïàðàìåòðû ìîäåëè óòî÷íèòü ó ïðåïîäàâàòåëÿ✳

➬àäà÷à ✸✳✷✳✷✳ ➮ññëåäîâàíèå áèôóðêàöèé â íåãëàäêèõ ñèñòåìàõ
Ðàññìîòðèòå êóñî÷íî✲ãëàäêîå îòîáðàæåíèå✱ îïèñûâàþùåå ïîâåäåíèå ñèñòåìû óïðàâ✲

ëåíèÿ ñ øèðîòíî✲èìïóëüñíîé ìîäóëÿöèåé ïåðâîãî ðîäà ✭Ø➮❒✲✶✮✿

xk+1 = Q(xk), ✭✷✺✮

Q(x) =





QL(x) = a · x− a+ 1, x < q − P/α;

QR(x) = a · x, x > q;

QM(x) = a · x− a+ a1−z, q − P/α 6 x 6 q,

z =
q − x

P
α, a = eλ, 0 < a < 1.

Ïàðàìåòðû✿ λ = −0.2✱ P = 0.4✱ q = 0.8✱ α > 0✳

➬àäàíèå

✶✳ ➶îñïðîèçâåäèòå äèàãðàììû✱ èçîáðàæåííûå íà ðèñ✳ ✼✭à✮✕✭ã✮✳ ❰áúÿñíèòå áèôóðêà✲
öèîííûå ïåðåõîäû✱ èçîáðàæåííûå íà ðèñ✳✼✭à✮ ñ ïîìîùüþ èòåðàöèîííûõ äèàãðàìì✳

✳
✷✳ Ðàññ÷èòàéòå èòåðàöèîííûå äèàãðàììû îòîáðàæåíèÿ ✭✷✺✮ äëÿ çíà÷åíèé êîýôôè✲

öèåíòà óñèëåíèÿ α = 2.6✱ α = 3.6✱ α = 3.8✱ α = 4.0✱ a = 4.5✱ α = 5.0✱ α = 6.0 ✳ ❰áñóäèòå
íàáëþäàåìóþ äèíàìèêó✳ ✃àêîé ïðîöåññ ✭íåïîäâèæíàÿ òî÷êà✱ öèêë✱ íåðåãóëÿðíûå êîëå✲
áàíèÿ✮ áóäåò óñòàíàâëèâàòüñÿ â êàæäîì ñëó÷àå ïðè ïðîøåñòâèè äîñòàòî÷íî áîëüøîãî
âðåìåíè❄

✸✳ ❮àéäèòå íåïîäâèæíûå òî÷êè è èññëåäóéòå èõ óñòîé÷èâîñòü ïðè✿ α = 2.6✱ α = 3.6✱
α = 3.8✱ α = 4.0✱ a = 4.5✱ α = 4.6✳

✹✳ ➶ûïîëíèòå áèôóðêàöèîííûé àíàëèç êóñî÷íî✲ãëàäêîãî îòîáðàæåíèÿ

xk+1 = Q(xk), ✭✷✻✮

Q(x) =





QL(x) = a · x− a+ 1, x < q − P/α;

QR(x) = a · x+ a− 1, x > q + P/α;

QM(x) = a · x− a+ 2a1−z − 1, q − P/α 6 x 6 q + P/α,

z =
q − x

2P
α +

1

2
, a = eλ, 0 < a < 1.

Ïàðàìåòðû✿ λ = −0.2✱ P = 0.4✱ q = 0.8✱ α > 0✳

• ✭à✮ Ðàññ÷èòàéòå áèôóðêàöèîííóþ äèàãðàììó ïðè 3.0 < α < 6.0 ✳

• ✭á✮ ❮àéäèòå íåïîäâèæíóþ òî÷êó ìåòîäîì óðàâíåíèé ïåðèîäîâ✳

• ✭â✮ ➮ññëåäóéòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ïðè âàðèàöèè α✳

• ✭ã✮ ❰ïðåäåëèòå òèï áèôóðêàöèè ïðè ïîòåðå óñòîé÷èâîñòè íåïîäâèæíîé òî÷êè✳

✷✵
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✭à✮ ✭á✮

✭â✮ ✭ã✮

Ðèñ✳ ✼✿ ✭à✮ ➪èôóðêàöèîííàÿ äèàãðàììà 3.4 < α < 6.0✳ ✭á✮ ➮òåðàöèîííàÿ äèàãðàììà ïðè êîýôôèöèåíòå
óñèëåíèÿ α = 3.5✳ ✭â✮ ➮òåðàöèîííàÿ äèàãðàììà ïðè êîýôôèöèåíòå óñèëåíèÿ α = 4.25✳ ✭ã✮ ➮òåðàöèîííàÿ
äèàãðàììà ïðè α = 4.8

✷ ✃❰❮ÒÐ❰❐Ü❮❰✲❰Ö➴❮❰×❮Û➴ ÑÐ➴➘ÑÒ➶➚ ➘❐ß ÏÐ❰✲
❒➴➷ÓÒ❰×❮❰➱ ➚ÒÒ➴ÑÒ➚Ö➮➮ ❰➪Ó×➚ÞÙ➮ÕÑß

✷✳✶ ➶îïðîñû ê çà÷åòó

✕ ✶✳ ×òî òàêîå ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå❄

✕ ✷✳ Ýòàïû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ✳

✕ ✸✳ Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè✳ Ýòàïû ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìî✲
äåëè✳ Ïîíÿòèå îáúåêòà✱ ñõåìû çàìåùåíèÿ✳ ➚äåêâàòíîñòü ìàòåìàòè÷åñêîé ìî✲
äåëè✳

✕ ✹✳ Ïðèìåð ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè✳

✕ ✺✳ Ðåàëèçàöèÿ ìàòåìàòè÷åñêîé ìîäåëè✳ Ñîäåðæàíèå ýòàïîâ ðåàëèçàöèè✳

✕ ✻✳ ➚âòîíîìíûå è íåàâòîíîìíûå äèíàìè÷åñêèå ìîäåëè ñ íåïðåðûâíûì âðåìå✲
íåì✳

✷✶
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✕ ✼✳ Ðåäóêöèÿ ê ëîêàëüíîé ôîðìå àâòîíîìíûõ è íåàâòîíîìíûõ ìîäåëåé✳

✕ ✽✳ Ðàâíîâåñíûå ðåøåíèÿ✿ ñîñòîÿíèÿ ðàâíîâåñèÿ è ïåðèîäè÷åñêèå ðàøåíèÿ✳ ❮åðå✲
ãóëÿðíûå ðåøåíèÿ ✭êâàçèïåðèîäè÷åñêèå è õàîòè÷åñêèå✮✳

✕ ✾✳ ➘èñêðåòíûå íåëèíåéíûå ìîäåëè✳ Ïîíÿòèå îòîáðàæåíèå Ïóàíêàðå✳

✕ ✶✵✳ Ïîñòðîåíèå îòîáðàæåíèÿ Ïóàíêàðå ìåòîäîì Õåíîíà✳

✕ ✶✶✳ Ïîñòðîåíèå ñòðîáîñêîïè÷åñêîãî îòîáðàæåíèÿ Ïóàíêàðå íåâàòîíîìíûõ ñè✲
ñòåì✳

✕ ✶✷✳ ➚âòîíîìíûå í íåàâòîíîìíûå îòîáðàæåíèÿ✳

✕ ✶✸✳ ❮åàâòîíîìíûå ìàòåìàòè÷åñêèå ìîäåëè ñ äèñêðåíòíû âðåìåíåì✳

✕ ✶✹✳ ×èñëåííûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé✳

✕ ✶✺✳ Ïîíÿòèå àïïðîêèìàöèè è ïðîñòåéøèå ñõåìû ÷èñëåííîãî ðåøåíèÿ✿

∗ ßâíûé è íåÿâíûé ìåòîäû Ýéëåðà✳

∗ ❒åòîä òðàïåöèé✳

∗ ❒åòîäû Ðóíãå✲✃óòòà è ðàçíîñòíûå ìåòîäû✳

✕ ✶✻✳ Óñòîé÷èâîñòü ÷èñëåííûõ ñõåì✳

∗ Óñòîé÷èâîñòü ÿâíîãî è íåÿâíîãî ìåòîäîâ Ýéëåðà✳

∗ Óñòîé÷èâîñòü ìåòîäà òðàïåöèé✳

✕ ✶✼✳ Ðàñ÷åò ñîñòîÿíèé ðàâíîâåñèÿ àâòîíîìíûõ äèííàìè÷åñêèõ ìàòåìàòè÷åñêèõ
ìîäåëåé✳

✕ ✶✽✳ ➚ëãîðèòìû ÷èñëåííîãî ïîèñêà ïåðèîäè÷åñêèõ ðåøåíèé àâòîìîíìûõ è íåàâ✲
òîíîìíûõ ìîäåëåé✳

✕ ✶✾✳ Óñòîé÷èâîñòü è áèôóðêàöèè ñîñòîÿíèé ðàâíîâåñèÿ àâòîíîìíûõ âåêòîðíûõ
ïîëåé✳

✕ ✷✵✳ Óñòîé÷èâîñòü è áèôóðêàöèè ïåðèîäè÷åñêèõ ðåøåíèé äèíàìè÷åñêèõ ìîäå✲
ëåé ñ íåïðåðûâíûì âðåìåíåì✳

✕ ✷✶✳ ➹ëàäêèå è íåãëàäêèå äèñêðåòíûå ìîäåëè✳

✕ ✷✷✳ Óñòîé÷èâîñòü è áèôóðêàöèè íåïîäâèæíûõ òî÷åê è ïåðèîäè÷åñêèõ äâèæå✲
íèé äèñêðåòíûõ ñèñòåì✳

✕ ✷✸✳ Ñåäëî✲óçëîâàÿ áèôóðêàöèÿ ✳

✕ ✷✹✳ ➶èëîîáðàçíàÿ áèôóðêàöèÿ ✳

✕ ✷✺✳ ➪èôóðêàöèÿ óäâîåíèÿ ïåðèîäà✳

✕ ✷✹✳ ➪èôóðêàöèÿ ❮åéìàðêà✲Ñàêêåðà✳

✕ ✷✺✳ ➶âåäåíèå â òåîðèþ íåëîêàëüíûõ áèôóðêàöèé✳

✕ ✷✻✳ Ïîíÿòèå î ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥ áèôóðêàöèÿõ â êóñî÷íî✲ãëàäêèõ äèñêðåòíûõ ìî✲
äåëÿõ✳

✕ ✷✼✳ ❐îêàëüíûå ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥ áèôóðêàöèè✳

✕ ✷✽✳ ❒åòîäû àíàëèçà ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥ áèôóðêàöèé✳

✷✷
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