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Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

✶ ❰Ö➴❮❰×❮Û➴ ÑÐ➴➘ÑÒ➶➚ ➘❐ß Ò➴✃ÓÙ➴➹❰ ✃❰❮ÒÐ❰❐ß
ÓÑÏ➴➶➚➴❒❰ÑÒ➮

✶✳✶ ➶îïðîñû äëÿ óñòíîãî îïðîñà

Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ Ýëåìåíòû òåîðèè äèíàìè÷åñêèõ ñèñòåì

• ✶✳ ❰ïðåäåëåíèå äèíàìè÷åñêîé ñèñòåìû✳

• ✷✳ Ïîíÿòèå ôàçîâîãî ïðîñòðàíñòâà✳

• ✸✳ ➚âòîíîìíûå äèíàìè÷åñêèå ñèñòåìû✳ Ïðèâåäèòå ïðèìåðû✳

• ✹✳ ❮åàâòîíîìíûå äèíàìè÷åñêèå ñèñòåìû✳

• ✺✳ ❰òîáðàæåíèå Ïóàíêàðå✳

• ✻✳ Ñòðîáîñêîïè÷åñêîå îòîáðàæåíèå✳

• ✼✳ ❒åòîä Õåíîíà✳

• ✽✳ Ïîëó÷èòå ñòðîáîñêîïè÷åñêîã îòîáðàæåíèå ëèíåéíîãî îñöèëëÿòîðà ñ
èìïóëüñíûì âîçäåéñòâèåì

ẋ = −ax+ b
∞∑

k=0

δ(t− kT ), a > 0, b > 0.

• ✾✳ Ïîëó÷èòå óðàâíåíèÿ äëÿ íåëèíåéíîãî àâòîíîìíîãî RL êîíòóðà ñ
íåëèíåéíîé åìêîñòüþ Uc(q) = βq3✳ ×åìó ðàâíà ðàçìåðíîñòü ôàçîâîãî
ïðîñòðàíñòâà✳ ❮àéäèòå îñîáûå òî÷êè✳

• ✶✵✳ Ïîëó÷èòå óðàâíåíèÿ äëÿ íåëèíåéíîãî íåâàòîíîìíîãî RL êîíòóðà
ñ íåëèíåéíîé åìêîñòüþ Uc(q) = βq3 è ñ âíåøíèì ïåðèîäè÷åñêèì âîç✲
áóæäåíèåì U(t) = Um sin(ωt)✳

Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ ➶âåäåíèå â òåîðèþ óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì

• ✶✳ Ñîñòîÿíèÿ ðàâíîâåñèÿ àâòîíîìíûõ ñèñòåì✳

• ✷✳ ➮ññëåäîâàíèå ëîêàëüíîé óñòîé÷èâîñòè àâòîíîìíûõ ñèñòåì íà ôàçî✲
âîé ïëîñêîñòè✳ ✃ðèòåðèé ëîêàëüíîé óñòîé÷èâîñòè✳

• ✸✳ ❰áúÿñíèòå ôàçîâûé ïîðòðåò äâóìåðíîé àâòîíîìíîé ñèñòåìû â îêðåñò✲
íîñòè óñòîé÷èâîãî óçëà✳

✷
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• ✹✳ ❰áúÿñíèòå ôàçîâûé ïîðòðåò äâóìåðíîé àâòîíîìíîé ñèñòåìû â îêðåñò✲
íîñòè íåóñòîé÷èâîãî óçëà✳

• ✺✳ ❰áúÿñíèòå ôàçîâûé ïîðòðåò äâóìåðíîé àâòîíîìíîé ñèñòåìû â îêðåñò✲
íîñòè ñåäëà✳

• ✻✳ ❰áúÿñíèòå ôàçîâûé ïîðòðåò äâóìåðíîé àâòîíîìíîé ñèñòåìû â óñòîé✲
÷èâîãî ôîêóñà✳

• ✼✳ ❰áúÿñíèòå ôàçîâûé ïîðòðåò äâóìåðíîé àâòîíîìíîé ñèñòåìû â íåóñòîé✲
÷èâîãî ôîêóñà✳

• ✽✳ ❰ïðåäåëèòå âîçìîæíûå òèïû îñîáûõ òî÷åê äâóìåðíîé ëèíåéíîé äèñ✲
ñèïàòèâíîé àâòîíîìíîé ñèñòåìû✳

• ✾✳ Ïðåäñòàâüòå óðàâíåíèå ➶àí äåð Ïîëÿ

ẍ− (a− x2)ẋ+ x = 0

â íîðìàëüíîé ôîðìå ✃îøè✳ ❮àéäèòå ìàòðèöó ßêîáè è óêàæèòå âîç✲
ìîæíûå òèïû îñîáûõ òî÷åê✳

• ✶✵✳ ➮ññëåäîâàíèå ëîêàëüíîé óñòîé÷èâîñòè ïåðèîäè÷åñêèõ äâèæåíèé✳
✃ðèòåðèé ëîêàëüíîé óñòîé÷èâîñòè✳

Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ ❰äíîìåðíûå äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû

• ✶✳ ❰äíîìåðíûå îòîáðàæåíèÿ✳ Ñâîéñòâà ëèíåéíîãî îòîáðàæåíèÿ✳

• ✷✳ ❮åïîäâèæíûå òî÷êè ✳ ➮òåðàöèîííàÿ äèàãðàììà✳

• ✸✳ Óñòîé÷èâîñòü íåïîäâèæíûõ òî÷åê✳ ✃ðèòåðèè ëîêàëüíîé óñòîé÷èâî✲
ñòè✳

• ✹✳ ❒óëüòèïëèêàòîð ρ = f ′(x∗) íåïîäâèæíîé òî÷êè x∗ è åãî ãåîìåòðè✲
÷åñêàÿ èíòåðïðåòàöèÿ✳

• ✺✳ ➮çîáðàçèòå èòåðàöèîííûå äèàãðàììû â îêðåñòíîñòè ãèïåðáîëè÷å✲
ñêîé íåïîäâèæíîé òî÷êè x∗ îòîáðàæåíèÿ xk+1 = f(xk) äëÿ ñëó÷àåâ✿
0 < f ′(x∗) < 1 è f ′(x∗) > 1✳ ❰áúÿñíèòå íàáëþäàåìóþ äèíàìèêó✳

• ✻✳ ➮çîáðàçèòå èòåðàöèîííóþ äèàãðàììó â îêðåñòíîñòè ãèïåðáîëè÷å✲
ñêîé íåïîäâèæíîé òî÷êè x∗ îòîáðàæåíèÿ xk+1 = f(xk) äëÿ ñëó÷àåâ✿
−1 < f ′(x∗) < 0 è f ′(x∗) < −11✳ ❰áúÿñíèòå íàáëþäàåìóþ äèíàìèêó✳

✸
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• ✼✳ ➮çîáðàçèòå èòåðàöèîííóþ äèàãðàììó â îêðåñòíîñòè ãèïåðáîëè÷å✲
ñêîé íåïîäâèæíîé òî÷êè x∗ îòîáðàæåíèÿ xk+1 = f(xk) äëÿ ñëó÷àåâ✿
−1 < f ′(x∗) < 0 è f ′(x∗) < −11✳ ❰áúÿñíèòå íàáëþäàåìóþ äèíàìèêó✳

• ✽✳ Öèêëû✳ ➬àäà÷à ïîèñêà öèêëîâ â îäíîìåðíûõ îòîáðàæåíèÿõ✳

• ✾✳ Óñòîé÷èâîñòü öèêëîâ✳ ❒óëüòèïëèêàòîðû öèêëîâ✳ ✃ðèòåðèé ëîêàëü✲
íîé óñòîé÷èâîñòè öèêëîâ✳

• ✶✵✳ ✃àñàòåëüíàÿ áèôóðêàöèÿ✳ ❮îðìàëüíàÿ ôîðìà äëÿ îïèñàíèÿ áèôóð✲
êàöèîííîãî ïåðåõîäà✳

• ✶✶✳ Òðàíñêðèòè÷åñêàÿ áèôóðêàöèÿ✳ ❮îðìàëüíàÿ ôîðìà äëÿ îïèñàíèÿ
áèôóðêàöèîííîãî ïåðåõîäà✳

• ✶✷✳ ➶èëîîáðàçíàÿ áèôóðêàöèÿ✳ ❮îðìàëüíàÿ ôîðìà äëÿ îïèñàíèÿ áè✲
ôóðêàöèîííîãî ïåðåõîäà✳

• ✶✸✳ ➪èôóðêàöèÿ óäâîåíèÿ ïåðèîäà✳ ❮îðìàëüíàÿ ôîðìà äëÿ îïèñàíèÿ
áèôóðêàöèîííîãî ïåðåõîäà✳

• ✶✹✳ Ïîíÿòèå î áèôóðêàöèÿõ ãðàíè÷íîãî ñòîëüêíîâåíèÿ✳

Ðàçäåë ✭òåìà✮ äèñöèïëèíû✿ ➘âóìåðíûå äèñêðåòíûå îòîáðàæåíèÿ è èõ áèôóðêàöèè

• ✶✳ Ñå÷åíèå Ïóàíêàðå✳ ➘âóìåðíûå îòîáðàæåíèÿ✳

• ✷✳ ❮åïîäâèæíûå òî÷êè äâóìåðíûõ îòîáðàæåíèé✳✳

• ✸✳ ❐èíåéíûé àíàëèç ñòîé÷èâîñòü íåïîäâèæíûõ òî÷åê✳

• ✹✳ ❒àòðèöà ìîíîäðîìèè è ìóëüòèïëèêàòîðû✳ ✃ðèòåðèé ëîêàëüíîé óñòîé✲
÷èâîñòè íåïîäâèæíûõ òî÷åê✳

• ✺✳ Òðåóãîëüíèê óñòîé÷èâîñòè✳

• ✻✳ Öèêëû äâóìåðíûõ îòîáðàæåíèé✳

• ✼✳ ❒àòðèöà ìîíîäðîìèè è ìóëüòèïëèêàòîðû öèêëîâ✳ ✃ðèòåðèé ëîêàëü✲
íîé óñòîé÷èâîñòè öèêëîâ✳

• ✽✳ ➹èïåðáîëè÷åñêèå íåïîäâèæíûå òî÷êè è öèêëû✳

• ✾✳ Óñòîé÷èâûå è íåóñòîé÷èâûå èíâàðèàíòíûå ìíîãîîáðàçèÿ✳

• ✶✵✳ Ñåäëî✲óçëîâàÿ áèôóðêàöèÿ✳

✹
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• ✶✶✳ ➪èôóðêàöèÿ óäâîåíèÿ ïåðèîäà✳

• ✶✷✳ ➮íâàðèàíòíûå êðèâûå✳ ➪èôóðêàöèÿ ❮åéìàðêà✲Ñàêåðà✳

Øêàëà îöåíèâàíèÿ✿ áàëëüíàÿ
✃ðèòåðèè îöåíêè
❰öåíêà ➽✼ áàëëîâ➾ âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè îí äåìîíñòðèðó✲

åò ãëóáîêîå çíàíèå ñîäåðæàíèÿ âîïðîñà✱ äàåò òî÷íûå îïðåäåëåíèÿ îñíîâ✲
íûõ ïîíÿòèé✱ àðãóìåíòèðîâàííî è ëîãè÷åñêè ñòðîéíî èçëàãàåò ó÷åáíûé
ìàòåðèàë✱ èëëþñòðèðóåò ñâîé îòâåò àêòóàëüíûìè ïðèìåðàìè ✭òèïîâûìè è
íåñòàíäàðòíûìè✮✱ â òîì ÷èñëå ñàìîñòîÿòåëüíî íàéäåííûìè✱ íå íóæäàåòñÿ
â óòî÷íÿþùèõ è ✭èëè✮ äîïîëíèòåëüíûõ âîïðîñàõ ïðåïîäàâàòåëÿ✳
❰öåíêà ➽✹ áàëëà➾ âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè îí âëàäååò ñîäåð✲

æàíèåì âîïðîñà✱ íî äîïóñêàåò íåêîòîðûå íåäî÷åòû ïðè îòâåòå✱ äîïóñêàåò
íåçíà÷èòåëüíûå íåòî÷íîñòè ïðè îïðåäåëåíèè îñíîâíûõ ïîíÿòèé✱ íåäîñòà✲
òî÷íî àðãóìåíòèðîâàííî è ✭èëè✮ ëîãè÷åñêè ñòðîéíî èçëàãàåò ó÷åáíûé ìà✲
òåðèàë✱ èëëþñòðèðóåò ñâîé îòâåò òèïîâûìè ïðèìåðàìè✳
❰öåíêà ➽ ✸ áàëëà➾ âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè îí îñâîèë îñíîâ✲

íûå ïîëîæåíèÿ êîíòðîëèðóåìîé òåìû✱ íî íåäîñòàòî÷íî ÷åòêî äàåò îïðå✲
äåëåíèå îñíîâíûõ ïîíÿòèé è äåôèíèöèé✱ çàòðóäíÿåòñÿ ïðè îòâåòàõ íà äî✲
ïîëíèòåëüíûå âîïðîñû✱ ïðèâîäèò íåäîñòàòî÷íîå êîëè÷åñòâî ïðèìåðîâ äëÿ
èëëþñòðèðîâàíèÿ ñâîåãî îòâåòà✱ íóæäàåòñÿ â óòî÷íÿþùèõ è ✭èëè✮ äîïîë✲
íèòåëüíûõ âîïðîñàõ ïðåïîäàâàòåëÿ✳
❰öåíêà ➽ ✵ áàëëîâ➾ âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè îí íå âëàäååò

ñîäåðæàíèåì âîïðîñà èëè äîïóñêàåò ãðóáûå îøèáêè✱ çàòðóäíÿåòñÿ äàòü îñ✲
íîâíûå îïðåäåëåíèÿ✱ íå ìîæåò ïðèâåñòè èëè ïðèâîäèò íåïðàâèëüíûå ïðè✲
ìåðû✱ íå îòâå÷àåò íà óòî÷íÿþùèå è ✭èëè✮ äîïîëíèòåëüíûå âîïðîñû ïðåïî✲
äàâàòåëÿ èëè äîïóñêàåò ïðè îòâåòå íà íèõ ãðóáûå îøèáêè✳

✷ ✃❰❮ÒÐ❰❐Ü❮❰✲❰Ö➴❮❰×❮Û➴ ÑÐ➴➘ÑÒ➶➚ ➘❐ß ÏÐ❰❒➴✲
➷ÓÒ❰×❮❰➱ ➚ÒÒ➴ÑÒ➚Ö➮➮ ❰➪Ó×➚ÞÙ➮ÕÑß

✷✳✶ ➶❰ÏÐ❰ÑÛ ✃ ➬➚×➴ÒÓ

• ✶✳ ×òî òàêîå èòåðàöèÿ❄

• ✷✳ ❰ïðåäåëåíèå îðáèòû îòîáðàæåíèÿ✳

• ✸✳ ❰ïðåäåëåíèÿ íåïîäâèæíîé òî÷êè✱ ïåðèîäè÷åñêîé òî÷êè✱ ïåðèîäè÷å✲
ñêîé îðáèòû✳

✺
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• ✹✳ ➚ëãîðèòì ðàñ÷åòà ❈♦❜✇❡❜ äèàãðàììû✳

• ✺✳ ➚ëãîðèòì ðàñ÷åòà áèôóðêàöèîííîé äèàãðàììû✳

• ✻✳ ❐èíåéíîå îòîáðàæåíèå✳ Óñòîé÷èâîñòü íåïîäâèæíûõ òî÷åê ëèíåéíîãî
îòîáðàæåíèÿ ✭âêëþ÷àÿ àôèííîãî ëèíåéíîãî îòîáðàæåíèÿ✮✳

• ✼✳ ❐îêàëüíàÿ óñòîé÷èâîñòü íåïîäâèæíûõ òî÷åê íåëèíåéíîãî îòîáðà✲
æåííèÿ

✕ ✼✳✶ ❰ïðåäåëåíèå ãèïåðáîëè÷åñêîé è íåãèïåðáîëè÷åñêîé íåïîæâèæ✲
íîé òî÷êè✳

✕ ✼✳✷✳ ❒óëüòèïëèêàòîð íåïîäâèæíîé✴ïåðèîäè÷åñêîé òî÷êè✳ ➹åîìåò✲
ðè÷åñêàÿ èíòåðïðåòàöèÿ✳

✕ ✼✳✸ Óñòîé÷èâîñòü ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè✳

✕ ✼✳✹ Óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè ñ ìóëüòè✲
ïëèàêòîðîì ✰✶✳

✕ ✼✳✺✳ Óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè ñ ìóëüòè✲
ïëèàêòîðîì ✲✶✳

• ✽✳ Ýëåìåíòû òåîðèè áèôóðêàöèé îäíîìåðíûõ îòîáðàæåíèé

✕ ✽✳✶✳ ✃àñàòåëüíàÿ áèôóðêàöèÿ ✭❢♦❧❞✮✳

✕ ✽✳✷✳ Ñóïåðêðèòè÷åñêàÿ âèëîîáðàçíàÿ áèôóðêàöèÿ ✭s✉♣❡r❝r✐t✐❝❛❧ ♣✐t❝❤❢♦r❦✮✳

✕ ✽✳✸✳ Ñóáðêðèòè÷åñêàÿ âèëîîáðàçíàÿ áèôóðêàöèÿ ✭s✉❜❝r✐t✐❝❛❧ ♣✐t❝❤❢♦r❦✮✳✳

✕ ✽✳✹✳ Òðàíñêðèòè÷åñêàÿ áèôóðêàöèÿ ✭tr❛♥s❝r✐t✐❝❛❧✮✳

✕ ✽✳✺✳ Ñóïåðêðèòè÷åñêàÿ áèôóðêàöèÿ óäâîåíèÿ ïåðèîäà ✭s✉♣❡r❝r✐t✐❝❛❧
✢✐♣ èëè ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✮✳

✕ ✽✳✻✳ Ñóáêðèòè÷åñêàÿ áèôóðêàöèÿ óäâîåíèÿ ïåðèîäà ✭s✉❜❝r✐t✐❝❛❧ ✢✐♣
èëè ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✮✳

• ✾✳ ➚íàëèç óñòîé÷èâîñòè ìåòîäîì óðàâíåíèé ïåðèîäîâ êóñî÷íî✲ãëàäêèõ
ñèñòåì✳

✕ ✾✳✶ ❒åòîä ïîëó÷åíèÿ óðàâíåíèÿ ïåðèîäîâ✳

✕ ✾✳✷✳ ➚ëãîðèòì ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé ïåðèîäîâ✳

✕ ✾✳✸✳ ➚ëãîðèòì ðàñ÷åòà ìóëüòèïëèêàòîðîâ íåïîäâèæíûõ✴ïåðèîäè÷åñêèõ
òî÷åê✳

✻
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• ✶✵✳ ✃óñî÷íî✲ãëàäêèå äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû ✭îòîáðàæåíèÿ✮✳
Ïîíÿòèå î ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥ áèôóðêàöèÿõ✳

✕ ✶✵✳✶ ✃óñî÷íî✲ëèíåéíîå îòîáðàæåíèå✳

✕ ✶✵✳✷✳ P❡rs✐st❡♥❝❡ ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥✳

✕ ✶✵✳✸✳ ❋♦❧❞ ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥✳

✕ ✶✵✳✹✳ ❋❧✐♣ ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥✳

• ✶✶✳ ➚íàëèç ❜♦r❞❡r✲❝♦❧❧✐s✐♦♥ áèôóðêàöèé ìåòîäîì òåîðèè íîðìàëüíûõ
ôîðì✳

• ✶✷✳ ➘âóìåðíûå îòîáðàæåíèÿ✳

• ✶✸✳ ❮åïîäâèæíûå✴ïåðèîäè÷åñêèå òî÷êè äâóìåðíûõ îòîáðàæåíèé✳

• ✶✹✳ ➚íàëèç ëîêàëüíîé ✭ëèíåéíîé✮ óñòîé÷èâîñòè íåïîäâèæíûõ✴ïåðèîäè÷åñêèõ
òî÷åê äâóìåðíûõ îòîáðàæåíèé✳

• ✶✺✳ Ñëåä è îïðåäåëèòåëü ìàòðèöû ßêîáè✳ ❒óëüòèïëèêàòîðû íåïîäâèæ✲
íûõ✴ïåðèîäè÷åñêèõ òî÷åê äâóìåðíûõ îòîáðàæåíèé✳

• ✶✻✳ ✃ðèòåðèè óñòîé÷èâîñòè✳ Òðåóãîëüíèõ óñòîé÷èâîñòè✳

• ✶✼✳ ❐îêàëüíûå êðèòåðèè áèôóðêàöèé íåïîäâèæíûõ òî÷åê✿

✕ ✶✼✳✶ ñåäëî✲óçëîâàÿ áèôóðêàöèÿ✳

✕ ✶✼✳✷✳ áèôóðêàöèÿ óäâîåíèÿ ïåðèîäà✳

✕ ✶✼✳✸✳ áèôóðêàöèÿ ❮åéìàðêà✲ Ñàêåðà✳

✷✳✷ ➪➚❮✃ ➶❰ÏÐ❰Ñ❰➶ ➮ ➬➚➘➚❮➮➱ ➶ Ò➴ÑÒ❰➶❰➱ Ô❰Ð❒➴

✶✳❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ ëèíåéíîãî îòîáðàæåíèÿ

x 7→ ax− b.

• ✭à✮ x∗ = b/(1− a)✳

• ✭á✮ x∗ = b/(a+ 1)✳

• ✭â✮ x∗ = b/(a− 1)✳

✼
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✷✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = −1.2xk + 0.2.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ ❮åéòðàëüíà✳

✸✳ ✃àêîé áèôóðêàöèè ñîîòâåòñòâóåò òî÷êà λ = λ2 íà ðèñ✳✶❄

Ðèñ✳✶✳ ➪èôóðêàöèîííàÿ äèàãðàììà✿ x∗

1,2 ✕ íåïîäâèæíûå òî÷êè❀ ρ1,2 ✕ ìóëüòèïëèêàòîðû

íåïîäâèæíûõ òî÷åê x
∗

1,2

• ✭à✮ ✃àñàòåëüíîé✳

• ✭á✮ Òðàíñêðèòè÷åñêîé✳

• ✭â✮ Óäâîåíèþ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíîé✳

✹✳ ❰ïðåäåëèòå õàðàêòåð ïåðåõîäíîãî ïðîöåññà â ëèíåéíîì îòîáðàæåíèè

xk+1 = −0.5xk − 2.5.

• ✭à✮ ïåðåõîäíûé ïðîöåññ çàòóõàåò ìîíîòîííî✿

lim
k→∞

xk = 0.

✽
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• ✭á✮ ïåðåõîäíûé ïðîöåññ çàòóõàåò êîëåáàòåëüíî✿

lim
k→∞

xk = 0.

• ✭â✮ íàáëþäàþòñÿ íåçàòóõàþùèå êîëåáàíèÿ✳

✺✳ Òî÷êà x∗ ∈ R îòîáðàæåíèÿ x 7→ F (x) ÿâëÿåòñÿ m✲ïåðèîäè÷åñêîé✱ åñëè

• ✭à✮

F (x∗)− x∗ = 0 Fm(x∗)− x∗ 6= 0.

• ✭á✮

F (x∗)− x∗ = 0 Fm(x∗)− x∗ = 0.

• ✭â✮

F (x∗)− x∗ 6= 0 Fm(x∗)− x∗ = 0.

✳

➬äåñü

Fmx0) = F (F (. . . F (x0) . . . ))
︸ ︷︷ ︸

m ðàç

.

✻✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 1.2 è aR = −0.25❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✾
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✼✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + eλ(1−z), ϕ(z, x) = x+
q

α
z − q = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) = eλ +
q · α
λ

eλ(1−z).

• ✭á✮

F ′(x) = eλ +
λ · α

q · eλ(1−z)
.

✳

• ✭â✮

F ′(x) = eλ +
λ · α
q

eλ(1−z).

✳

✽✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = f(xk)✱ èìåþùåå íåïîäâèæíóþ òî÷✲
êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′(x∗)✱ ãäå F (x) =
f(f(x))❄

• ✶✳ F ′′(x∗) = +1❀

• ✷✳ F ′′(x∗) = 0❀

• ✸✳ F ′′(x∗) = −1✳

✾✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL = a · xγ , 0 < x < 1;

FR =
a · x

1 + θ · (x− 1)
, x > 1,

θ = γ1−b, γ = 1− 1

b

ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳ ➬äåñü
a > 0 ✕ âàðüèðóåìûé ïàðàìåòð✱ b > 1 ✕ ôèêñèðîâàííûé ïàðàìåòð✳

✶✵
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✶✵✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

x 7→ 0.7− x2 ≡ F (x).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íå ñóùåñòâóåò íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✶✶✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.5 è aR = −0.5❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✶✷✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + 2eλ(1−z) − 1, ϕ(z, x) = q − x− q

α
(z − 0.5) = 0.

Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ äëÿ ðàñ÷åòà íåïîäâèæíîé òî÷êè✳

✶✶
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• ✭à✮

q − 2 · e
λ(1−z) − 1

1− eλ
− q

α
(z − 1/2) = 0.

q − 1− eλ − eλz

1− eλ
− q

α
(z − 1/2) = 0.

✳

• ✭â✮

q − 1− eλ(1−z) − 1

1− eλ
· eλz − q

α
(z − 1/2) = 0.

✳

✶✸✳ ➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = yk; yk+1 = a− bxk − y2k

íàéäèòå íåïîäâèæíûå òî÷êè✱ ñëåä è îïðåäåëèòåëü ìàòðèöû ßêîáè êàê
ôóíêöèè ïàðàìåòðîâ a è b✳

• ✶✳ x∗ = y∗ = −1

2

(

b+ 1±
√

(b+ 1)2 + 4a
)

✱ δ = b✱ τ = b+1±
√

(b+ 1)2 + 4a❀

• ✷✳ x∗ = y∗ =
1

2

(

b+ 1±
√

(b− 1)2 − 4a
)

✱ δ = −b✱ τ = b−1±
√

(b+ 1)2 − 4a❀

• ✸✳ x∗ = y∗ = −1

2

(

b+ 1±
√

(b+ 1)2 − 4a
)

✱ δ = −b✱ τ = b + 1 ±
√

(b+ 1)2 − 4a❀

✶✹✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 3.5 â îòîáðàæåíèè x 7→
ax(1− x) ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

• ✭ä✮ ❮èêàêàÿ✳

✶✷
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✶✺✳ ❮àéäèòå ëèíèþ áèôóðêàöèè ñåäëî✲óçåë äëÿ îòîáðàæåíèÿ

xk+1 = a− x2k − byk; yk+1 = xk

â ôîðìå ÿâíîé çàâèñìîñòè îò ïàðàìåòðâ a è b✳

• ✭à✮ a = −(1 + b)2

4
✳

• ✭á✮ a = −3(1 + b)2

4
✳

• ✭â✮ a =
(1− b)2

4
✳

✶✻✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè êóñî÷íî✲ëèíåéíîãî îòîá✲
ðàæåíèÿ

xk+1 = F (xk), F (x) =

{

0.4x+ 2, x 6 0;

−1.1x+ 2, x > 0.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ Ïîëóóñòîé÷èâà ñïðàâà✳

✶✼✳ ➶ êàêîé ïîñëåäîâàòåëüíîñòè ïðîâîäèòñÿ àíàëèç ëîêàëüíîé óñòîé÷è✲
âîñòè íåïîäâèæíîé✴ïåðèîäè÷åñêîé òî÷êè îòîáðàæåíèÿ❄

✭à✮ ✶✲ïðèâåñòè ê ëîêàëüíîé ôîðìå❀ ✷✲íàéòè èíâàðèàíòíîå ìíîæåñòâî❀ ✸✲
ëè✲íåàðèçîâàòü îòîáðàæåíèå✱ ïðèâåäåííîå â ëîêàëüíîé ôîðìå✱ â îêðåñòíî✲
ñòè íåïî✲äâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✹✲íàéòè ìóëüòèïëèêàòîðû íåïî✲
äâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✺✲ïðîâåñòè àíàëèç ðàñïîëîæåíèÿ ìóëüòè✲
ïëèêàòîðîâ â êîìïëåêñíîé ïëîñêîñòè îòíîñèòåëüíî ãðàíèöû åäèíè÷íîãî
êðóãà✳

✭á✮ ✶✲ íàéòè èíâàðèàíòíîå ìíîæåñòâî❀ ✷✲ïðèâåñòè ê ëîêàëüíîé ôîðìå❀ ✸
✲ ëèíåàðèçîâàòü îòîáðàæåíèå✱ ïðèâåäåííîå â ëîêàëüíîé ôîðìå✱ â îêðåñò✲
íîñòè íåïîäâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✹✲íàéòè ìóëüòèïëèêàòîðû íåïî✲
äâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✺✲ïðîâåñòè àíàëèç ðàñïîëîæåíèÿ ìóëüòè✲
ïëèêàòîðîâ â êîìïëåêñíîé ïëîñêîñòè îòíîñèòåëüíî ãðàíèöû åäèíè÷íîãî
êðóãà✳

✶✸



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

✭â✮ ✶✲íàéòè èíâàðèàíòíîå ìíîæåñòâî❀ ✷✲ ëèíåàðèçîâàòü îòîáðàæåíèå✱ â
îêðåñòíîñòè íåïîäâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✸✲ïðèâåñòè ê ëîêàëüíîé
ôîðìå❀ ✹✲íàéòè ìóëüòèïëèêàòîðû íåïîäâèæíîé✴ïåðèîäè÷åñêîé òî÷êè❀ ✺✲
ïðîâåñòè àíàëèç ðàñïîëîæåíèÿ ìóëüòèïëèêàòîðîâ â êîìïëåêñíîé ïëîñêî✲
ñòè îòíîñèòåëüíî ãðàíèöû åäèíè÷íîãî êðóãà✳

✶✽✳ ❮àéäèòå íåïîäâèæíûå òî÷êè è îòâå÷àþùèå èì ìóëüòèïëèêàòîðû äëÿ
îòîáðàæåíèÿ

xk+1 = 1− ax2k ≡ F (a, xk).

• ✭à✮

x∗ = − 1

2a

(

1±
√
1 + 4a

)

, F ′(x∗) = 1±
√
1 + 4a.

• ✭á✮

x∗ =
1

2

(
1±

√
1− 4a

)
, F ′(x∗) = 1±

√
1 + 4a.

• ✭â✮

x∗ =
1

2a

(

1±
√
1 + 4a

)

, F ′(x∗) = −1±
√
1 + 4a.

✶✾✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL(a, x) = a · xc , x < 1;

FR(a, x) =
a · x

1 + β(x− 1)
, x > 1

ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳ ➬äåñü
a ✕ âàðüèðóåìûé ïàðàìåòð✱ c è β ✕ ôèêñèðîâàííûå ïàðàìåòðû✳

✷✵✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîéíåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

x 7→ 2x− x3 ≡ F (x).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

✶✹



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íå ñóùåñòâóåò íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✷✶✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.5 è aR = −1.25❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✷✷✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + 2eλ(1−z) − 1, ϕ(z, x) = q − x− q

α
(z − 0.5) = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) = eλ − λ · α
q

eλ(1−z).

F ′(x) = eλ +
α · λ
q

eλ(1−z).

✳

✶✺



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭â✮

F ′(x) = eλ +
q · α
λ

eλ(1−z).

✳

✷✸✳ ➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = yk; yk+1 = 1− ax2k + byk

íàéäèòå íåïîäâèæíûå òî÷êè✱ ñëåä τ è îïðåäåëèòåëü δ ìàòðèöû ßêîáè êàê
ôóíêöèè ïàðàìåòðîâ a è b✳

• ✶✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = b − 1 ±
√

(b− 1)2 + 4a❀

• ✷✳ x∗ = y∗ =
1

2a

(

1− b±
√

(1− b)2 + 4a
)

✱ δ = b✱ τ = 1−b±
√

(1− b)2 + 4a❀

• ✸✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = −b + 1 ±
√

(b− 1)2 + 4a❀

✷✹✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 3.5 â îòîáðàæåíèè x 7→
ax(1− x) ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

• ✭ä✮ ❮èêàêàÿ✳

✷✺✳ ❮àéäèòå ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà äëÿ îòîáðàæåíèÿ

xk+1 = a− x2k − byk; yk+1 = xk

â ôîðìå ÿâíîé çàâèñìîñòè îò ïàðàìåòðâ a è b✳

• ✭à✮ a = −(1 + b)2

4
✳

✶✻



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭á✮ a = −3(1 + b)2

4
✳

• ✭â✮ a =
(1− b)2

4
✳

✷✻✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè êóñî÷íî✲ëèíåéíîãî îòîá✲
ðàæåíèÿ

xk+1 = F (xk), F (x) =

{

0.4x− 1, x 6 0;

−1.1x− 1, x > 0.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ Ïîëóóñòîé÷èâà ñïðàâà✳

✷✼✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = xk − 6?

• ✭à✮ Óõîäèò â +∞✳

• ✭á✮ Óõîäèò â −∞✳

• ✭â✮ Ñîâåðøàåò íåçàòóõàþùèå êîëåáàíèÿ✳

✷✽✳ ✃àêîâà ñêîðîñòü çàâåðøåíèÿ ïåðåõîäíîãî ïðîöåññà â çàâèñèìîñòè îò
âåëè÷èíû ìóëüòèïëèêàòîðà F ′(x∗) óñòîé÷èâîé íåïîäâèæíîé òî÷êè x∗ îòîá✲
ðàæåíèÿ x 7→ F (x)❄

• ✭à✮ ×åì âåëè÷èíà |F ′(x∗)| áëèæå ê 1✱ òåì âûøå ñêîðîñòü çàâåðøåíèÿ
ïåðåõîäíîãî ïðîöåññà✳

• ✭á✮ ×åì âåëè÷èíà |F ′(x∗)| áëèæå ê 1✱ òåì íèæå ñêîðîñòü çàâåðøåíèÿ
ïåðåõîäíîãî ïðîöåññà✳

✶✼



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭â✮ Ñêîðîñòü çàâåðøåíèÿ ïåðåõîäíîãî íå çàâèñèò îò âåëè÷èíû F ′(x∗)✳

✷✾✳ ❮àéäèòå íåïîäâèæíóþ òî÷êó è îòâå÷àþùèé åé ìóëüòèïëèêàòîð äëÿ
îòîáðàæåíèÿ

xk+1 = a− 0.2− x2k ≡ F (a, xk)

➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ íàéäèòå òî÷êó áèôóðêàöèè óäâîåíèÿ ïåðèîäà✳
❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ïðè áèôóðêàöèîííîì çíà÷å✲
íèè ïàðàìåòðà✳ ✃àêîé òèï áèôóðêàöèè ðåàëèçóåòñÿ ✭ñóáêðèòè÷åñêàÿ èëè
ñóïåðêðèòè÷åñêàÿ áèôóðêàöèÿ✮❄
✸✵✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗

îòîáðàæåíèÿ

x 7→ 2x− x3 ≡ F (x).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íå ñóùåñòâóåò íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✸✶✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.5 è aR = −1.25❄

✶✽



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✸✷✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + 2eλ(1−z) − 1, ϕ(z, x) = q − x− q

α
(z − 0.5) = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) = eλ − λ · α
q

eλ(1−z).

F ′(x) = eλ +
α · λ
q

eλ(1−z).

✳

• ✭â✮

F ′(x) = eλ +
q · α
λ

eλ(1−z).

✳

✸✸✳ ➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = yk; yk+1 = 1− ax2k + byk

íàéäèòå íåïîäâèæíûå òî÷êè✱ ñëåä τ è îïðåäåëèòåëü δ ìàòðèöû ßêîáè êàê
ôóíêöèè ïàðàìåòðîâ a è b✳

• ✶✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = b − 1 ±
√

(b− 1)2 + 4a❀

• ✷✳ x∗ = y∗ =
1

2a

(

1− b±
√

(1− b)2 + 4a
)

✱ δ = b✱ τ = 1−b±
√

(1− b)2 + 4a❀

✶✾



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✸✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = −b + 1 ±
√

(b− 1)2 + 4a❀

✸✹✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 3.5 â îòîáðàæåíèè x 7→
ax(1− x) ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

• ✭ä✮ ❮èêàêàÿ✳

✸✺✳ ❮àéäèòå ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà äëÿ îòîáðàæåíèÿ

xk+1 = a− x2k − byk; yk+1 = xk

â ôîðìå ÿâíîé çàâèñìîñòè îò ïàðàìåòðâ a è b✳

• ✭à✮ a = −(1 + b)2

4
✳

• ✭á✮ a = −3(1 + b)2

4
✳

• ✭â✮ a =
(1− b)2

4
✳

✸✻✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè êóñî÷íî✲ëèíåéíîãî îòîá✲
ðàæåíèÿ

xk+1 = F (xk), F (x) =

{

0.4x− 1, x 6 0;

−1.1x− 1, x > 0.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ Ïîëóóñòîé÷èâà ñïðàâà✳

✷✵



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

✸✼✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = xk − 6?

• ✭à✮ Óõîäèò â +∞✳

• ✭á✮ Óõîäèò â −∞✳

• ✭â✮ Ñîâåðøàåò íåçàòóõàþùèå êîëåáàíèÿ✳

✸✽✳ ✃àêîâà ñêîðîñòü çàâåðøåíèÿ ïåðåõîäíîãî ïðîöåññà â çàâèñèìîñòè îò
âåëè÷èíû ìóëüòèïëèêàòîðà F ′(x∗) óñòîé÷èâîé íåïîäâèæíîé òî÷êè x∗ îòîá✲
ðàæåíèÿ x 7→ F (x)❄

• ✭à✮ ×åì âåëè÷èíà |F ′(x∗)| áëèæå ê 1✱ òåì âûøå ñêîðîñòü çàâåðøåíèÿ
ïåðåõîäíîãî ïðîöåññà✳

• ✭á✮ ×åì âåëè÷èíà |F ′(x∗)| áëèæå ê 1✱ òåì íèæå ñêîðîñòü çàâåðøåíèÿ
ïåðåõîäíîãî ïðîöåññà✳

• ✭â✮ Ñêîðîñòü çàâåðøåíèÿ ïåðåõîäíîãî íå çàâèñèò îò âåëè÷èíû F ′(x∗)✳

✸✾✳ ❮àéäèòå íåïîäâèæíóþ òî÷êó è îòâå÷àþùèé åé ìóëüòèïëèêàòîð äëÿ
îòîáðàæåíèÿ

xk+1 = a− 0.2− x2k ≡ F (a, xk)

➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ íàéäèòå òî÷êó áèôóðêàöèè óäâîåíèÿ ïåðèîäà✳
❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ïðè áèôóðêàöèîííîì çíà÷å✲
íèè ïàðàìåòðà✳ ✃àêîé òèï áèôóðêàöèè ðåàëèçóåòñÿ ✭ñóáêðèòè÷åñêàÿ èëè
ñóïåðêðèòè÷åñêàÿ áèôóðêàöèÿ✮❄ ✶✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè✲
÷åñêîé íåïîäâèæíîé òî÷êè x∗ îòîáðàæåíèÿ

x 7→ 1 + 2x2

2x
− 1 ≡ F (x).

✷✶
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• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íåïîäâèæíàÿ òî÷êà ÿâëÿåòñÿ ãèïåðáîëè÷åñêîé✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✹✵✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.275 è aR = −0.384❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✹✶✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + eλ(1−z), ϕ(z, x) = q − 1− (x− 1)eλz = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòïëèòàòîðîâ íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) =
q

q − 1
· eλ.

F ′(x) = eλ +
λ

q · eλ(1−z)
.

✳

✷✷
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• ✭â✮

F ′(x) = eλ +
λ

q
eλ(1−z).

✳

✹✷✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = f(xk)✱ èìåþùåå íåïîäâèæíóþ òî÷✲
êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′′(x∗)✱ ãäå F (x) =
f(f(x))❄

• ✶✳ F ′′′(x∗) = +1❀

• ✷✳ F ′′′(x∗) = 0❀

• ✸✳ F ′′′(x∗) = 2Sf(x∗)✱ ãäå Sf ✕ ïðîèçâîäíàÿ Øâàðöà ôóíêöèè f ✳

✹✸✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 1.0 â îòîáðàæåíèè x 7→
ax(1 + x2) ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

✹✹✳ ❮àéäèòå ìóëüòèïëèêàòîðû íåïîäâèæíûõ òî÷åê x∗ îòîáðàæåíèÿ

xk+1 = 1− 1

2 + xk
≡ F (xk).

• ✭à✮ F ′(x∗) =
1

(2 + x∗)2
✱ x∗ = −1

2
(1±

√
5)✳

• ✭á✮ F ′(x∗) =
1

(2 + x∗)2
✱ x∗ =

1

2
(1±

√
5)✳

• ✭â✮ F ′(x∗) =
2

(1 + x∗)2
✱ x∗ = −1

2
(1±

√
5)✳

✹✺✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè êóñî÷íî✲ëèíåéíîãî îòîá✲
ðàæåíèÿ

xk+1 = F (xk), F (x) =

{

0.6x+ 1, x 6 0;

−0.8x+ 1, x > 0.

✷✸
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• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ Ïîëóóñòîé÷èâà ñïðàâà✳

✹✻✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = −xk + 1?

• ✭à✮ Óõîäèò â +∞✳

• ✭á✮ Óõîäèò â −∞✳

• ✭â✮ Ñîâåðøàåò íåçàòóõàþùèå êîëåáàíèÿ✳

✹✼✳ ❰öåíèòå ÷èñëî èòåðàöèé k ✭äèñêðåòíîå âðåìÿ✮✱ çà êîòîðîå èçîáðà✲
æàþùàÿ òî÷êà ïîïàäåò â îêðåñòíîñòü íåïîäâèæíîé òî÷êè x∗ ëèíåéíîãî
îòîáðàæåíèÿ xk+1 = 0.5xk äëèíîé ∆ = 10−p,∆ > 0✱ åñëè x0 = 1.0❄ ➬äåñü
p > 1 ✕öåëîå ÷èñëî✳

• ✭à✮

k ≈
⌊

−p · ln 10
ln 0.5

⌋

.

• ✭á✮

k ≈
⌊

−p · ln 10
ln 2

⌋

.

• ✭â✮

k ≈
⌊
p · ln 10
ln 0.5

⌋

.

➬äåñü ⌊·⌋ ✕ôóíêöèÿ✱ âûäåëÿþùàÿ öåëóþ ÷àñòü àðãóìåíòà✳

✷✹
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✹✽✳ ❮àéäèòå íåïîäâèæíóþ òî÷êó è îòâå÷àþùèé åé ìóëüòèïëèêàòîð äëÿ
îòîáðàæåíèÿ

xk+1 =
axk

√

1 + x2k
.

➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ íàéäèòå òî÷êó âèëîîáðàçíîé áèôóðêàöèè✳ ➮çîá✲
ðàçèòå êà÷åñòâåííî èòåðàöèîííûå äèàãðàììû äî✱ â òî÷êå è ïîñëå áèôóð✲
êàöèè✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ïðè áèôóðêàöèîííîì
çíà÷åíèè ïàðàìåòðà✳ ✃àêîé òèï áèôóðêàöèè ðåàëèçóåòñÿ ✭ñóáêðèòè÷åñêàÿ
èëè ñóïåðêðèòè÷åñêàÿ áèôóðêàöèÿ✮❄
✹✾✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = −1 â îòîáðàæåíèè x 7→

ax− x3 ≡ F (a, x)❄
✺✵✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗

îòîáðàæåíèÿ

x 7→ −x− x3 ≡ F (xk).

✺✶✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.3 è aR = −0.95❄
✺✷✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + 2eλ(1−z) − 1, ϕ(z, x) = q − 1− (x− 1)eλz − q

α
(z − 1/

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

✺✸✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = 3/4 − x2k ≡ f(xk)✱ èìåþùåå íåïî✲
äâèæíóþ òî÷êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′′(x∗)✱
ãäå F (x) = f(f(x))❄
✺✹✳ ❮àéäèòå ìóëüòèïëèêàòîðû íåïîäâèæíûõ òî÷åê x∗ îòîáðàæåíèÿ

xk+1 = 3/4− x2k ≡ F (xk).

✷✺
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✺✺✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = −xk − 2,

íà÷èíàþùàÿñÿ â òî÷êå x0 ∈ R❄

✺✻✳ ❮àéäèòå íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ

x 7→ 1− 1

2 + x
.

✺✼✳ ➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = yk; yk+1 = a− bxk − y2k

íàéäèòå íåïîäâèæíûå òî÷êè✱ ñëåä τ è îïðåäåëèòåëü δ ìàòðèöû ßêîáè êàê
ôóíêöèè ïàðàìåòðîâ a è b✳ ➬àïèøèòå óñëîâèå ñåäëî✲óçëîâîé áèôóðêàöèè✳

✺✽✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL = a · x1−1/b , 0 < x < 1;

FR =
a · x

1 + µ · (x− 1)
, x > 1,

µ =

(

1− 1

b

)1−b

ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳ ➬äåñü
a > 0 ✕ âàðüèðóåìûé ïàðàìåòð✱ b > 1 ✕ ôèêñèðîâàííûé ïàðàìåòð✳

✺✽✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

x 7→ 1

2x
− 1 + x ≡ F (x).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

✷✻
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• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íåïîäâèæíàÿ òî÷êà ãèïåðáîëè÷åñêàÿ✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✺✾✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.25 è aR = −1.05❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✻✵✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + 2eλ(1−z) − 1, ϕ(z, x) = q − 1− (x− 1)eλz − q

α
z = 0.

Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ äëÿ ðàñ÷åòà íåïîäâèæíîé òî÷êè✳

• ✭à✮

q − 1− 2 · e
λ − eλz

1− eλ
− q

α
z = 0.

q − 1− eλ − eλz

1− eλ
− q

α
z = 0.

✳

• ✭â✮

q − 1− eλ(1−z) − 1

1− eλ
· eλz − q

α
z = 0.

✳

✷✼
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✻✶✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = 2.8xk(1 − xk) ≡ f(xk)✳ ❰ïðåëåëèòå
çíàê ìóëüòèïëèêàòîðîì f ′(x∗) óñòîé÷èâîé íåïîäâèæíîé òî÷êè✳

• ✶✳ f ′(x∗) < 0❀

• ✷✳ f ′(x∗) = 0❀

• ✸✳ f ′(x∗) > 0✳

✻✷✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 1.0 â îòîáðàæåíèè x 7→
ax(1− x) ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

✻✸✳ ❮àéäèòå âòîðóþ èòåðàöèþ F (x) = f(f(x)) ôóíêöèè f(x)✱ ❡ñëè

f(x) = 1− ax2.

• ✭à✮ F (x) = 1− a2 − 2ax2 + x4✳

• ✭á✮ F (x) = 1− a+ 2ax2 − a2x4✳

• ✭â✮ F (x) = 1− a− 2ax2 + a2x4✳

✻✹✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè êóñî÷íî✲ëèíåéíîãî îòîá✲
ðàæåíèÿ

xk+1 = F (xk), F (x) =

{

0.8x− 2, x 6 0;

−1.2x− 2, x > 0.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ Ïîëóóñòîé÷èâà ñïðàâà✳

✷✽
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✻✺✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = −xk − 1?

• ✭à✮ Óõîäèò â +∞✳

• ✭á✮ Óõîäèò â −∞✳

• ✭â✮ Ñîâåðøàåò íåçàòóõàþùèå êîëåáàíèÿ✳

✻✻✳ ❮àéäèòå íåïîäâèæíûå òî÷êè è îòâå÷àþùèå èì ìóëüòèïëèêàòîðû äëÿ
îòîáðàæåíèÿ

xk+1 = a− x2k ≡ F (a, xk).

• ✭à✮

x∗ = −1

2

(

1±
√
1 + 4a

)

, F ′(x∗) = 1±
√
1 + 4a.

• ✭á✮

x∗ =
1

2

(
1±

√
1− 4a

)
, F ′(x∗) = 1±

√
1 + 4a.

• ✭â✮

x∗ =
1

2

(

1±
√
1 + 4a

)

, F ′(x∗) = −1±
√
1 + 4a.

✻✼✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL(a, x) = a · xc , x < 1;

FR(a, x) =
a · x

1 + β(x− 1)
, x > 1

ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳ ➬äåñü
a ✕ âàðüèðóåìûé ïàðàìåòð✱ c è β ✕ ôèêñèðîâàííûå ïàðàìåòðû✳
✻✽✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 1.0 â îòîáðàæåíèè x 7→

ax(1− x2) ≡ F (a, x)❄

✷✾
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• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

✻✾✳ ❰ïðåäåëèòå ãèïåðáîëè÷íîñòü è óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

xk+1 = −1/4− x2k ≡ F (xk).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ ãèïåðáîëè÷åñêàÿ óñòîé÷èâàÿ ñ ìóëüòèïëèêàòîðîì |F ′(x∗)| < 1✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✼✵✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.2 è aR = −1.2❄

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

✸✵



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✼✶✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + eλ(1−z), ϕ(z, x) = q − 1− (x− 1)eλz − q

α
z = 0.

Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ äëÿ ðàñ÷åòà íåïîäâèæíîé òî÷êè✳

• ✭à✮

eλ + eλ(1−z)

1− eλ
+ q ·

( z

α
− 1

)

= 0.

• ✭á✮

eλ + eλ(1−z)

1− eλ
+

q

α
z − q = 0.

✳

• ✭â✮

q − 1− eλ − eλz

1− eλ
− q

α
z = 0.

✳

✼✷✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = f(xk)✱ èìåþùåå íåïîäâèæíóþ òî÷✲
êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′′(x∗)✱ ãäå F (x) =
f(f(x))❄

• ✶✳ F ′′′(x∗) = +1❀

• ✷✳ F ′′′(x∗) = 0❀

• ✸✳ F ′′′(x∗) = 2Sf(x∗)✱ ãäå Sf ✕ ïðîèçâîäíàÿ Øâàðöà ôóíêöèè f ✳

✼✸✳ ❮àéäèòå íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ

xk+1 = 1− 1

2 + xk
.

• ✭à✮ x∗1 = −1 +
√
5

2
✱ x∗2 =

2

1−
√
5
✳

✸✶
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• ✭á✮ x∗1 =
2

1 +
√
5
✱ x∗2 = −1 +

√
5

2
✳

• ✭â✮ x∗1 =
2

1 +
√
5
✱ x∗2 =

√
5− 1

2
✳

✼✹✳ ❮àéäèòå ìóëüòèïëèêàòîðû íåïîäâèæíûõ òî÷åê x∗ îòîáðàæåíèÿ

xk+1 = 3/4− x2k ≡ F (xk).

• ✭à✮

F ′(x∗) = 1±
√
5.

• ✭á✮

F ′(x∗) = −1.

• ✭ â✮

F ′(x∗) = +1.

✼✺✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = xk + 2,

íà÷èíàþùàÿñÿ â òî÷êå x0 ∈ R❄

• ✭à✮ Óõîäèò â +∞✳

• ✭á✮ Óõîäèò â −∞✳

• ✭â✮ Óõîäèò â +∞ èëè â −∞ â çàâèñèìîñòè îò çíàêà x0✳

✼✻✳ ➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = yk; yk+1 = 1− ax2k + byk

íàéäèòå íåïîäâèæíûå òî÷êè✱ ñëåä τ è îïðåäåëèòåëü δ ìàòðèöû ßêîáè
êàê ôóíêöèè ïàðàìåòðîâ a è b✳ ➬àïèøèòå óñëîâèå áèôóðêàöèè ❮åéìàðêà✲
Ñàêåðà✳

✸✷
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• ✶✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = b − 1 ±
√

(b− 1)2 + 4a✳ Óñëîâèå áèôóðêàöèè ❮åéìàðêà✲Ñàêåðà δ = 1✳

• ✷✳ x∗ = y∗ =
1

2a

(

1− b±
√

(1− b)2 + 4a
)

✱ δ = b✱ τ = 1−b±
√

(1− b)2 + 4a✳

Óñëîâèå áèôóðêàöèè ❮åéìàðêà✲Ñàêåðà δ = 1❀

• ✸✳ x∗ = y∗ = − 1

2a

(

b− 1±
√

(b− 1)2 + 4a
)

✱ δ = −b✱ τ = −b + 1 ±
√

(b− 1)2 + 4a✳ Óñëîâèå áèôóðêàöèè ❮åéìàðêà✲Ñàêåðà 1− τ + δ = 0❀

✼✼✳ ❮àéäèòå íåïîäâèæíóþ òî÷êó è îòâå÷àþùèé åé ìóëüòèïëèêàòîð äëÿ
îòîáðàæåíèÿ

xk+1 = axk − x3k ≡ f(a, xk).

➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ íàéäèòå ïîðîã áèôóðêàöèè óäâîåíèÿ ïåðèîäà
✭✢✐♣✮ äëÿ ñèììåòðè÷íîé íåïîäâèæíîé òî÷êè✱ êîòîðàÿ âîçíèêàåò ÷åðåç âè✲
ëîîáðàçíóþ áèôóðêàöèþ✳ ❰ïðåäåëèòå óñòîé÷èâîñòü ñèììåòðè÷íîé íåïî✲
äâèæíîé òî÷êè â òî÷êå áèôóðêàöèè óäâîåíèÿ ïåðèîäà✳ ➬äåñü ➽ïîðîã áè✲
ôóðêàöèè➾✱ ➽òî÷êà áèôóðêàöèè➾ ✕ áèôóðêàöèîííîå çíà÷åíèå ïàðàìåòðà✳
✼✽✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗

îòîáðàæåíèÿ

xk+1 = 1− 0.75x2k ≡ F (xk).

✼✾✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.4 è aR = −1.5❄
✽✵✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1 + γ)− γ + eλ(1−z), ϕ(z, x) = x+ q ·
( z

α
− 1

)

= 0.

Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ äëÿ ðàñ÷åòà íåïîäâèæíîé òî÷êè✳

✽✶✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = f(xk)✱ èìåþùåå íåïîäâèæíóþ òî÷✲
êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′′(x∗)✱ ãäå F (x) =

✸✸
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f(f(x))❄

✽✷✳❮àéäèòå íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ

xk+1 =
axk

√

1 + x2k
.

✽✸✳ ❮àéäèòå ìóëüòèïëèêàòîðû íåïîäâèæíûõ òî÷åê x∗ îòîáðàæåíèÿ

xk+1 =
4− x2k

4
≡ F (xk).

✽✺✳ ✃àê âåäåò ñåáÿ îðáèòà ëèíåéíîãî îòîáðàæåíèÿ

xk+1 = xk − 1,

íà÷èíàþùàÿñÿ â òî÷êå x0 ∈ R❄

✽✺✳ ✃àêîâà ñêîðîñòü çàâåðøåíèÿ ïåðåõîäíîãî ïðîöåññà â çàâèñèìîñòè îò
âåëè÷èíû ìóëüòèïëèêàòîðà F ′(x∗) óñòîé÷èâîé íåïîäâèæíîé òî÷êè x∗ îòîá✲
ðàæåíèÿ x 7→ F (x)❄

✽✻✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL = a · x1−1/b , 0 < x < 1;

FR =
a · x

1 + µ · (x− 1)
, x > 1,

µ =

(

1− 1

b

)1−b

ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳ ➬äåñü
a > 0 ✕ âàðüèðóåìûé ïàðàìåòð✱ b > 1 ✕ ôèêñèðîâàííûé ïàðàìåòð✳
✽✼✳❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ ëèíåéíîãî îòîáðàæåíèÿ

x 7→ ax− 2.

• ✭à✮ x∗ = 2/(1− a)✳

✸✹
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• ✭á✮ x∗ = 2/(a+ 1)✳

• ✭â✮ x∗ = 2/(a− 1)✳

✽✽✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåïîäâèæíîé òî÷êè ëèíåéíîãî îòîáðàæå✲
íèÿ

xk+1 = −0.98xk + 1.2.

• ✭à✮ Óñòîé÷èâà✳

• ✭á✮ ❮åóñòîé÷èâà✳

• ✭â✮ ❮åéòðàëüíà✳

✽✾✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

xk+1 = 0.75− x2k ≡ F (xk).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íåïîäâèæíàÿ òî÷êà ÿâëÿåòñÿ ãèïåðáîëè÷åñêîé✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✸✺
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✾✵✳ ❰ïðåäåëèòå õàðàêòåð ïåðåõîäíîãî ïðîöåññà â ëèíåéíîì îòîáðàæåíèè

xk+1 = 0.5xk − 2.5.

• ✭à✮ ïåðåõîäíûé ïðîöåññ çàòóõàåò ìîíîòîííî✿

lim
k→∞

xk = 0.

• ✭á✮ ïåðåõîäíûé ïðîöåññ çàòóõàåò êîëåáàòåëüíî✿

lim
k→∞

xk = 0.

• ✭â✮ íàáëþäàþòñÿ íåçàòóõàþùèå êîëåáàíèÿ✳

✾✶✳ Òî÷êà x∗ ∈ R îòîáðàæåíèÿ x 7→ F (x) ÿâëÿåòñÿ íåïîäâèæíîé✱ åñëè

• ✭à✮

F (x∗)− x∗ = 0 Fm(x∗)− x∗ 6= 0.

• ✭á✮

F (x∗)− x∗ = 0 Fm(x∗)− x∗ = 0.

• ✭â✮

F (x∗)− x∗ 6= 0 Fm(x∗)− x∗ = 0.

✳

➬äåñü

Fmx0) = F (F (. . . F (x0) . . . ))
︸ ︷︷ ︸

m ðàç

.

✾✷✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.6 è aR = −1.25❄

✸✻



Ôîíä îöåíî÷íûõ ñðåäñòâ✳ ❒àòåìàòè÷åñêèå îñíîâû òåîðèè äèíàìè÷åñêèõ ñèñòåì✱ ✷✵✷✷

• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✾✸✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1 + γ)− γ + eλ(1−z), ϕ(z, x) = x+
q · z
α

− q = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) = eλ + γ +
q · α
λ

eλ(1−z).

• ✭á✮

F ′(x) = eλ − γ +
λ · α

q · eλ(1−z)
.

✳

• ✭â✮

F ′(x) = eλ +
λ · α
q

eλ(1−z).

✳

✾✹✳ ➘àíî îòîáðàæåíèå x 7→ 1− 3x2/4)✱ èìåþùåå íåïîäâèæíóþ òî÷êó x∗
❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′(x∗)✱ ãäå F (x) = f(f(x))❄

• ✶✳ F ′(x∗) = +1❀

• ✷✳ F ′(x∗) = 0❀

• ✸✳ F ′(x∗) = −1✳

✾✺✳ ➘ëÿ îòîáðàæåíèÿ

xk+1 = F (a, xk), F (a, x) =







FL = a · xγ , 0 < x < 1;

FR =
a · x

1 + θ · (x− 1)
, x > 1,

θ = γ1−b

✸✼
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ïîëó÷èòå íîðìàëüíóþ ôîðìó â âèäå êóñî÷íî✲ëèíåéíîãî îòîáðàæåíèÿ✳
➬äåñü a > 0 ✕ âàðüèðóåìûé ïàðàìåòð✱ γ ✕ ôèêñèðîâàííûé ïàðàìåòð✳
✾✻✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóþòñÿ â òî÷êå a = 2.0 â îòîáðàæåíèè x 7→

ax− x3 ≡ F (a, x)❄

• ✭à✮ ✃àñàòåëüíàÿ✳

• ✭á✮ Òðàíñêðèòè÷åñêàÿ✳

• ✭â✮ Óäâîåíèÿ ïåðèîäà✳

• ✭ã✮ ➶èëîîáðàçíàÿ✳

✾✼✳ ❰ïðåäåëèòå óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè x∗
îòîáðàæåíèÿ

xk+1 = 3/4− x2k ≡ F (xk).

• ✭à✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ ïîëó✲
óñòîé÷èâàÿ✳

• ✭á✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ óñòîé✲
÷èâàÿ✳

• ✭â✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ óñòîé✲
÷èâàÿ✳

• ✭ã✮ x∗ ✖ íå ñóùåñòâóåò íåãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè✳

• ✭ä✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = −1❀ íåóñòîé✲
÷èâàÿ✳

• ✭❡✮ x∗ ✖ íåãèïåðáîëè÷åñêàÿ ñ ìóëüòèïëèêàòîðîì F ′(x∗) = +1❀ íåóñòîé✲
÷èâàÿ✳

✾✽✳ ✃àêàÿ áèôóðêàöèÿ ðåàëèçóåòñÿ â êóñî÷íî✲ëèíåéíîì îòîáðàæåíèè

xk+1 = F (xk), F (x) =

{

aLx+ µ, x 6 0;

aRx+ µ, x > 0,

åñëè aL = 0.3 è aR = −1.1❄

✸✽
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• ✭à✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ❢♦❧❞✳

• ✭á✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ✢✐♣✳

• ✭â✮ ➽❜♦r❞❡r✲❝♦❧❧✐s✐♦♥➾ ♣❡rs✐st❡♥❝❡✳

✾✾✳ ➘àíî îòîáðàæåíèå

xk+1 = F (xk), F (x) = eλ(x− 1) + eλ(1−z), ϕ(z, x) = q − 1− (x− 1)eλz − q

α
z = 0.

❮àéäèòå ïåðâóþ ïðîèçâîäíóþ F ′(x) äëÿ ðàñ÷åòà ìóëüòèïëèêàòîðà íåïî✲
äâèæíîé òî÷êè✳

• ✭à✮

F ′(x) = eλ − λeλ

λeλz(x− 1) +
q

α

.

• ✭á✮

F ′(x) = eλ +
eλ

λeλz(x− 1)− q

α

.

✳

• ✭â✮

F ′(x) = eλ +
eλ

eλz(x− 1) +
q

αλ

.

✶✵✵✳ Ïóñòü äàíî îòîáðàæåíèå xk+1 = 3/4 − x2k ≡ f(xk)✱ èìåþùåå íåïî✲
äâèæíóþ òî÷êó x∗ ❝ ìóëüòèïëèêàòîðîì f ′(x∗) = −1✳ ×åìó ðàâíà F ′′(x∗)✱
ãäå F (x) = f(f(x))❄

• ✶✳ F ′′(x∗) = +1❀

• ✷✳ F ′′(x∗) = 0❀

• ✸✳ F ′′(x∗) = 2Sf(x∗)✱ ãäå Sf ✕ ïðîèçâîäíàÿ Øâàðöà ôóíêöèè f ✳

Øêàëà îöåíèâàíèÿ ðåçóëüòàòîâ òåñòèðîâàíèÿ✿ â ñîîòâåòñòâèè ñ
äåéñòâóþùåé â óíèâåðñèòåòå áàëëüíî✲ðåéòèíãîâîé ñèñòåìîé îöåíèâàíèå ðå✲
çóëüòàòîâ ïðîìåæóòî÷íîé àòòåñòàöèè îáó÷àþùèõñÿ îñóùåñòâëÿåòñÿ â ðàì✲
êàõ ✶✵✵✲áàëëüíîé øêàëû✱ ïðè ýòîì ìàêñèìàëüíûé áàëë ïî ïðîìåæóòî÷íîé

✸✾
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àòòåñòàöèè îáó÷àþùèõñÿ ïî î÷íîé ôîðìå îáó÷åíèÿ ñîñòàâëÿåò ✸✻ áàëëîâ✱
ïî î÷íî✲çàî÷íîé è çàî÷íîé ôîðìàì îáó÷åíèÿ✲ ✻✵ áàëëîâ ✭óñòàíîâëåíî ïî✲
ëîæåíèåì Ï ✵✷✳✵✶✻✮✳
❒àêñèìàëüíûé áàëë çà òåñòèðîâàíèå ïðåäñòàâëÿåò ñîáîé ðàçíîñòü äâóõ

÷èñåë✿ ìàêñèìàëüíîãî áàëëà ïî ïðîìåæóòî÷íîé àòòåñòàöèè äëÿ äàííîé
ôîðìû îáó÷åíèÿ ✭✸✻ èëè ✻✵✮ è ìàêñèìàëüíîãî áàëëà çà ðåøåíèå êîìïåòåíòíîñòíî✲
îðèåíòèðîâàííîé çàäà÷è ✭✻✮✳
➪àëë✱ ïîëó÷åííûé îáó÷àþùèìñÿ çà òåñòèðîâàíèå✱ ñóììèðóåòñÿ ñ áàëëîì✱

âûñòàâëåííûì åìó çà ðåøåíèå êîìïåòåíòíîñòíî✲îðèåíòèðîâàííîé çàäà÷è✳
❰áùèé áàëë ïî ïðîìåæóòî÷íîé àòòåñòàöèè ñóììèðóåòñÿ ñ áàëëàìè✱ ïîëó✲
÷åííûìè îáó÷àþùèìñÿ ïî ðåçóëüòàòàì òåêóùåãî êîíòðîëÿ óñïåâàåìîñòè â
òå÷åíèå ñåìåñòðà❀ ñóììà áàëëîâ ïåðåâîäèòñÿ â îöåíêó ïî äèõîòîìè÷åñêîé
øêàëå ñëåäóþùèì îáðàçîì✿
Ñîîòâåòñòâèå ✶✵✵ áàëüíîé è äèõîòîìè÷åñêèé øêàë

❰öåíêà ïî ✶✵✵✲áàëëüíîé øêàëå ❰öåíêà ïî äèõîòîìè÷åñêîé øêàëå

✶✵✵✲✺✵ çà÷òåíî

✹✾ è ìåíåå íå çà÷òåíî

✷✳✸ ✃❰❒Ï➴Ò➴❮Ò❮❰ÑÒ❮❰✲❰Ð➮➴❮Ò➮Ð❰➶➚❮❮Û➴ ➬➚➘➚×➮

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✳

❮àéäèòå ïîðîã áèôóðêàöèè ➚íäðîíîâà✲Õîïôà â îñöèëëÿòîðå ➹óäâèíà

dx

dt
= −b1x+ ϕ(z),

dy

dt
= −b2y + g1x, ✭✶✮

dz

dt
= −b3x+ g2y, ϕ(z) =

a

1 +Kzn

ïðè âàðèàöèè 0.2 < b1 < 0.8✳ ❰ñòàëüíûå ïàðàìåòðû✿ b2 = 0.5✱ b3 = 0.3✱
g1 = 2.0✱ g2 = 0.5✱ a = 100✱ K = 0.1✱ n > 8✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✳
Ðàññìîòðèòå ñèñòåìó Ð➻ññëåðà

dx

dt
= −y − z,

dy

dt
= x+ ay, ✭✷✮

dz

dt
= b+ (x− c)z, a = 0.2, b = 0.2, 2 < c < 5.

✹✵
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❰ïðåäåëèòå ïîðîã ðîæäåíèÿ ïðåäåëüíîãî öèêëà èç ñîñòîÿíèÿ ðàâíîâåñèÿ
ïðè âàðèàöèè c✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✸✳
➘àíî îòîáðàæåíèå

xk+1 =
a · x2k
1 + x2k

≡ f(xk), a > 0.

❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð f ′(x∗)✳
➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ
íåïîäâèæíàÿ òî÷êà íåóñòîé÷èâà ëèáî ïîëó✲óñòîé÷èâà ñëåâà èëè ñïðàâà✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✹✳

➘àíî îòîáðàæåíèå

xk+1 =
(1 + a) · xk
1 + a · xk

≡ f(xk).

❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð f ′(x∗)✳
➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ
íåïîäâèæíàÿ òî÷êà àñèìïòîòè÷åñêè óñòîé÷èâà✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✺✳
Ðàññìîòðèòå îòîáðàæåíèå

xk+1 = 1− a · x2k ≡ f(xk).

❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð f ′(x∗)✳
➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ
íåïîäâèæíàÿ òî÷êà óñòîé÷èâà✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✻✳
➘ëÿ çàäàííîãî îòîáðàæåíèÿ

xk+1 = (1 + a) · xk − x3k ≡ f(xk)

íàéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð f ′(x∗)✳
➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ
íåïîäâèæíàÿ òî÷êà óñòîé÷èâà✳

✹✶
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✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✼✳
➘àíî îòäíìåðíîå îòîáðàæåíèå

xk+1 = (1 + a) · xk + x3k ≡ f(xk).

❮àéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð f ′(x∗)✳
➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ
íåïîäâèæíàÿ òî÷êà ñòàíîâèòñÿ íåãèïåðáîëè÷åñêîé✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✾✳

❮àéäèòå íåïîäâèæíûå òî÷êè è îòâå÷àþùèå èì ìóëüòèïëèêàòîðû îòîá✲
ðàæåíèÿ

xk+1 = F (a, xk), k = 0, 1, 2, ....,

F (a, x) = a− x2.

➬äåñü a ✕ ïàðàìåòð✳ ➮ñïîëüçóÿ ýòîò ðåçóëüòàò✱ âûïîëíèòå êà÷åñòâåííûé
àíàëèç êàñàòåëüíîé áèôóðêàöèè è áèôóðêàöèè óäâîåíèÿ ïåðèîäà✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✵✳

Ïîñòðîéòå ãðàôèê ôóíêöèè

g(a, x) = F (F (a, x)), F (a, x) = a+ 1− x2

ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà a✳ ❰ïèøèòå òðàíñôîðìàöèþ ãðàôè✲
êîâ g(a, x) è F (a, x) â îêðåñòíîñòè òî÷êè áèôóðêàöèè óäâîåíèÿ ïåðèîäà
íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ✿

xk+1 = F (a, xk), F (a, x) = a+ 1− x2.

Óêàæèòå ýëåìåíòû öèêëà ñ ïåðèîäîì ✷ ïîñëå áèôóðêàöèè íà ãðàôèêå äâà✲
æäû ïðîèòåðèðîâàííîé ôóíêöèè g(a, x) = F (F (a, x))✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✶✳

Ïîêàæèòå✱ ÷òî åñëè îòîáðàæåíèå

xk+1 = F (xk)

èìååò íåãèïåðáîëè÷åñêóþ íåïîäâèæíóþ òî÷êó x∗ ñ ìóëüòèïëèêàòîðîì −1✿

F ′(x∗) = −1,

✹✷
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òî âòîðàÿ èòåðàöèÿ ýòîãî îòîáðàæåíèÿ

g(x∗) = F (F (x∗))

îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè✿

• g′(x∗) = +1❀

• g′′(x∗) = 0❀

• g′′′(x∗) = 2SF (x∗)✱ ãäå

SF (x) =
F ′′′(x)

F ′(x)
− 3

2

[
F ′′(x)

F ′(x)

]2

✕ ïðîèçâîäíàÿ Øâàðöà✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✷✳

❮àéäèòå çíà÷åíèÿ ïàðàìåòðà a✱ îòâå÷àþùèå êàñàòåëüíîé áèôóðêàöèè è
áèôóðêàöèè óäâîåíèÿ ïåðèîäà íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ

xk+1 = a− x4k.

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✸✳

❮àéäèòå çíà÷åíèå ïàðàìåòðà a äëÿ ñóïåðêðèòè÷åñêîé âèëîîáðàçíîé áè✲
ôóðêàöèè íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ

xk+1 = axk − x3k.

➮çîáðàçèòå èòåðàöèîííûå äèàãðàììû äî✱ â òî÷êå è ïîñëå áèôóðêàöèè✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✹✳

❮àéäèòå çíà÷åíèå ïàðàìåòðà a äëÿ ñóáðêðèòè÷åñêîé âèëîîáðàçíîé áè✲
ôóðêàöèè íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ

xk+1 = axk + x3k.

➮çîáðàçèòå èòåðàöèîííûå äèàãðàììû äî✱ â òî÷êå è ïîñëå áèôóðêàöèè✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✺✳

✹✸
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➘ëÿ îòîáðàæåíèÿ

xk+1 = α− x2k + βyk; yk+1 = xk

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê❀

◦ ìàòðèöó ßêîáè❀

◦ ñëåä τ ìàòðèöû ßêîáè❀

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè✳

❰ïðåäåëèòå ëèíèþ ñåäëî✲óçëîâîé ✭s❛❞❞❧❡✲♥♦❞❡✱ ❢♦❧❞✮ áèôóðêàöèè✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✻✳

➘ëÿ îòîáðàæåíèÿ

xk+1 = α− x2k + βyk; yk+1 = xk

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê❀

◦ ìàòðèöó ßêîáè❀

◦ ñëåä τ ìàòðèöû ßêîáè❀

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè✳

❰ïðåäåëèòå ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✭♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✱ ✢✐♣✮✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✼✳

➘ëÿ îòîáðàæåíèÿ

xk+1 = yk; yk+1 = βyk − αxk + x2k.

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê❀

◦ ìàòðèöó ßêîáè❀

◦ ñëåä τ ìàòðèöû ßêîáè❀

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè✳

❰ïðåäåëèòå

✹✹
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◦ ëèíèþ ñåäëî✲óçëîâîé ✭s❛❞❞❧❡✲♥♦❞❡✱ ❢♦❧❞✮ áèôóðêàöèè❀

◦ ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✭♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✱ ✢✐♣✮❀

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✽✳

➘ëÿ îòîáðàæåíèÿ

xk+1 = αxk + yk; yk+1 = βxk + x3k.

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê❀

◦ íåïîäâèæíûå òî÷êè êàê ôóíêöèè ïàðàìåòðîâ α✱ β❀

◦ ìàòðèöó ßêîáè❀

◦ ñëåä τ ìàòðèöû ßêîáè❀

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè✳

◦ ìóëüòïëèêàòîðû êàê ôóíêöèè ïàðàìåòðîâ α✱ β❀

❰ïðåäåëèòå ëèíèþ ñåäëî✲óçëîâîé ✭s❛❞❞❧❡✲♥♦❞❡✱ ❢♦❧❞✮ áèôóðêàöèè✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✶✾✳

➘ëÿ îòîáðàæåíèÿ

xk+1 = αxk + yk; yk+1 = βxk + x3k.

íàéäèòå

◦ óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê❀

◦ íåïîäâèæíûå òî÷êè êàê ôóíêöèè ïàðàìåòðîâ α✱ β❀

◦ ìàòðèöó ßêîáè❀

◦ ñëåä τ ìàòðèöû ßêîáè❀

◦ îïðåäåëèòåëü δ ìàòðèöû ßêîáè✳

◦ ìóëüòïëèêàòîðû êàê ôóíêöèè ïàðàìåòðîâ α✱ β❀

❰ïðåäåëèòå ëèíèþ áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✭♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✱ ✢✐♣✮✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✵✳

✹✺
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➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = a− x2k − byk ≡ f1(xk, yk);

yk+1 = xk ≡ f2(xk, yk)

íàéäèòå ýëåìåíòû ✷✲öèêëà êàê ôóíêöèè ïàðàìåòðîâ a✱ b✳ ❰ïðåäåëèòå ìóëü✲
òèïëèêàòîð ✷✲öèêëà✱ äëÿ ÷åãî íàéäèòå ìàòðèöó ìîíîäðîìèè✱ âû÷èñëèòå
ñëåä S è îïðåäåëèòåëü ýòîé ìàòðèöû✳ ❮àéäèòå àíàëèòè÷åñêîå âûðàæåíèå
äëÿ ëèíèè áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✷✲öèêëà êàê ôóíêöèþ ïàðàìåò✲
ðîâ a✱ b✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✶✳

➘ëÿ äâóìåðíîãî îòîáðàæåíèÿ

xk+1 = 1− ax2k − byk ≡ f1(xk, yk);

yk+1 = xk ≡ f2(xk, yk)

íàéäèòå ýëåìåíòû ✷✲öèêëà êàê ôóíêöèè ïàðàìåòðîâ a✱ b✳ ❰ïðåäåëèòå ìóëü✲
òèïëèêàòîð ✷✲öèêëà✱ äëÿ ÷åãî íàéäèòå ìàòðèöó ìîíîäðîìèè✱ âû÷èñëèòå
ñëåä S è îïðåäåëèòåëü ýòîé ìàòðèöû✳ ❮àéäèòå àíàëèòè÷åñêîå âûðàæåíèå
äëÿ ëèíèè áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✷✲öèêëà êàê ôóíêöèþ ïàðàìåò✲
ðîâ a✱ b✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✷✳

❮àéäèòå ãðàíèöó áèôóðêàöèè ❮åéìàðêà✲Ñàêåðà äëÿ íåïîäâèæíîé òî÷êè
äâóìåðíîãî îòîáðàæåíèÿ

(
x

y

)

7→
(
1− ay2 + bx

x

)

.

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✸✳

➘ëÿ òðèâèàëüíîé íåïîäâèæíîé òî÷êè îòîáðàæåíèÿ

(
x
y

)

7→
(
ax+ y
bx+ x3

)

.

íàéäèòå ëèíèþ ñåäëî✲óçëîâîé áèôóðêàöèè✳

✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✹✳
Ïîëó÷èòå õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ àíàëèçà ëîêàëüíîé óñòîé÷è✲

✹✻
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âîñòè ✷✲öèêëà îòîáðàæåíèÿ
(
x

y

)

7→
(
1− ax2 − y

bx

)

.

â ôîðìå ÿâíîé çàâèñèìîñòè îò ïàðàìåòðîâ✳
✃îìïåòåíòíîñòíî✲îðèåíòèðîâàííàÿ çàäà÷à ➑✷✺✳

❮àéäèòå óðàâíåíèå ëèíèè áèôóðêàöèè óäâîåíèÿ ïåðèîäà ✷✲öèêëà îòîá✲
ðàæåíèÿ

(
x
y

)

7→
(
1− ax2 − y

bx

)

.

Øêàëà îöåíèâàíèÿ ðåøåíèÿ êîìïåòåíòíîñòíî✲îðèåíòèðîâàííîé
çàäà÷è✿ â ñîîòâåòñòâèè ñ äåéñòâóþùåé â óíèâåðñèòåòå áàëëüíî✲ðåéòèíãîâîé
ñèñòåìîé îöåíèâàíèå ðåçóëüòàòîâ ïðîìåæóòî÷íîé àòòåñòàöèè îáó÷àþùèõ✲
ñÿ îñóùåñòâëÿåòñÿ â ðàìêàõ ✶✵✵✲áàëëüíîé øêàëû✱ ïðè ýòîì ìàêñèìàëüíûé
áàëë ïî ïðîìåæóòî÷íîé àòòåñòàöèè îáó÷àþùèõñÿ ïî î÷íîé ôîðìå îáó÷å✲
íèÿ ñîñòàâëÿåò ✸✻ áàëëîâ✱ ïî î÷íî✲çàî÷íîé è çàî÷íîé ôîðìàì îáó÷åíèÿ ✲
✻✵ ✭óñòàíîâëåíî ïîëîæåíèåì Ï ✵✷✳✵✶✻✮✳ ❒àêñèìàëüíîå êîëè÷åñòâî áàëëîâ
çà ðåøåíèå êîìïåòåíòíîñòíî✲îðèåíòèðîâàííîé çàäà÷è ✲ ✻ áàëëîâ✳ ➪àëë✱ ïî✲
ëó÷åííûé îáó÷àþùèìñÿ çà ðåøåíèå êîìïåòåíòíîñòíî✲îðèåíòèðîâàííîé çà✲
äà÷è✱ ñóììèðóåòñÿ ñ áàëëîì✱ âûñòàâëåííûì åìó ïî ðåçóëüòàòàì òåñòèðîâà✲
íèÿ✳ ❰áùèé áàëë ïðîìåæóòî÷íîé àòòåñòàöèè ñóììèðóåòñÿ ñ áàëëàìè✱ ïî✲
ëó÷åííûìè îáó÷àþùèìñÿ ïî ðåçóëüòàòàì òåêóùåãî êîíòðîëÿ óñïåâàåìîñòè
â òå÷åíèå ñåìåñòðà❀ ñóììà áàëëîâ ïåðåâîäèòñÿ â îöåíêó ïî äèõîòîìè÷åñêîé
øêàëå✿

Ñîîòâåòñòâèå ✶✵✵ áàëüíîé è äèõîòîìè÷åñêîé øêàë
❰öåíêà ïî ✶✵✵✲áàëëüíîé øêàëå ❰öåíêà ïî äèõîòîìè÷åñêîé øêàëå

✶✵✵✲✺✵ çà÷òåíî

✹✾ è ìåíåå íå çà÷òåíî
✃ðèòåðèè îöåíèâàíèÿ ðåøåíèÿ êîìïåòåíòíîñòíî✲îðèåíòèðîâàííîé

çàäà÷è ✭íèæåñëåäóþùèå êðèòåðèè îöåíêè ÿâëÿþòñÿ ïðèìåðíûìè è ìîãóò
êîððåêòèðîâàòüñÿ✮✿ ✻✲✺ áàëëîâ âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè ðåøåíèå
çàäà÷è äåìîíñòðèðóåò ãëóáîêîå ïîíèìàíèå îáó÷àþùèìñÿ ïðåäëîæåííîé
ïðîáëåìû è ðàçíîñòîðîííåå åå ðàññìîòðåíèå❀ ñâîáîäíî êîíñòðóèðóåìàÿ ðà✲
áîòà ïðåäñòàâëÿåò ñîáîé ëîãè÷íîå✱ ÿñíîå è ïðè ýòîì êðàòêîå✱ òî÷íîå îïè✲
ñàíèå õîäà ðåøåíèÿ çàäà÷è ✭ïîñëåäîâàòåëüíîñòè ✭èëè âûïîëíåíèÿ✮ íåîá✲
õîäèìûõ òðóäîâûõ äåéñòâèé✮ è ôîðìóëèðîâêó äîêàçàííîãî✱ ïðàâèëüíîãî

✹✼
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âûâîäà ✭îòâåòà✮❀ ïðè ýòîì îáó÷àþùèìñÿ ïðåäëîæåíî íåñêîëüêî âàðèàí✲
òîâ ðåøåíèÿ èëè îðèãèíàëüíîå✱ íåñòàíäàðòíîå ðåøåíèå ✭èëè íàèáîëåå ýô✲
ôåêòèâíîå✱ èëè íàèáîëåå ðàöèîíàëüíîå✱ èëè îïòèìàëüíîå✱ èëè åäèíñòâåííî
ïðàâèëüíîå ðåøåíèå✮❀ çàäà÷à ðåøåíà â óñòàíîâëåííîå ïðåïîäàâàòåëåì âðå✲
ìÿ èëè ñ îïåðåæåíèåì âðåìåíè✳ ✹✲✸ áàëëà âûñòàâëÿåòñÿ îáó÷àþùåìóñÿ✱ åñ✲
ëè ðåøåíèå çàäà÷è äåìîíñòðèðóåò ïîíèìàíèå îáó÷àþùèìñÿ ïðåäëîæåííîé
ïðîáëåìû❀ çàäà÷à ðåøåíà òèïîâûì ñïîñîáîì â óñòàíîâëåííîå ïðåïîäàâà✲
òåëåì âðåìÿ❀ èìåþò ìåñòî îáùèå ôðàçû è ✭èëè✮ íåñóùåñòâåííûå íåäî÷å✲
òû â îïèñàíèè õîäà ðåøåíèÿ è ✭èëè✮ âûâîäà ✭îòâåòà✮✳ ✷✲✶ áàëëà âûñòàâ✲
ëÿåòñÿ îáó÷àþùåìóñÿ✱ åñëè ðåøåíèå çàäà÷è äåìîíñòðèðóåò ïîâåðõíîñòíîå
ïîíèìàíèå îáó÷àþùèìñÿ ïðåäëîæåííîé ïðîáëåìû❀ îñóùåñòâëåíà ïîïûòêà
øàáëîííîãî ðåøåíèÿ çàäà÷è✱ íî ïðè åå ðåøåíèè äîïóùåíû îøèáêè è ✭èëè✮
ïðåâûøåíî óñòàíîâëåííîå ïðåïîäàâàòåëåì âðåìÿ✳ ✵ áàëëîâ âûñòàâëÿåòñÿ
îáó÷àþùåìóñÿ✱ åñëè ðåøåíèå çàäà÷è äåìîíñòðèðóåò íåïîíèìàíèå îáó÷à✲
þùèìñÿ ïðåäëîæåííîé ïðîáëåìû✱ è ✭èëè✮ çíà÷èòåëüíîå ìåñòî çàíèìàþò
îáùèå ôðàçû è ãîëîñëîâíûå ðàññóæäåíèÿ✱ è ✭èëè✮ çàäà÷à íå ðåøåíà✳

✹✽
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