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[IpakTHueckue 3aHATUA 110 MAaTEMAaTHYECKOMY aHalIu3y — OJUH U3
CaMbIX BaXXHbIX MHCTPYMEHTOB sl JocTkeHus komnereHiuu OIIK-3
«Crioco0eH MCHoJIb30BaTh HEOOXOIMMBIE MAaTEMATHYECKUE METOMBI IS
peleHus 3a1a4 npoheCCuoOHaIbHON IeSITEILHOCTI.

1. MHo:xkecTBa, 0TOOpPA’)KEHUS MHOKECTB

Hens 3anamusn: ocBOUTH 0a30BBIC MTOHITHS MAaTEMATUKUA — TTOHATHS
MHOJKECTBa U 0TOOpakeHUs ((PyHKIIUM).

Tunosan 3adaua. f — otoOpaxkeHre MHOXKeCTBa R, BCeX IOJI0XKH-
TEJBHBIX YHCEN, B MHOXKECTBO N IIEJIBIX HEOTPHUIATEIbHBIX YHCEN, OIpe-
AensgeMoe ycloBueM: eciii X € R, 1o f(X) — HanMeHblIee LeI0e Yncio,

Gonbiuee ~/x . Haiinure o0Opa3 untepBana (0; 100) mpu 3ToM oTOOpaXKe-
HUU.

2. Onepauusa npeaejabHOro mepexoaa AJas mocjaea0BaTeJIbHOCTEH
u pynkuuii. HenmpepbIBHOCTH

Ienwb 3anamusa: 1) oBnajeTh OCHOBHOM omepanneil MaTeMaTuiecKo-
ro aHalin3a — OIepalen IpeaeIbHOTO MEPEX0aa;

2) U3y4uTh OCHOBHBIC CBOMCTBA HEMPEPHIBHBIX (PYHKITHH.

Tunoewie 3a0auu

1) Ilepeuncnure CBOMCTBA METPUKH, JIEKAIIIUE B OCHOBE OIEpaluu
MPEEIBHOrO NEPEXO0/A.

2) Chopmynupyiite ompeaeiaeHue Ipejiesia MoCiIea0BaTeIbHOCTH,

byHKIUU.
3) Haiinure pacctosinne XeMMHUHTa MEXYy IBOUYHBIMU MOCJIEI0Ba-

tenpHOCTsIMU (0111011) 1 (1100101).
2
4) Berauenure lim (cosx)!'™ .
x—0

5) ChopmynupyiiTe TeOpeMy O HENPEPHIBHOCTH 3IIEMEHTAPHBIX
GyHKITUH.

Pewenue 3a0auu 4

NmeeM niesio ¢ HEONPEIEICHHOCThIO BUA (loo). Takyto Heonpene-
JIEHHOCTh MOKHO PAaCKPBITh M0 HUKECIESAYIOUIEH CXEME:

lim (u(x))'™ =(1%) =P,

X—a
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rae p= lim (u(x) — 1)~ v(X) — BcrmoMOraTeJIbHbIN MPEeIelI.

X—a
. 2 X
1 —2sin® =
B Hamreii 3amaue p = lim (cosx —1)-— = lim =
2 2
x—0 X x—0 X
2
. X ,
sin —
: 1 1
=—2 lim 2| =2 ===
x—0 X 2 2
. sinkx
(MsI BOCTIONTB30BAIUCH 1-M 3aMedaTeNbHBIM IIpeaeaoM lim =k).
x—>0 X

1
. - 1
B nTOre HCKOMBIH NpEEN paBed € 2 = —.

Je

3. lIpousBoaHasi. Texuuka nuddepeHIUPOBAHMS

Ilenwy 3anamusa: n3yunTs npaBuiia 1udepeHuInpoBaHUs U OBIIAJIETh
TEXHUKOW OTHICKAHUSI POU3BOIHBIX AJIEMEHTAPHBIX (PYHKIIUA.
Tunoesasn 3aoaua. Haigure MIPOU3BOIHY IO byHKIUU

y = In® (arcsin 2x).
Pemenue. JlenicTByeM IO HEMHOMY MPaBWIYy: Ha KaXIOM IIare
muddepeHIIpyeM TEKYIIYI0 BHEIITHIOW (QYHKIHIO:

y’ = 2In(arcsin 2x) - (In(arcsin 2x))" = 2 In(arcsin 2x) - ; -(arcsin 2x)’ =
(arcsin 2x)

_ 4In(arcsin2x)

1
: : -(2x) = :
arcsin2x  [1— (2x)2 V1-4x? -arcsin 2x

_ 2In(arcsin 2x)

4. Ucciaenopanue (GyHKUMH OJHOW IEPEMEHHON CpeacTBaAMH
¢ epeHInATBLHOT0 UCHUCICHUS

Henv 3anamusn: M3yunTb METOABI HCCICAOBaHMS (YHKIIUM CTaH-
JTapTHBIMU MeToAaMM T hepeHIINATILHOIO0 UCUHCIICHHS.



Tunoewvie 3a0auu

1) HalizuTe npoMeKyTKH MOHOTOHHOCTU (PYHKLIUU Y = Xe

2) VYkaXuTe MPOMEXKYTKH BBIMYKJIOCTH M BOTHYTOCTH (YHKITUU
y = 24x +x2.

3) Haitnute nanbonbiiee 3HaueHHE (YHKIUA Y = x*\1-x Ha or-
peske [0; 1].

4) CocTaBbTe Pa3J0KEHHUE IO LEIBIM MOJOXKUTEIBHBIM CTEIEHIM X

X .
no wieHa ¢ x© (popmyia Teitopa).

byHKIMH
e —1
5) Beruncnute npeaen lim M(Hpam/mo Jlonurans).

x—0 In(sin bx)
2-x2
6) [loctpoiite rpaduk QyHKIUN y = S
+ X

5. MeToabl HeonpeaeIeHHOI0 HHTErPUPOBAHUA

Ilenv 3anamus: OCBOUTh OCHOBHBIE METOJIbl OTBICKAHUS IEPBOOO-
pPa3HBIX: HEMOCPEICTBEHHOE MHTErPUPOBAHUE, 3aMEHA NMEPEMEHHOM, WH-
TErPUPOBAHUE MO YACTSIM, HHTETPUPOBAHUE PAITMOHAIBHBIX (PYHKITHI.

Tunoewie 3a0auu

1) Haiigure sz(S —x)7dx.

. xdx
2) Haiinure j ﬁ (moaBeneHue noj 3Hak auddeperiuana).
I+x

2
3) Haitgure j % dx (3ameHa nmepeMeHHON ).
—X

4) Halinute j arctgx dx (MHTErpupOBaHUE IO YACTSIM).

3x2 —3x+5
(x —1)(x* +1)

MU, YKa3aHUe: Pas3yIokKUTE MOABIHTETPATbHYIO APOOh B CyMMY MPOCTEM-

. A Bx+C
mux apooen +——).

x=1 x“+1

5) Haiinute I dx (uHTErpan OoT paruMoHaIbHOW (YHK-
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6. BorunciieHue onpeaejieHHOro uarerpaJa. llpuinoxkenus

Ienb 3anamus: N3y4uTh OCHOBHBIC (DOPMYJIBI [T BEIYUCIICHUS OIl-

PEICICHHOTO UHTETpajla U OCBOUTH €0 CTaHJIapTHBIE MPUJIOKEHUS B T'€0-
MeTpuH U (HhU3MKE.

Tunoewvie 3a0auu
0,5

1) Beraucnure J

_05\/1 X

2) Beruancnure X(2 —X )12 dx.
0

o0

e dx
3) Beruucnure —-
1 X

. 2
4) Boluucnure miomaab (QUrypbl, OrpaHUYEHHOW JIUHUSIMU Y = X,
y+x=2.

5) Haitaute momaas, OrpaHMYeHHYIO HMUKIOUI0NH X = a(t—sint),
y=a(l—-cost), 0<t<2n,u y=0.
; 7
6) Halinute nuHy n1yru kpuBot y =x74, 0<x <4,
7) Ilmomaae ceyeHusl Teyia MIOCKOCThIO X = ¢ BhIpaxkaeTcs (popmy-
Joit S(c) =

Tc (]
, 0 < x <—. Hatinute 00BbeM 3TOro Teia.
cos” c 4

Pewienue 3aoauu 6

b 4 1 2 4
L=IV1+(Y')2dX:I 1+ %Xz dX=J‘1/1+%XdX=
a 0

0

—I\/: (—x+1)={1+ x—t} Ifdt—%%

=§7(10JE—1)

N\w




7

7. UcciieoBaHue YUCJIOBBIX PS/0B

lleJlb 3anamus. N3y4UTb OCHOBHBIC MCTOAbI UCCJICOIOBAHUA YHCJIO-

BBIX PSIJIOB.

Tunoewie 3a0auu

=, 3 _on
1) Beruuciaure cymmy psijia Z—

n=0

Pewenue.

n
Zﬂ i( j Z(Ej _ L1 555
n=0 n=0 nO5 1—§ 1_%236

5 5

Mpb1 BOCTIONB30BAIUCH (DOPMYJTION Il CYMMBI CXOJISIICHCS TeOMeT-
PUYECKOU Hporpeccym:

Zq (aq|<D)
1-q’
22" (n!)?
2) HUccnenyiite psina ZT Ha CXOJUMOCTb, T.€. BBIICHHUTE,
n=1 nj!

KOHEYHA WM OECKOHEYHA CyMMa 3TOT0 psija.
VYkazanue: npumeHnute npusHak JlanamoOepa.

o0
3) JlokaxkuTe, 4TO 3HAKOYEPEAYIOUIUICS psif Z:(—l)n_1 CXO-

1
n=1 Vi
JATCS.

VYkazanue: npumeHuTe npusHak Jleitonuna.

o0
4) Beruuciaure cyMMmy psjia Z (=" ¢ TouHOCTHIO 110 0,001.
n=0 n:-
VYkazaHue: BBIYUCIISA TOCJIEA0BATEIbHO YICHBI psjia, HAWIUTE Hep-
BbIM 4JieH, KoTopbiid MeHbIne 0,001 (1o Moayso); cymMMma BCeX IpeIblIy-

IITUX YWICHOB JaCT TpeOyeMBbIi OTBET.
8. UcciienoBaHue CTeNEHHbIX PS/I0B

Ilenv 3anamusa: OCBOUTh OCHOBHbIE (DaKThl TEOPUU CTETIEHHBIX Psi-
JI0OB ¥ HAYYUTHCS UX UCIOJIb30BAHMUIO.



Tunoegsie 3a0auu
1) Onpenenure paauyc U MHTEPBAI CXOJAUMOCTH CTEIEHHOTO Psaa

n=1 V1
2) Hammummmte pa3nokeHrue B CTENIEHHOM P MO CTENEeHsIM X (PyHK-
2
—X

min f(x)=e

0 _n
X

Pewenue. VicxoquM U3 CTaHAAPTHOTO DPA3JIOKEHHA € = —
n!
n=0

CIIPaBCIJIMBOIO IIPHU BCCX X. 3aMEHUM B 3TOM pPa3jIOKCHHUHU X Ha — X2,

noJayunM Tpebyemoe: € & = Z% - Z(_')
n:() n- I'l:() n.
3) HMcnonb3ys npeapiayliee pa3yioKeHUEe, pa3iokUTe B CTEIEHHOU

2
psa HeaneMeHTapHyo pynkiuro Jlammaca O(x) = Ie_t dt.
0

Pewenue. O(x) = jz( D’ 2ndt—z( D’ Itzndt:

on=0 n! n=0 n!

. t21’1+1 X B i (_1)1’1
2n+1|, Zon!2n+1)

CteneHHOM psJl MOKHO MHTEIPUPOBATH MOUYJIEHHO, YTO OBLJIO CHIEJIaHO.
4)  Haiimute  pemenne — aud@epeHIIUMAIBPHOTO  ypaBHEHUS

2n+1

o0 _11’1
B ')
n=0

n.

y' =x° +y*(x) ¢ HauanbHBIM ycioBreM y(0) = 1 B BHIE CTEICHHOTO psi-

na.
Pewenue. YcnoBue 3agaun TpeOyeT NpeICTaBUTh pelieHre y = y(X)
naHHo 3aaaun Komm kak cymmy cteneHHoro psjaa (psaa MakiopeHna)

o . (n)
yo0= 3 P

n=0
Tem campiM 3amada CBOAMTCS K OTBICKAHMIO TMPOU3BOJAHBIX y(n)(O).
[To ycnoBuro y(0) = 1. BossMem x = 0 B PaBEHCTBE

y'(x)=x2 +y2(x) u Haiizem y'(0):y'(0)=0%+y*(0)=1. YroGbl Haiiru
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y"(0), mpomuddepeHmpyeM paBeHCTBO V' =X +y2: y' =2x+2y Y,
— u Bo3bMeM X =0:
y"(0)=2-0+2-y(0)-y'(0)=2. Janee ommcCaHHYIO OPOLEAYPY CIEIYET

MPOAOIKATE: y" =2+2y' > +2y-y" u x=0: y"(0)=8. 1 T.1.
9. Psiabl @ypbe, rapMOHMYECKUI AaHAJIN3

Ilenv 3anamua: M3y4uTh CTAHIAPTHBIE METOJBI TAPMOHHYECKOTO
aHanu3a QyHKIHH.

Tunoegsie 3a0auu

1) IIpoBeprTe, 4TO (PYHKIHUSA SIh X U COS X OPTOTOHAIBHBI JPYT
ApYTy Ha MPOMEKYTKE [— T; n].

2) Paznoxute B pan @ypre 2m — nepuoandeckyro gpynkiuto f, 3a-
JTAHHYIO Ha ITPOMEXKYTKE [— T, n] dopmynoit f(x) = x2.

3) Haitnute cymmy psima @ypbe 21 — nepuoandeckoi GpyHkiuu, 3a-
JAHHOW Ha OCHOBHOM IE€PHO/JIE [— T, Tc] dopmynoii f(x)=x+2" B Touke
Xpg = T.

VYkazanue: B Touke Xy pyHkuusa f TepnuT paspbis.

10. YacrHble NPOM3BOAHBbIE, TPAAMEHT, NPOU3BOAHBIEC IO
HAMNPABJICHUIO (DYHKIIUU MHOTHX MePeMEeHHbIX

Ilenv 3anamusa: U3y4uTbh OCHOBHOM TEXHHYECKHU anmapaTr audde-
PEHIIMATILHOTO UCUUCIICHUS (YHKIIMI MHOTHX MTEPEMEHHBIX.

Tunoewie 3a0auu

1) z=x". Haligure oz " %
Ox

2) Hailinute HampaBiieHUE HaMOBICTPEHIIEro Bo3pacTaHus (yHKIUU
f(x,y,z)=x+ y2 — 2xyz3 B Touke P(1,-2,—1).

Pewienue. Hanpasnenue Hauckopeiiiero pocra pyHkiuuu f B Touke
P yxaseiBaet Bextop gradf(P), koopauHatamu KOTOPOTro SIBISIOTCS YacT-

HbIE€ TPOM3BOJHBIC ﬁ(P), g(P), g(P).
Ox 0 0

y V4
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X122y, Epy=1-2-(2)- (-1} =3,
OX OX

ﬁ:2y—2xz3, g(P):—2;

oy oy

of 5 of

A _ exyz2, Lpy=12.

oz e 8Z( )

Otset: BekTOp (—3,-2,12).

11. UccaenoBanue pyHKUMH MHOTUX NEPEMEHHBIX CPeACTBAMU
au¢epeHInATBLHOT0 UCHUCICHUS

Ilenv 3anamus: OCBOUTH CTAaHAAPTHBIE METOABI MCCIIEIOBAHUA I1O-
BeJIeHUS] DYHKIIUN MHOTUX TIEPEMEHHBIX.

Tunoeasn 3a0aua

Touka P(Xxq,yg)  SABIAETCA CTallMOHApPHOM TOYKON (YHKIUH

z=17(X,y). I3BecTHa MaTpuIia YaCTHBIX TPOU3BOAHBIX BTOPOrO MOPSIKA

6 -3
¢yHKIMH X B Touke P: 5 | Onpenenure, ABaseTcs Jd Toyka P

TOYKOU 3KCTpeMyMma (YHKIUH Z; €CIU SBJSETCS, TO — KAKOro MMEHHO:
MAaKCUMyMa UJIM MUHUMYyMA.

12. BorunciieHre KPATHBIX HHTEIPAJIOB

Henv 3anamusn: ocCBOUTH METOABI CBEJICHHUS KPAaTHOTO WHTETPUPO-
BaHMS K IOBTOPHBIM HHTETPHUPOBAHUSIM.

Tunoesas 3a0oaua

Berauciaure ABOMHON MHTErpaj ”xydxdy, rae D — obnacth 1mioc-

D

2
koctu OXy, orpaHudeHHast TuHusIMA y =0, y=2x—X".

13. IIpuiioxkeHns1 KPATHBIX HHTETPAJIOB

lleJlb 3anamun. IMO3HAKOMUTBCA C OCHOBHBIMU CXCMaMH IIPUMCHC-
HHUA KPATHBIX HMHTCI'PAJIOB.
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Tunoegwie 3a0auu.
1) Oo6nactes D Ha miockoctu OXy OorpaHUYeHa JUHUSIMU y =X U

y =+/X. D npencrasisier coO0i MaTepuaabHYIO MJIACTUHKY NMEPEMEHHOU

2 .
IIOTHOCTH P(X,y) =X+ y~. KakoBa Macca 3TOM IjIacTUHKHU?
Pewenue. Macca ecTb JBOMHOUW MHTErPAIl OT IJIOTHOCTH:

Jx

1 X
m = [[p(x.y)dxdy = [[(x-+y*)dxdy = ax J(x+y*)dy =
D D 0 X

1 Jx 1
ZI(XY+ly3j dXZI(X\/;+lX\/;—X2—lX3jdX=
3 3 3
0 X 0
> 1
|42 b Lap 8 1 1 7
35 3 12 o 15 3 12 60
2) Nwmeercsa MaTepuabHas TJIOCKAs IUTACTUHKA
D= {(x, y):0<x<1,1<y< 5}, pUYeM IUIOCKOCTh B TOUKE (X, Y) 3aja-
ercst opmynoit p(x,y)=xy. Haiigure KoopJaAuHATHI IIEHTpa Macc Iula-
CTUHKH.

14. Metoabl MHTErpupoOBaHUsI OOBIKHOBEHHbIX auddepeHn-
aJIbHBIX YPABHEHUN

Ilenv 3anamus: oCBOUTH dJIEMEHTapHbIE METOAbl MHTETPUPOBAHUS
O0OBIKHOBEHHBIX TG (PepeHIIUATbHBIX YPABHEHUM.

Tunoewie 3a0auu
1) Hatinute oO6mmit unterpan aud@epeHIUaIbHOTO ypaBHEHUS
y = Inx
y2 +1

VYkazaHue: 3T0 ypaBHEHHE C Pa3AeISIONIMMUCS IEPEMEHHBIMHU.
2) Haiimute oO6miee pemieHue auddepeHInaIbHOro ypaBHEHUS

y'—zzxcosx

X
Ha uHTepBaie (0, ).

VYkazaHue: 3TO JIMHEMHOE YypaBHEHHE IEPBOro MOpAJIKa, MOXKHO
pemaTth METoI0M bepHyu: y=u-v.
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3) Haiiqute obOmiee pemieHue auddepeHnaibHOro ypaBHEHUS

2
y'—6y —16y ="
VYkazaHue: 3TO JUHEWHOE YpaBHEHUE BTOPOIrO MOPSAKA C MOCTOSH-
HBIMU K03 PUIIUEHTAMU U MPABOM YaCThIO CIEIIMATBLHOIO BU/IA.

15. Psiibl M MHTErpaJibl B KOMILIEKCHOM 00/1acTH

Ilenv 3anamun: OCBOUTH TOHITUE AHATUTUYECKOM (YHKIIUH, TO-

3HaKOMUTHCSA ¢ Teopemamu Korn.
Z

e
Tunoeasa 3adaua. Beraucioute uarerpan |——dz, tne L — 1) ok-
Z_
L

1
PYXKHOCTB ‘z ‘ =5, 2) OKpY>KHOCTh ‘z‘ =

4

e
Pewienue. 1) Tak kak GyHKIMA —— aHAJWTUYHA B KPyTe ‘z ‘ <1,
Z J—

To no Teopeme Komm npanHeii uHTerpas paBeH 0. 2) DyHKUuA
f(z) = e ananuTH4YHA HA BCEil KOMIUIEKCHOM TUIOCKOCTH, TOYKA Z( JIEKHT
BHYTPU  OKPYKHOCTH ‘z‘=2; no wuHrerpaibHoi (dopmyne Komu

e” :
2n1J.—dZ f(l)=e, 1.c. J.;dZ:%rel.

21. OcoOble TOYKH aHATUTHYECKUX QyHKIUIA. BbrueTsl

Henv 3anamuna: no3HaKOMUTHCS ¢ TeopeMon Komm o Bberyerax -
CBEJICHUE TJI00aTbHON BENUYMHBI (MHTErpaia) K BEIUYMHAM JIOKAJIbHBIM
(BBIUETAM).

dz
Tunosasa 3adaua. Beruuciure UHTErpai j , rne L - ok-

! (2> +1)sinz

PYXXHOCTb C IEHTPOM % paauyca 1.
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VYkazanue: BHyTpu KOHTypa L jexut aBe ocoObie Touku 7o = 0 u

Z; = 1. OTO MOJIOCHI MEPBOTO MOPSAAKA. BHIYETHI B 3TUX TOUKAX PaBHbBI CO-

1
OTBETCTBEHHO 1 © ———

2isini

16. MeToabI ONIEPAIIMOHHOTO HCYHMCJICHUSA

Ilenv 3anamus: N3y4yuTh OCHOBHBIE CXEMBI MPUMEHEHUS OIEpaIlu-
OHHOTO UCUMCIICHUS.

Tunoewvie 3a0auu.

1) HaiizuTe n3o0paxkeHre opuruHana t e’ .

p?—w?

(p°

2) Ilo 3amanHOMYy H300paXKEHUIO HalJIUTE OPUTHHAIL

+ W2)2
(OTBeT: t cos wt).

3) Onmmure cxeMy NPUMEHEHHUsS OIEePAIlMOHHOTO0 HWCYMCICHUS K
PCIICHHUIO JIMHEWHBIX Iu(PepeHInaIbHbIX YPaBHEHUH C IMOCTOSHHBIMU
ko3 duimeHTamu.

4) Pemmre 3amauy Komm x"+3x"-4x=0, x(0) =0, x'(0)=0,

x"(0) = 2 onmepanmonusiM MeTomO0M. (OTBET: %et — % te 2! —%e_zt).
VYkazanue. N300paxkeHue perieHus uMeeT BU/I 2 Opu-

5
(p—-D(p+2)

TUHAJT MOYXXHO BOCCTaHOBHUTB, PA3JI0KHUB 3Ty JIPOOh B CYMMY IPOCTCHIIHIX

poOeH.
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