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✶✳ Öåëü ðàáîòû

➮çó÷åíèå ìåòîäîâ áèôóðêàöèîííîãî àíàëèçà èìïóëüñíûõ ñèñòåì✳

✷✳ Ïîñòàíîâêà çàäà÷è

❮à÷íåì ñ ðàññìîòðåíèÿ òàê íàçûâàåìûõ ãèáðèäíûõ ñèñòåì✱ ïîâåäåíèå
êîòîðûõ îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ àääèòèâíî âõî✲
äÿùèìè â ïðàâóþ ÷àñòü îáîáùåííûìè ôóíêöèÿìè â âèäå ñëàãàåìûõ ❬✶❪✿

ẋ = f(t,x) +
∞
∑

k=0

bkδ(t− tk), x, f , b ∈ R
n. ✭✶✮

➬äåñü δ ✖ äåëüòà✲ôóíêöèÿ ➘èðàêà✱ ẋ =
dx

dt
✳ ➶ òåîðèè îáîáùåííûõ ôóíêöèé

δ(t) = η′(t)✱ ãäå η ✖ ôóíêöèÿ Õåâèñàéäà✿

η(t) = 0 (t < 0), η(t) = 1 (t > 0).

➶ñå ðåøåíèÿ óðàâíåíèÿ ✭✶✮ ✖ ýòî ôóíêöèè✱ êîòîðûå â ïðîìåæóòêàõ tk < t <

tk+1 àáñîëþòíî íåïðåðûâíû è óäîâëåòâîðÿþò óðàâíåíèþ

ẋ = f(t,x),

à â òî÷êàõ t = tk èìåþò ñêà÷êè✱ ðàâíûå

x(t+k )− x(t−k ) = bk, x(t±k ) = lim
t→tk±0

x(t). ✭✷✮

➘îêàçàòåëüñòâî óñëîâèÿ ✭✶✹✮ ïðèâîäèòñÿ íèæå✳

✸✳ ❒àòåìàòè÷åñêàÿ ìîäåëü ãèáðèäíîé ñèñòåìû

✸✳✶✳ ❒àòåìàòè÷åñêàÿ ❝ íåïðåðûâíûì âðåìåíåì

Ðàññìîòðèì â êà÷åñòâå ïåðâîãî ïðèìåðà ñèñòåìó óïðàâëåíèÿ ñ
àìïëèòóäíî✲÷àñòîòíî✲èìïóëüñíîé ìîäóëÿöèåé ïåðâîãî ðîäà ❬✷✲✺❪✱ ïîâåäåíèå
êîòîðîé îïèñûâàåòñÿ ñêàëÿðíûì óðàâíåíèåì âèäà✿

ẋ = f(x) +
∞
∑

k=0

bkδ(t− tk), f(x) = −λx, λ > 0. ✭✸✮

✸



❒îìåíòû èìïóëüñàöèè tk â ✭✸✮ îïðåäåëÿþòñÿ ❬✷✲✺❪

tk+1 = tk + Φ(x(t−k )), k = 0, 1, 2, ...,

ãäå Φ(x) ✖ íåóáûâàþùàÿ ôóíêöèÿ ✭÷àñòîòíàÿ ìîäóëÿöèîííàÿ õàðàêòåðèñòè✲
êà✮✳

➶åëè÷èíû bk â ïðàâîé ÷àñòè ✭✸✮ íàõîäÿòñÿ êàê ❬✷✲✺❪

bk = F (x(t−k )), k = 0, 1, 2, ...,

ãäå F (x) ✖ íåâîçðàñòàþùàÿ ôóíêöèÿ ✭àìïëèòóäíàÿ ìîäóëÿöèîííàÿ õàðàêòå✲
ðèñòèêà✮✳

Ôóíêöèè Φ✱ F ÿâëÿþòñÿ îãðàíè÷åííûìè è ïðèíèìàþò ïîëîæèòåëüíûå
çíà÷åíèÿ✳ ➶ êà÷åñòâå ìîäóëÿöèîííûõ ôóíêöèé Φ✱ F â ❬✷✲✺❪ âûáðàíà ôóíêöèÿ
Õèëëà✿

Φ(x) = k1 + k2
(x/r)p

1 + (x/r)p
, F (x) = k3 +

k4
1 + (x/r)p

,

ãäå p = 1, 2, .... ✖ ïîêàçàòåëü ôóíêöèè Õèëëà✱ îïðåäåëÿþùàÿ êðóòèçíó ìîäó✲
ëÿöèîííûõ õàðàêòåðèñòèê❀ k1✱ k2✱ k3✱ k4✱ r ✖ ïàðàìåòðû✱ êîòîðûå ïðèíèìàþò
ïîëîæèòåëüíûå çíà÷åíèÿ✳ Ïðèìåðû ôóíêöèé Φ(x) è F (x) ïîêàçàíû íà ðèñ✳ ✶✳

✃àê ìû îòìå÷àëè ðàíåå✱ ðåøåíèå óðàâíåíèÿ ✭✸✮ êóñî÷íî✲íåïðåðûâíî ñ
êîíå÷íûìè ðàçðûâàìè â òî÷êàõ tk✱ k > 0 ✭ñì✳ ðèñ✳ ✷✮✳

Ïðåäëîæåíèå ✶✳ ➶åëè÷èíû ñêà÷êîâ â òî÷êàõ ðàçðûâà t = tk îïðåäåëÿþòñÿ
âûðàæåíèåì

x(t+k )− x(t
−
k ) = bk.

➘îêàçàòåëüñòâî✳ ➶ îáëàñòè tk−1 < t < tk+1 óðàâíåíèå ✭✸✮ çàïèñûâàåòñÿ
â ôîðìå

ẋ = −λ x+ bkδ(t− tk). ✭✹✮

Ðåøåíèå óðàâíåíèÿ ✭✹✮ â ïðîìåæóòêå tk−1 < t < tk+1 áóäåì èñêàòü â âèäå

x(t) = x−(t) + [x+(t)− x−(t)]η(t− tk), ✭✺✮

ãäå x±(t) ✖ íåïðåðûâíûå ôóíêöèè✱ îïðåäåëåííûå ñîîòâåòñòâåííî â îáëàñòÿõ
tk−1 < t < tk è tk < t < tk+1 è óäîâëåòâîðÿþùèå óðàâíåíèþ ẋ = −λ x✳

Ïîäñòàâëÿÿ ✭✺✮ â ✭✹✮ è ó÷èòûâàÿ ÷òî η′(t− tk) = δ(t− tk)✱ èìååì

ẋ−(t) + [ẋ+(t)− ẋ−(t)]η(t− tk) + [x+(t)− x−(t)]δ(t− tk) =

= −λ x−(t)− λ[x+(t)− x−(t)]η(t− tk) + bkδ(t− tk).

✹



Ïîñêîëüêó ẋ±(t) = −λx±(t)✱ òî

{x(t+k )− x(t
−
k )− bk}δ(t− tk) = 0, x(t±k ) = lim

t→tk±0
x±(t).

Ïðèðàâíèâàÿ íóëþ âûðàæåíèå â ôèãóðíûõ ñêîáêàõ✱ íàéäåì

x(t+k )− x(t
−
k ) = bk.

Ïðåæäå ÷åì ïðîäîëæèòü✱ ñäåëàåì íåáîëüøîå îòñòóïëåíèå✳ Òðåõìåðíûé
âàðèàíò ìàòåìàòè÷åñêîé ìîäåëè ✭✸✮ áûë ïðåäëîæåí â ❬✷❪ äëÿ îïèñàíèÿ ðåãó✲
ëÿöèè òåñòîñòåðîíà â ìóæñêîì îðãàíèçìå✳

➮çâåñòíî✱ ÷òî â ðåãóëÿöèè óðîâíÿ òåñòîñòåðîíà ✭❚❡✮ â ìóæñêîì îð✲
ãàíèçìå îñíîâíóþ ðîëü èãðàþò ëþòåèíèçèðóþùèé ãîðìîí ✭▲❍✱ ❧✉t❡✐♥✐③✐♥❣
❤♦r♠♦♥❡✮ è ãîíàäîòðîïèí ðåëèçèíã ãîðìîí ✭●♥❘❍✱ ❣♦♥❛❞♦tr♦♣✐♥✲r❡❧❡❛s✐♥❣
❤♦r♠♦♥❡✮✳ ➶ îòëè÷èå îò ❚❡✱ êîòîðûé ãåíåðèðóåòñÿ â ìóæñêèõ ïîëîâûõ îð✲
ãàíàõ ✭òåñòèêóëàõ✮✱ ▲❍ è ●♥❘❍ ãåíåðèðóþòñÿ â îòäåëàõ ãîëîâíîãî ìîçãà✱
ñîîòâåòñòâåííî â ãèïîôèçå è ãèïîòàëàìóñå✳ Ïîýòîìó äèíàìèêà ▲❍ è ●♥❘❍
òåñíî ñâÿçàíà ñ äèíàìèêîé íåéðîíîâ ìîçãà✳ Ïðè ýòîì ●♥❘❍ ñòèìóëèðóåò
ñåêðåöèþ ▲❍✱ â ñâîþ î÷åðåäü ▲❍ ñòèìóëèðóåò ñåêðåöèþ ❚❡✱ à ❚❡ ïîäàâëÿåò
ñåêðåöèþ ●♥❘❍ è ▲❍ ❬✸❪✳

✃àê îòìå÷àåòñÿ â ❬✸❪✱ ñ òî÷êè çðåíèÿ èìïóëüñíîé òåîðèè óïðàâëåíèÿ
êëåòêè ãèïîòàëàìóñà✱ ãåíåðèðóþùèå ●♥❘❍✱ ìîæíî ðàññìàòðèâàòü êàê èì✲
ïóëüñíûé ýëåìåíò ✭èìïóëüñíûé ìîäóëÿòîð✮✱ îñóùåñòâëÿþùèé àìïëèòóäíî✲
÷àñòîòíóþ ìîäóëÿöèþ✳ Ïðè ýòîì óðîâåíü ❚❡ âûñòóïàåò â êà÷åñòâå ìîäóëè✲
ðóþùåãî ñèãíàëà✱ à óðîâåíü ●♥❘❍ ✖ â êà÷åñòâå ìîäóëèðîâàííîãî èìïóëüñ✲
íîãî ñèãíàëà✳ Ñ óâåëè÷åíèåì óðîâíÿ ❚❡ èìïóëüñû ïîÿâëÿþòñÿ ðåæå✱ à èõ
èõ àìïëèòóäà ✭èëè ïëîùàäü✮ óìåíüøàåòñÿ ×òî êàñàåòñÿ íàáëþäàåìîãî èì✲
ïóëüñíîãî ïðîöåññà ñåêðåöèè ▲❍✱ òî åãî ìîæíî ðàññìàòðèâàòü êàê ðåàêöèþ
íåïðåðûâíîé ÷àñòè ñèñòåìû íà èìïóëüñíûé ñèãíàë✱ ïîñòóïàþùèé îò ãèïîòà✲
ëàìóñà ❬✸❪✳

➶ ðàáîòàõ ❬✷✲✺❪ èññëåäóåòñÿ òðåõìåðíàÿ ìîäåëü

dx1
dt

= −b1x1,
dx2
dt

= −b2x2 + g1x1,

dx3
dt

= −b3x3 + g2x2.

✭✻✮

➬äåñü x1 ✖ êîíöåíòðàöèÿ ●♥❘❍❀ x2✱ x3 ✖ êîíöåíòðàöèè ▲❍ è ❚❡✱ ñîîòâåò✲
ñòâåííî✳ Ïåðåìåííàÿ x1(t) ïðåòåðïåâàåò ñêà÷êè â ìîìåíòû âðåìåíè tk✱ k > 0

x1(t
+
k ) = x1(t

−
k ) + λk, tk+1 = tk + Tk, λk = F (x3(t

−
k )), Tk = Φ(x3(t

−
k )).

Óðàâíåíèå✭✸✮ ÿâëÿåòñÿ ñêàëÿðíîé âåðñèåé ìîäåëè ✭✻✮✳

✺



Ðèñ✳ ✶✳ ❒îäóëÿöèîííûå õàðàêòåðèñòèêè Φ(x)✱ F (x)✿ Φ(x) ✕ ÷àñòîòíàÿ õàðàêòåðèñòèêà❀
F (x) ✕ àìïëèòóäíàÿ õàðàêòåðèñòèêà

Ðèñ✳ ✷✳ Ðåøåíèå óðàâíåíèÿ ✭✼✮✱ ãäå tk è tk+1 ✖ òî÷êè ðàçðûâîâ

✸✳✷✳ ➘èñêðåòíàÿ ìîäåëü ãèáðèäíîé ñèñòåìû

➬àïèøåì óðàâíåíèå ✭✸✮ â ýêâèâàëåíòíîé ôîðìå ❬✻❪

ẋ = −λx. ✭✼✮

➬äåñü x(t) èìåþò ñêà÷êè â ìîìåíòû âðåìåíè tk✱ k > 0✿

x(t+k ) = x(t−k ) + bk, tk+1 = tk + Tk, bk = F (x(t−k )), Tk = Φ(x(t−k )).

➶ äàëüíåéøåì áóäåì ïðåäïîëàãàòü íåïðåðûâíîñòü x(t) ñëåâà îò òî÷åê
ðàçðûâà t = tk✳ ➶ ïðîìåæóòêàõ ìåæäó òî÷êàìè ðàçðûâà ✭â èíòåðâàëàõ íåïðå✲
ðûâíîñòè✮

tk < t < tk+1, k = 0, 1, 2, ....

óðàâíåíèå ✭✼✮ èìååò âèä

ẋ = −λx,

✻



ðåøåíèå êîòîðîãî ñ íà÷àëüíûì óñëîâèåì x(tk) = x(t+k ) íàõîäèòñÿ

x(t) = e−λ(t−t
+

k
) x(t+k ).

❰òñþäà äëÿ t = t+k+1

x(t−k+1) = e−λ(tk+1−t
+

k
) x(t+k ) ✭✽✮

èëè

x(t−k+1) = e−λTk x(t+k ), Tk = Φ(x(t−k )),

ãäå x(t+k ) ✭ ñì✳ ðèñ✳ ✷✮✿

x(t+k ) = x(t−k ) + bk, bk = F (x(t−k )).

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ x(t+k ) â ✭✽✮✱ ïîëó÷èì

x(t−k+1) = e−λTk (x(t−k ) + bk), Tk = Φ(x(t−k )), bk = F (x(t−k )). ✭✾✮

✭à✮
✭á✮

Ðèñ✳ ✸✳ ✭❛✮ ❰òîáðàæåíèå ✭✶✵✮✳ ✭á✮ ➪èôóðêàöèîííàÿ äèàãðàììà✱ èëëþñòðèðóþùàÿ ïåðåõîä
ê õàîñó ÷åðåç áåñêîíå÷íûé êàñêàä áèôóðêàöèé óäâîåíèÿ ïåðèîäà

❰áîçíà÷èì xk = x(t−k )✳ Òîãäà îòîáðàæåíèå ✱ ïîðîæäàåìîå óðàâíåíè✲
åì ✭✼✮✱ çàïèñûâàåòñÿ ❬✻❪

xk+1 = Q(xk), ✭✶✵✮

Q(x) = e−λΦ(x) (x+ F (x)),

Φ(x) = k1 + k2
(x/r)p

1 + (x/r)p
, F (x) = k3 +

k4
1 + (x/r)p

.

Ïàðàìåòðû✿ k1 = 40✱ k2 = 80✱ k3 = 0.0001b✱ k4 = 5b✱ ãäå 2 < b < 100✱
r = 2.7✱ p = 4✱ 0.003 < λ < 0.038✳ ➶ êà÷åñòâå âàðüèðóåìûõ âûáåðåì λ è
b✳ Òàêèì îáðàçîì✱ äèôôåðåíöèàëüíîå óðàâíåíèå ✭✸✮ ñ ðàçðûâíûì ðåøåíèåì
ñâîäèòñÿ ê ãëàäêîìó îòîáðàæåíèþ ✭✶✵✮✳

✼



✹✳ ❒àòåìàòè÷åñêàÿ ìîäåëü èìïóëüñíîé ñèñòåìû

➶ ýòîì ðàçäåëå ðàññìîòðèì äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíû✲
ìè ïðàâûìè ÷àñòÿìè ✭ñèñòåìû Ôèëèïïîâà✮ ❬✶❪✳ ➮çó÷èì ìåòîäèêó ïîñòðîåíèÿ
îòîáðàæåíèÿ ❬✼✱✽❪ äëÿ èçó÷åíèÿ äèíàìèêè ñèñòåì óïðàâëåíèÿ ñ øèðîòíî✲
èìïóëüñíîé ìîäóëÿöèåé✱ ñòðóêòóðíàÿ ñõåìà êîòîðûõ ïðèâåäåíà íà ðèñ✳ ✹✳
Ïðèìåð êîíêðåòíîé ñèñòåìû èçîáðàæåí íà ðèñ✳ ✺✳ ✃àê ïîêàçàíî íà ðèñ✳ ✻
â çàâèñèìîñòè îò ïàðàìåòðîâ âîçìîæíû ðàçíûå òèïû êîëåáàòåëüíûõ ðåæè✲
ìîâ✿ ïåðèîäè÷åñêèå ✭ðèñ✳ ✻✭à✮✲✭â✮✮ è íåðåãóëÿðíûå ✭íåïåðèîäè÷åñêèå✮ ✭ñì✳
ðèñ✳ ✻✭ã✮✮✳

✹✳✶✳ ❒àòåìàòè÷åñêàÿ ìîäåëü ñ íåïðåðûâíûì âðåìåíåì

Ñîñòîÿíèå ñèñòåìû ñ ïåðåäàòî÷íîé ôóíêöèåé

W (s) =
1

T · s+ 1
.

îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

T
dx

dt
+ x = KF, ✭✶✶✮

ãäå T ✕ ïîñòîÿííàÿ âðåìåíè îáúåêòà❀ KF ✕ âûõîäíîé ìîäóëÿòîðà✳
➮ìïóëüñû KF ôîðìèðóþòñÿ ìåòîäîì øèðîòíî✲èìïóëüñíîé ìîäóëÿöèè

ïåðâîãî ðîäà ✭Ø➮❒✲✶✮ ✭ñì✳ ðèñ✳ ✼✮✳ Óðàâíåíèå ✭✶✶✮ ìîæíî çàïèñàòü â ôîðìå

ẋ = λ(x−KF), KF =
1

2
[1 + s✐❣♥(σ(t)|t=⌊t⌋ − η(t))], ✭✶✷✮

⌊t⌋ = k, k = 0, 1, 2, ..., σ(t) = q − x(t),

η(t) =
P

α
(t− ⌊t⌋), λ = −

1

T
.

Ðèñ✳ ✹✳ ❈òðóêòóðíàÿ ñõåìà ñèñòåìû óïðàâëåíèÿ ñ øèðîòíî✲èìïóëüñíîé ìîäóëÿöèåé

✽



✭à✮ ✭á✮

Ðèñ✳ ✺✳ Ïðèìåð✳ ✭❛✮ Ñõåìà çàìåùåíèÿ ïîíèæàþùåãî ñòàáèëèçàòîðà ïîñòîÿííîãî
íàïðÿæåíèÿ ñ øèðîòíî✲èìïóëüñíûì óïðàâëåíèåì✳ ✭á✮ ➘àò÷èê òîêà íàãðóçêè

✭à✮ ✭á✮

✭â✮ ✭ã✮

Ðèñ✳ ✻✳ Ðàçíûå òèïû êîëåáàíèé

➘ëÿ ñèñòåìû✱ èçîáðàæåííîé íà ðèñ✳ ✺✱ ââåäåì áåçðàçìåðíóþ äèíàìè÷å✲

ñêóþ ïåðåìåííóþ x =
Ri

E0
è áåçðàçìåðíîå âðåìÿ t = t̄/a✱ à òàêæå áåçðàçìåð✲

✾



Ðèñ✳ ✼✳ Ôîðìèðîâàíèå óïðàâëÿþùèõ èìïóëüñîâ ìåòîäîì Ø➮❒✲✶

íûå ïàðàìåòðû

P =
RV0
βE0

, q =
Vref
V0

P, λ = −
R

L
a.

➬äåñü E0 ✕ íàïðÿæåíèå ïèòàíèÿ❀ Vref ✕ çàäàþùèé ñèãíàë❀ V0 ✕ îïîðíûé ñèãíàë
ìîäóëÿòîðà❀ a ✕ ïåðèîä ìîäóëÿöèè ✭âûíóæäàþùåé ñèëû✮❀ Vcs = β i✱ ãäå β ✕
÷óâñòâèòåëüíîñòü äàò÷èêà òîêà â öåïè îáðàòíîé ñâÿçè❀ L✱R ✕ èíäóêòèâíîñèòü
è ñîïðîòèâëåíèå íàãðóçêè❀ t̄ ✕ âðåìÿ✳ Òîãäà óðàâíåíèå äâèæåíèÿ ïðèíèìàåò
âèä ✭✶✷✮ ✭ñì✳ ❬✼❪✮✳

✹✳✷✳ Ïîëó÷åíèå äèñêðåòíîé ìîäåëè ✭îòîáðàæåíèÿ✮

➮ññëåäîâàíèå äèíàìè÷åñêîé ñèñòåìû ✭✶✷✮ ìîæíî ñâåñòè ê ñòðîáîñêîïè✲
÷åñêîìó îòîáðàæåíèþ Ïóàíêàðå ❬✼✱✽❪✳

➶ ïðåäåëàõ èíòåðâàëà k < t < k + 1

KF =

{

1, k < t < τk;

0, tk < τ < k + 1,

ãäå tk ✕ ìîìåíò ïåðåêëþ÷åíèÿ✱ êîòîðûé ïðè Ø➮❒✲✶ îïðåäåëÿåòñÿ êàê
✭ðèñ✳ ✼✮✿

tk =



















k, q − xk < 0;

k + 1, q − xk >
P

α
;

α(q − xk)

P
+ k, 0 < q − xk <

P

α
.

✭✶✸✮

✶✵



Ïóñòü k < t < tk✱ òîãäà KF = 1 è óðàâíåíèå ✭✶✷✮ ïðèíèìàåò âèä

ẋ = λ (x− 1) .

Ðåøåíèå ýòîãî óðàâíåíèÿ ñ óñëîâèåì x(k) = xk✿

x(t) = eλ(t−k)



xk − λ

t
∫

k

e−λ(s−k)ds



 . ✭✶✹✮

❮àéäåì

t
∫

k

e−λ(s−k)ds =
1− e−λ(t−k)

λ
. ✭✶✺✮

Ïîäñòàâèâ ✭✶✺✮ â ✭✶✹✮✱ ïîëó÷èì

x(t) = 1 + eλ(t−k)(xk − 1).

❰òñþäà äëÿ t = tk èìååì✿

x(tk) = 1 + eλ(tk−k)(xk − 1).

➶ èíòåðâàëå tk < t < k + 1 ñèãíàë íà âûõîäå ìîäóëÿòîðà KF = 0 è
óðàâíåíèå ✭✶✷✮ ïðèíèìàåò âèä

ẋ = λx, x(tk) = 1 + eλ(tk−k)(xk − 1), ✭✶✻✮

ðåøåíèå êîòîðîãî

x(t) = x(tk)e
λ(t−tk).

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ x(tk)✱ ïîëó÷àåì

x(t) = eλ(t−k)(xk − 1) + eλ(t−tk).

➘ëÿ ìîìåíòà âðåìåíè t = k + 1 èìååì✿

xk+1 = eλ(xk − 1) + eλ(k+1−tk). ✭✶✼✮

➶âåäåì îáîçíà÷åíèå

zk = tk − k,

ãäå zk ✕ îòíîñèòåëüíàÿ äëèòåëüíîñòü èìïóëüñà ✭êîýôôèöèåíò çàïîëíåíèÿ✮✳

✶✶



Ïîêàæåì✱ ÷òî 0 6 zk 6 1✳
➘åéñòâèòåëüíî✱ èç íåðàâåíñòâà k 6 tk 6 k + 1 ñëåäóåò✱ ÷òî

k 6 tk 6 k + 1.

❰òñþäà

0 6 tk − k 6 (k + 1)− k

è

0 6 tk − k 6 1⇔ 0 6 zk 6 1.

❰êîí÷àòåëüíî îòîáðàæåíèå✱ ïîðîæäàåìîå óðàâíåíèåì äâèæåíèÿ ✭✶✷✮✱
ïðèíèìàåò âèä ❬✼✱✽❪✿

xk+1 = eλ(xk − 1) + eλ(1−zk) ≡ Q(xk), k = 0, 1, 2, ..... ✭✶✽✮

✃îýôôèöèåíò çàïîëíåíèÿ èìïóëüñîâ zk îïðåäåëÿåòñÿ â ñîîòâåòñòâèè ñ
àëãîðèòìîì ✭ñì✳ ðèñ✳ ✽✱ à òàêæå ✭✶✸✮✮✿

zk =















0, xk > q,

1, xk < q − P/α,
α(q − xk)

P
, q − P/α 6 xk 6 q.

✭✶✾✮

Ðèñ✳ ✽✳ ❒îäóëÿöèîííàÿ õàðàêòåðèñòèêà

➮òåðàöèÿ îòîáðàæåíèÿ ✭✶✽✮ îñóùåñòâëÿåòñÿ â äâà øàãà ❬✼✱✽❪✿

• ñíà÷àëà ïî xk âû÷èñëÿåòñÿ zk â ñîîòâåòñòâèè ñ àëãîðèòìîì ✭✶✾✮❀

✶✷



Ðèñ✳ ✾✳ ❰òîáðàæåíèå ✭✶✽✮ ïðè êîýôôèöèåíòå óñèëåíèÿ α = 3.5

• çàòåì ïîëó÷åííûé zk ïîäñòàâëÿåòñÿ â ✭✶✽✮ äëÿ ðàñ÷åòà xk+1✳

❰òîáðàæåíèå ✭✶✽✮ ìîæíî ïåðåïèñàòü â âèäå

xk+1 = Q(xk), ✭✷✵✮

Q(x) =











QL(x) = eλ x+ 1− eλ, x 6 q − P/α,

QM(x) = eλ x− eλ + eλ(1−z), q − P/α < x < q,

QR(x) = eλ x, x > q,

ãäå z =
α

P
· (q − x)✳ Ïàðàìåòðû✿ λ = −0.2✱ P = 0.4✱ q = 0.8✱ α > 0✳

✃àê ìû âèäèì✱ â îòëè÷èå îò ✭✶✵✮ îòîáðàæåíèå ✭✷✵✮ ÿâëÿåòñÿ êóñî÷íî✲
ãëàäêèì è íåïðåðûâíûì ✭ ðèñ✳ ✾✮✳

✹✳✸✳ ✃óñî÷íî✲ãëàäêàÿ äèñêðåòíàÿ ìîäåëü ✭îòîáðàæåíèå✮ ãèáðèä✲
íîé ñèñòåìû

➶ ýòîì ðàçäåëå ïîêàæåì✱ ÷òî ìàòåìàòè÷åñêóþ ìîäåëü ãèáðèäíîé ñèñòå✲
ìû ✭✸✮ òàêæå ìîæíî ñâåñòè ê êóñî÷íî✲ãëàäêîìó íåïðåðûâíîìó îòîáðàæåíèþ✱
åñëè ìîäóëÿöèîííûå õàðàêòåðèñòèêè✱ èçîáðàæåííûå íà ðèñ✳ ✶✱ àïïðîêñèìè✲
ðîâàòü êóñî÷íî✲ëèíåéíûìè ôóíêöèÿìè ✭ñì✳ ðèñ✳ ✶✵✮✳

➘åéñòâèòåëüíî

dx

dt
= −λx, ✭✷✶✮

ãäå

x(t+k ) = x(t−k ) + F (x(t−k )), tk+1 = tk + Φ(x(t−k )), k = 0, 1, ...

✶✸



Ðèñ✳ ✶✵✳ ✃óñî÷íî✲ëèíåéíûå ìîäóëÿöèîííûå õàðàêòåðèñòèêè Φ(x)✱ F (x)

➬äåñü ìîäóëÿöèîííûå õàðàêòåðèñòèêè Φ(x)✱ F (x) åñòü êóñî÷íî✲ëèíåéíûå
ôóíêöèè ✭ðèñ✳ ✶✵✮✿

F (x) =











F2, 0 6 x 6 ∆1;

−aF · x+ bF, ∆1 < x < ∆2;

F1, x > ∆2,

è

Φ(x) =











Φ1, 0 6 x 6 ∆1;

aΦ · x+ bΦ, ∆1 < x < ∆2;

Φ2, x > ∆2.

➬äåñü

aF =
F2 − F1

∆2 −∆1
, bF =

F2∆2 − F1∆1

∆2 −∆1
aΦ =

Φ2 − Φ1

∆2 −∆1
, bΦ =

Φ1∆2 − Φ2∆1

∆2 −∆1
.

Òîãäà îòîáðàæåíèå ✭✶✵✮ ñòàíîâèòñÿ êóñî÷íî✲ãëàäêèì è íåïðåðûâíûì✿

xk+1 = Q(xk),

Q(x) =











QL(x) = e−λΦ1(x+ F2), 0 6 x 6 ∆1;

QM(x) = e−λ(aΦ·x+bΦ)(x− aF · x+ bF), ∆1 < x < ∆2;

QR(x) = e−λΦ2(x+ F1), x > ∆2.

Ïåðàìåòðû✿ ∆1 = 3.09✱ ∆2 = 4.0✱ F1 = 0.0002✱ F2 = 5.6✱ Φ1 = 80.0✱
Φ2 = 100.0✱ 0.007 < λ < 0.014✳

✶✹



✭à✮ ✭á✮

✭â✮

Ðèñ✳ ✶✶✳ ✭à✮✲✭á✮ ✃óñî÷íî✲ãëàäêîå áèìîäàëüíîå îòîáðàæåíèå✳ ✭â✮ ➪èôóðêàöèîííàÿ
äèàãðàììà ïðè ∆1 = 3.09❀ ∆2 = 4.0❀ F1 = 0.0002❀ F2 = 5.6❀ Φ1 = 80.0❀ Φ2 = 100.0❀

0.0088 < λ < 0.01345✳

✺✳ ❰ðáèòû✱ íåïîäâèæíûå òî÷êè è öèêëû

Ðàññìîòðèì îäíîìåðíîå îòîáðàæåíèå F : I → R✱ I ⊆ R

F : x 7→ F (x) ✭✷✷✮

èëè â ýêâèâàëåíòíîé ôîðìå

xk+1 = F (xk), k = 0, 1, 2, ...,

ãäå F (x) ✖ ãëàäêàÿ èëè êóñî÷íî✲ãëàäêàÿ íåïðåðûâíûÿ ôóíêöèÿ✳

✶✺



• Òî÷êà x0 ∈ I ✱ I ⊆ R✱ êîòîðàÿ îòîáðàæàåòñÿ çà îäíó èòåðàöèþ F â òî÷êó
x1 = F (x0)✱ íàçûâàåòñÿ îáðàçîì ðàíãà îäèí òî÷êè x0✳

• ❐þáàÿ òî÷êà x0✱ òàêàÿ ÷òî F (x0) = x1✱ íàçûâàåòñÿ ïðîîáðàçîì ðàíãà
îäèí òî÷êè x1 èëè x1 = F−1(x0)✱ ãäå F

−1(x) ✕ îáðàòíàÿ ôóíêöèÿ✳ ❰áðàçû
è ïðîîáðàçû ðàíãà k òî÷êè x îïðåäåëÿþòñÿ êàê F k(x) = F ◦F ◦ . . .◦F (x)
è F−k(x) = F−1 ◦ F−1 ◦ . . . ◦ F−1(x)✱ k = 1, 2, .....✳

• ➘ëÿ êàæäîãî x0 ∈ I îòîáðàæåíèå xk+1 = F (xk) îïðåäåëÿåò íåêîòîðóþ
êîíå÷íóþ èëè áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü òî÷åê ✭îðáèòó èëè òðà✲
åêòîðèþ✮✿

x0, F (x0), F
2(x0), ..., F

k(x0), ... .

Ýòà ïîñëåäîâàòåëüíîñòü íàçûâàåòñÿ ïîëîæèòåëüíîé ïîëóòðàåêòîðèåé
òî÷êè x0 è îáîçíà÷àþò O+(x0)✿

O+(x0) = {x0 ∈ I : x0, F
k(x0), k = 1, 2, ...}.

• Ïðè îïðåäåëåíèè îòðèöàòåëüíîé O−(x0) ïîëóòðàåêòîðèè ìîãóò âîçíèê✲
íóò ñëîæíîñòè èç✲çà íåîáðàòèìîñòè îòîáðàæåíèÿ✳ ❮î åñëè âçÿòü âñå ïðî✲
îáðàçû x0✱ òî

O−(x0) = {x ∈ I : F k(x) = x0, k = 0, 1, 2, ...}.

• ➴ñëè

Fm(x0)− x0 = 0

â O+(x0) ïðè íåêîòîðîì m > 0✱ òî x0 ✕ ïåðèîäè÷åñêàÿ òî÷êà✳ ➬àìå✲
òèì✱ ÷òî åñëè x0 åñòü m✲ïåðèîäè÷åñêàÿ òî÷êà✱ òî îíà ÿâëÿåòñÿ k m✲
ïåðèîäè÷åñêîé äëÿ ëþáîãî ïîëîæèòåëüíîãî öåëîãî k✳ Ïîýòîìó ïîä m

ïîíèìàåòñÿ íàèìåíüøèé ïåðèîä✳ Òàêèì îáðàçîì✱ åñëè m ✕ íàèìåíüøåå
ïîëîæèòåëüíîå öåëîå ÷èñëî✱ îáëàäàþùåå òàêèì ñâîéñòâîì✱ òî m íàçû✲
âàþò ïåðèîäîì öèêëà✳

• Ïóñòü x0 ïåðèîäè÷åñêàÿ òî÷êà✳ Òîãäà êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü ðàç✲
ëè÷íûõ òî÷åê

Om(x0) = {x0 ∈ I : x0, F
k(x0), k = 1, 2, ..., m− 1},

Fm(x0) = x0, F
k(x0) 6= x0

✶✻



íàçûâàåòñÿ ïåðèîäè÷åñêîé îðáèòîé ïåðèîäà m èëè m✲öèêëîì✳ ➶ ñëó÷àå
m = 1 èìååì

F (x0)− x0 = 0.

Òîãäà ãîâîðÿò✱ ÷òî x0 åñòü íåïîäâèæíàÿ òî÷êà èëè ✶✲öèêë îòîáðàæåíèÿ✳

❰÷åâèäíî ÷òî îðáèòà íåïîäâèæíîé òî÷êè ñîñòîèò èç îäíîé òî÷êè
O(x0) = {x0}✳

• ➴ñëè x0 ✕ ïåðèîäè÷åñêàÿ òî÷êà ïåðèîäàm✱ òî îíà ÿâëÿåòñÿ íåïîäâèæíîé
òî÷êîé ôóíêöèè Fm(x)✳

✻✳ ➚íàëèç óñòîé÷èâîñòè íåïîäâèæíûõ òî÷åê ìåòîäîì óðàâíåíèé
ïåðèîäîâ

Ðåøèì çàäà÷ó àíàëèçà ëîêàëüíîé óñòîé÷èâîñòè íåïîäâèæíûõ òî÷åê äëÿ
êóñî÷íî✲ãëàäêîãî îòîáðàæåíèÿ ✭✷✵✮✿

xk+1 = Q(xk),

Q(x) =











QL(x) = eλ x+ 1− eλ, x 6 q − P/α,

QM(x) = eλ x− eλ + eλ(1−z), q − P/α < x < q,

QR(x) = eλ x, x > q,

ãäå z =
α

P
· (q − x)✳ Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

➶ ✭✷✵✮ âîçìîæíû ðàçíûå òèïû íåïîäâèæíûõ òî÷åê ❬✼❪✳ ❮åïîäâèæíûå
òî÷êè✱ óäîâëåòâîðÿþùèå ëèíåéíûì óðàâíåíèÿì

QL(x)− x = 0 èëè QR(x)− x = 0,

ñîîòâåòñòâóþò ñîñòîÿíèÿì ðàâíîâåñèÿ ✭✶✷✮✱ à íåïîäâèæíàÿ òî÷êà✱ óäîâëåòâî✲
ðÿþùàÿ

QM(x)− x = 0

èëè






b(x− 1) + b1−z − x = 0;

q − x−
P

α
z = 0,

✭✷✸✮

b = eλ,

✶✼



îòâå÷àåò ïåðèîäè÷åñêîìó ðåøåíèþ ✭✶✷✮ ñ ïåðèîäîì ìîäóëÿöèè✳
➮ñêëþ÷èì èç ✭✷✸✮ ïåðåìåííóþ x✳ ➘ëÿ ýòîãî èç ïåðâîãî óðàâíåíèÿ ñèñòå✲

ìû ✭✷✸✮ âûðàçèì x

x =
b1−z − b

1− b
, ✭✷✹✮

à çàòåì ïîäñòàâèì ✭✷✹✮ âî âòîðîå óðàâíåíèå ñèñòåìû ✭✷✸✮✳ ➶ ðåçóëüòàòå ïî✲
ëó÷èì òðàíñöåíäåíòíîå óðàâíåíèå îòíîñèòåëüíî ïåðåìåííîé z

ψ(z) = q −
b1−z − b

1− b
−
P

α
z = 0, 0 6 z 6 1. ✭✷✺✮

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì ïåðèîäà ❬✽❪✳
➘ëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ óðàâíåíèÿ ✭✷✺✮ äîñòàòî÷íî âûïîëíåíèÿ

óñëîâèÿ

ψ(0)ψ(1) < 0, èëè q ·

(

q − 1−
P

α

)

< 0⇔ q − 1−
P

α
< 0.

Óðàâíåíèå ✭✷✺✮ ìîæåò áûòü ðåøåíî òîëüêî ÷èñëåííî✳
Ïóñòü z∗ ✖ êîðåíü óðàâíåíèÿ ✭✷✺✮✳ Òîãäà íåïîäâèæíàÿ òî÷êà x∗ îïðåäå✲

ëÿåòñÿ ïî ôîðìóëå

x∗ =
b1−z∗ − b

1− b
.

❐èíåàðèçóÿ îòîáðàæåíèå ✭✷✵✮ â îêðåñòíîñòè íåïîäâèæíîé òî÷êè x∗✱ ïî✲
ëó÷èì óðàâíåíèå â âàðèàöèÿõ

εk+1 = Q′M(x∗)εk, k = 0, 1, 2, ...,

ãäå

Q′M(x∗) = b+
λα

P
b1−z∗.

❮åïîäâèæíàÿ òî÷êà óñòîé÷èâà✱ åñëè

|Q′M(x∗)| < 1, èëè

∣

∣

∣

∣

b+
λα

P
b1−z∗

∣

∣

∣

∣

< 1.

Òàêèì îáðàçîì✱ àëãîðèòì àíàëèçà ëîêàëüíîé óñòîé÷èâîñòè ñîñòîèò èç
ñëåäóþùèõ øàãîâ✿

✶✽



• Ïîëó÷èòü óðàâíåíèå ïåðèîäîâ

ψ(z) = 0, 0 6 z 6 1.0. ✭✷✻✮

• Ðåøèòü ÷èñëåííî óðàâíåíèå ✭✷✻✮✱ íàïðèìåð✱ ìåòîäîì äåëåíèÿ îòðåçêà
ïîïîëàì✿

ε← 10−15

zL ← 0, zR ← 1.0;

ψL ← ψ(zL);

REPEAT

z ←
zL + zR

2
;

ϕ← ψ(z);

If ϕ · ψL < 0 Then zR ← z

Else

Begin

zL ← z;

ψL ← ϕ;

End;

UNTIL |zR − zL| > ε;

• ❮àéòè ïåðâóþ ïðîèçâîäíóþ

Q′M(x) =
∂QM
∂x

+
∂QM
∂z

∂z

∂x
.

• Ïóñòü z∗ ✕ êîðåíü óðàâíåíèÿ ✭✷✻✮✳ ➶û÷èñëèòü ìóëüòèïëèêàòîð✿

Q′(x∗) =
∂Q

∂x
+
∂Q

∂z

∂z

∂x

∣

∣

∣

∣

x=x∗

• Ïðîâåðèòü óñëîâèå ëîêàëüíîé óñòîé÷èâîñòè |Q′M(x∗)| < 1✳

✶✾



✼✳ ➬àäàíèÿ ê ëàáîðàòîðíîé ðàáîòå

✶✳ Ðàññìîòðèòå êóñî÷íî✲ãëàäêîå îòîáðàæåíèå✿

xk+1 = Q(xk),

Q(x) =











































QL(x) = b · x− b+ 1,

x < q − P/α;

QR(x) = b · x,

x > q;

QM(x) = b · x− b+ b1−z,

q − P/α 6 x 6 q,

z =
q − x

P
α, b = eλ, 0 < b < 1.

Ïàðàìåòðû✿ λ = −0.2✱ P = 0.4✱ q = 0.8✱ α > 0✳

➬àäàíèå

• ➶îñïðîèçâåäèòå äèàãðàììû✱ èçîáðàæåííûå íà ðèñ✳ ✾ ✭❛✮✱✭á✮✳ ❰áúÿñíè✲
òå áèôóðêàöèîííûå ïåðåõîäû✱ èçîáðàæåííûå íà ðèñ✳ ✾ ✭á✮ ñ ïîìîùüþ
èòåðàöèîííûõ äèàãðàìì✳

• Ðàññ÷èòàéòå èòåðàöèîííûå äèàãðàììû îòîáðàæåíèÿ ✭✷✵✮ äëÿ çíà÷åíèé
êîýôôèöèåíòà óñèëåíèÿ α = 2.6✱ α = 3.6✱ α = 3.8✱ α = 4.0✱ a = 4.5✱
α = 5.0✱ α = 6.0 ✳ ❰áñóäèòå íàáëþäàåìóþ äèíàìèêó✳ ✃àêîé ðåæèì
✭íåïîäâèæíàÿ òî÷êà✱ öèêë✱ íåðåãóëÿðíûå êîëåáàíèÿ✮ óñòàíàâëèâàåòñÿ â
êàæäîì ñëó÷àå ïîñëå ïåðåõîäíîãî ïðîöåññà❄

• ❮àéäèòå íåïîäâèæíûå òî÷êè è èññëåäóéòå èõ óñòîé÷èâîñòü ïðè✿ α = 2.6✱
α = 3.6✱ α = 3.8✱ α = 4.0✱ a = 4.5✱ α = 4.6✳

✼✳✶✳ ➶àðèàíòû èíäèâèäóàëüíûõ çàäàíèé

➶àðèàíò 1. xk+1 = Q(xk), k = 0, 1, 2, ....,

Q(x) =































QL(x) = eλ · (x− 1) + 1, åñëè x <
q − 1− P/α

eλ
+ 1;

QM(x) = eλ · (x− 1) + eλ(1−z(x)), åñëè
q − 1− P/α

eλ
+ 1 6 x 6 q;

QR(x) = eλx, åñëè x > q,

✷✵



ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì

ϕ(z, x) = q − 1− (x− 1)eλz −
P

α
z = 0.

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

➶àðèàíò 2. xk+1 = F (xk), k = 0, 1, 2, ....,

F (x) =































FL(x) = eλ · (x− 1) + 1, åñëè x <
q − 1

eλ
+ 1;

FM(x) = eλ · (x− 1) + eλ(1−z(x)), åñëè
q − 1

eλ
+ 1 6 x 6 q;

FR(x) = eλx, åñëè x > q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì

ϕ(z, x) = q − 1− (x− 1)eλz = 0.

Ïàðàìåòðû✿ λ = −0.2❀ 0.4 < q < 0.8✳

➶àðèàíò 3 xk+1 = Q(xk), k = 0, 1, 2, ....,

Q(x) =































QL(x) = eλ · (x− 1) + 1, åñëè x < q −
P

α
;

QM(x) = eλ · (x− 1) + eλ(1−z(x)), åñëè q −
P

α
6 x 6 q;

QR(x) = eλx, åñëè x > q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì

ϕ(z, x) = q − x−
P

α
z = 0.

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

✷✶



➶àðèàíò 4. xk+1 = Q(xk),

Q(x) =











QL(x) = a · x− a+ 1, åñëè x < q − P/α;

QR(x) = a · x, åñëè x > q;

QM(x) = a · x− a+ a1−z(x), åñëè q − P/α 6 x 6 q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì

ϕ(z, x) = q − x−
P

α
z = 0, a = eλ, 0 < a < 1.

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

➶àðèàíò 5. xk+1 = Q(xk),

Q(x) =











QL(x) = eλ x+ 1− eλ, åñëè x 6 q − P/α,

QM(x) = eλ (x− 1) + 2eλ(1−z(x)) − 1, åñëè q − P/α < x < q + P/α,

QR(x) = eλ x− 1 + eλ, åñëè x > q + P/α,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì

ϕ(z, x) = q − x−
2P

α
(z − 1/2) = 0✳

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

➶àðèàíò 6. xk+1 = Q(xk),

Q(x) =































QL(x) = eλ x+ 1− eλ, åñëè x 6 1 +
q − 1− P/α

eλ
,

QM(x) = eλ (x− 1) + 2eλ(1−z(x)) − 1,

åñëè 1 +
q − 1− P/α

eλ
< x < q + P/α,

QR(x) = eλ x− 1 + eλ, åñëè x > q + P/α,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì q−1− (x−1)eλz−
2P

α
(z−1/2) = 0✳

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

✷✷



➶àðèàíò 7. xk+1 = Q(xk),

Q(x) =























QL(x) = eλ x+ 1− eλ, åñëè x 6 q − P/α,

QM(x) = eλ x− eλ + eλ(1−z(x))/2 − eλ(1+z(x))/2,

åñëè q − P/α < x < q + P/α,

QR(x) = eλ x− 1 + eλ, åñëè x > q + P/α,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì ϕ(z, x) = q − x−
P

α
z = 0✳

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ λ = −0.2❀ α > 0✳

➶àðèàíò 8. xk+1 = Q(xk),

Q(x) =































QL(x) = eλ(x− 1 + µ)− µ+ 1, åñëè x 6 1− µ+
q − 1 + µ

eλ
,

QM(x) = eλ(x− 1 + µ)− µ+ eλ(1−z(x)),

åñëè 1− µ+
q − 1 + µ

eλ
< x < q,

QR(x) = eλ(x+ µ)− µ, åñëè x > q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì ϕ(z, x) = q−1+µ−(x−1+µ)eλz = 0✳

Ïàðàìåòðû✿ µ = 0.2❀ λ = −0.2❀ 0.5 < q < 0.8✳

➶àðèàíò 9. xk+1 = Q(xk),

Q(x) =































QL(x) = eλ(x− 1 + µ)− µ+ 1, åñëè x 6 1− µ+
q − 1 + µ− P/α

eλ
,

QM(x) = eλ(x− 1 + µ)− µ+ eλ(1−z(x)),

åñëè 1− µ+
q − 1 + µ− P/α

eλ
< x < q,

QR(x) = eλ(x+ µ)− µ, åñëè x > q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì ϕ(z, x) = q−1+µ− (x−1+µ)eλz−
P

α
z = 0✳

✷✸



Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ µ = 0.2❀ λ = −0.2❀ α > 0✳

➶àðèàíò 10. xk+1 = Q(xk),

Q(x) =































QL(x) = eλ(x− 1 + γ0)− γ0 + 1, åñëè x 6 q −
P

α
,

QM(x) = eλ(xk − 1 + γ0)− γ0 + eλ(1−z(x)),

åñëè q −
P

α
< x < q.

QR(x) = eλ(x+ γ0)− γ0, åñëè x > q,

ãäå z(x)✕ ôóíêöèÿ✱ çàäàííàÿ óðàâíåíèåì ϕ(z, x) = q − x−
P

α
z = 0✳

Ïàðàìåòðû✿ P = 0.4❀ q = 0.8❀ γ0 = 0.25❀ λ = −0.2❀ α > 0✳

✼✳✷✳ Ïîðÿäîê âûïîëíåíèÿ ðàáîòû

• ✶✳ ➮çó÷èòå àëãîðèòì ïîèñêà íåïîäâèæíîé òî÷êè ìåòîäîì óðàâíåíèé ïå✲
ðèîäîâ✳

• ✷✳ Ïîëó÷èòå óðàâíåíèå ïåðèîäîâ

ψ(z) = 0.

• ✸✳ Ïîñòðîéòå ãðàôèê ôóíêöèè ψ(z)✱ 0 < z < 1.0 äëÿ âûáðàííîãî çíà÷å✲
íèÿ α ✭ñì✳ ïóíêò ✽✮✳

• ✹✳ ❮àéäèòå ïðîèçâîäíóþ

Q′M(x) =
∂QM
∂x

+
∂QM
∂z

∂z

∂x
,

ãäå
∂z

∂x
íàõîäèòñÿ äèôôåðåíöèðîâàíèåì íåÿâíîé ôóíêöèè z(x)

∂ϕ

∂x
+
∂ϕ

∂z

∂z

∂x
= 0.

• ✺✳ Ðàçðàáîòàéòå áëîê✲ñõåìó àëãîðèòìà ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ
ïåðèîäîâ

ψ(z) = 0.

✷✹



• ✻✳ ❮àïèøèòå ïðîãðàììó ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ ïåðèîäîâ

ψ(z) = 0

ìåòîäîì äåëåíèÿ îòðåçêà ïîïîëàì✳

• ✼✳ ❮àéäèòå íåïîäâèæíóþ òî÷êó è îòâå÷àþùèé åé ìóëüòèïëèêàòîð✱ ïîä✲
ñòàâèâ êîðåíü óðàâíåíèÿ ψ(z) = 0 â âûðàæåíèå äëÿ x∗ è

Q′M(x∗).

• ✽ Ïðîâåðèòü óñëîâèå óñòîé÷èâîñòè✿ |Q′(x∗)| < 1✳

• ✾✳ ✭❛✮ ➮ññëåäóéòå óñòîé÷èâîñòü ÷èñëåííî äëÿ çíà÷åíèé ïàðàìåòðà α✿
α = 2.6✱ α = 3.6✱ α = 3.8✱ α = 4.0✱ a = 4.5✱ α = 5.0✱ α = 6.0 â âàðèàí✲
òàõ ✶✱✸✱✹✱✺✱✻✱✼✱✾✱✶✵✳ ✭á✮ ➮ññëåäóéòå óñòîé÷èâîñòü ÷èñëåííî äëÿ çíà÷åíèé
ïàðàìåòðà q✿ q = 0.8✱ q = 0.6 q = 0.4 â âàðèàíòàõ ✷✱ ✽✳

• ✶✵✳ Ïîäòâåðäèòå ðåçóëüòàòû àíàëèçà óñòîé÷èâîñòè ðàñ÷åòîì èòåðàöèîí✲
íûõ äèàãðàìì è ñôîðìóëèðóéòå âûâîäû✳

✷✺



➪èáëèîãðàôè÷åñêèé ñïèñîê

✶✳ Ôèëèïïîâ ➚✳Ô✳ ➘èôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðà✲
âîé ÷àñòüþ✳✖ ❒✳✿ ❮àóêà✳

✷✳ ❈❤✉r✐❧♦✈ ❆✳✱ ▼❡❞✈❡❞❡✈ ➚✳✱ ❙❤❡♣❡❧❥❛✈②✐ ➚✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧
♦❢ ♥♦♥✲❜❛s❛❧ t❡st♦st❡r♦♥❡ r❡❣✉❧❛t✐♦♥ ✐♥ t❤❡ ♠❛❧❡ ❜② ♣✉❧s❡ ♠♦❞✉❧❛t❡❞
❢❡❡❞❜❛❝❦✴✴❆✉t♦♠❛t✐❝❛✳ ✷✵✵✽✳ ❱♦❧✳ ✹✺✭✶✮✳ P✳ ✼✽ ✕ ✽✺✳

✸✳ ❒åäâåäåâ ➚✳➶✳✱ ×óðèëîâ ➚✳❮✳✱ Øåïåëÿâûé ➚✳➮✳ ❒àòåìàòè÷åñêèå
ìîäåëè ðåãóëÿöèè òåñòîñòåðîíà✴✴ Ñòîõàñòè÷åñêàÿ îïòèìèçàöèÿ â èíôîðìà✲
òèêå✳ ✷✵✵✻✳ Òîì ✷✳ Ñ✳ ✶✹✼ ✕ ✶✺✽✳

✹✳ ❩❤✉s✉❜❛❧✐②❡✈ ❩❤✳❚✳✱ ❈❤✉r✐❧♦✈ ❆✳◆✳✱ ▼❡❞✈❡❞❡✈ ❋✳ ❇✐❢✉r❝❛t✐♦♥
♣❤❡♥♦♠❡♥❛ ✐♥ ❛♥ ✐♠♣✉❧s✐✈❡ ♠♦❞❡❧ ♦❢ ♥♦♥✲❜❛s❛❧ t❡st♦st❡r♦♥❡ r❡❣✉❧❛t✐♦♥✴✴❈❤❛♦s✳
✷✵✶✷✳ ❱♦❧✳ ✷✷✭✶✮✳ P✳ ✵✶✸✶✷✶✲✶ ✕ ✵✶✸✶✷✶✲✶✶✳

✺✳ ❈❤✉r✐❧♦✈ ❆✳◆✳✱ ▼❡❞✈❡❞❡✈ ❋✳ ❩❤✉s✉❜❛❧✐②❡✈ ❩❤✳❚✳ ■♠♣✉❧s✐✈❡ ●♦♦❞✇✐♥
♦s❝✐❧❧❛t♦r ✇✐t❤ ❧❛r❣❡ ❞❡❧❛②✿ P❡r✐♦❞✐❝ ♦s❝✐❧❧❛t✐♦♥s✱ ❜✐st❛❜✐❧✐t②✱ ❛♥❞ ❛ttr❛❝t♦rs✴✴
◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❍②❜r✐❞ ❙②st❡♠s✳ ✷✵✶✻✳ ❱♦❧✳ ✷✶✳ P✳ ✶✼✶ ✕ ✶✽✸✳

✻✳ ❩❤✉s✉❜❛❧✐②❡✈ ❩❤✳❚✳✱ ❈❤✉r✐❧♦✈ ❆✳◆✳✱ ▼❡❞✈❡❞❡✈ ❋✳ ❈♦♠♣❧❡①
❞②♥❛♠✐❝s ❛♥❞ ❝❤❛♦s ✐♥ ❛ s❝❛❧❛r ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s s②st❡♠ ✇✐t❤ ✐♠♣✉❧s✐✈❡
❢❡❡❞❜❛❝❦✴✴Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡ ✭❆❈❈✷✵✶✷✮✳ ✷✵✶✷✳
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