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1. Öåëü ðàáîòû

Èçó÷èòåíèå òåîðèè ëîêàëüíîé óñòîé÷èâîñòè îäíîìåðíûõ îòîáðàæåíèé.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì äèñêðåòíóþ äèíàìè÷åñêóþ ñèñòåìó, çàäàííóþ íåïðåðûâíûì
îòîáðàæåíèåì

xk+1 = f(xk). (1)

Ïóñòü x∗ � íåïîäâèæíàÿ òî÷êà îòîáðàæåíèÿ (1), ò.å. êîðåíü óðàâíåíèÿ

f(x)− x = 0.

Óñòîé÷èâîñòü x∗ îïðåäåëÿåòñÿ ìóëüòèïëèêàòîðîì f ′(x∗) íåïîäâèæíîé òî÷êè.
Íåïîäâèæíûå òî÷êè äåëÿòñÿ íà äâà êëàññà: ãèïåðáîëè÷åñêèå èíè íåãèïåðáî-

ëè÷åñêèå.
Îïðåäåëåíèå: Íåïîäâèæíàÿ òî÷êà x∗ íàçûâàåòñÿ ãèïåðáîëè÷åñêîé, åñëè

|f ′(x∗)| 6= 1,

èíà÷å, x∗ � íåãèïåðáîëè÷åñêàÿ.

3. Óñòîé÷èâîñòü ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê

Òåîðåìà 1. Ïóñòü x∗ � ãèïåðáîëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà îòîáðàæåíèÿ
f , ãäå f íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ â x∗. Òîãäà ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ:

• Åñëè

|f ′(x∗)| < 1 ò.å. − 1 < f ′(x∗) < 1,

òî x∗ àñèìïòîòè÷åñêè óñòîé÷èâà.

• Åñëè

|f ′(x∗)| > 1 ò.å. f ′(x∗) < −1 or f ′(x∗) > 1,

òî íåóñòîé÷èâà.
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f ′(x∗) εk+1 = f(x∗ + εk)− f(x∗) ≡ f̂(εk) εk+1 = f ′(x∗)εk ≡ f̂(εk) xk+1 = axk ≡ f(xk)

0 < f ′(x∗) < 1 Òðàåêòîðèÿ ìîíîòîí-

íî ñõîäèòñÿ ê íåïî-

äâèæíîé òî÷êå x∗ =
0.0: lim

k→∞
fk(x0) = x∗,

x∗ = 0. x∗ � óñòîé÷è-

âàÿ íåïîäâèæíàÿ òî÷-

êà (0.0 < f ′(x∗) < 1.0).
Çäåñü fk(x0) =
f(f(...f(x0)...)) � k-ÿ
èòåðàöèÿ ôóíêöèè f .
Äëÿ ëèíåéíîãî îòîáðà-

æåíèÿ fk(x0) = akx0.

−1 < f ′(x∗) < 0 Òðàåêòîðèÿ êîëåáà-

òåëüíî ñõîäèòñÿ ê

íåïîäâèæíîé òî÷êå

x∗ = 0.0. Ïåðåìåííàÿ
xk ìåíÿåò çíàê íà

êàæäîé èòåðàöèè:

lim
k→∞

fk(x0) = x∗,

x∗ = 0.0. x∗ �

óñòîé÷èâàÿ íåïî-

äâèæíàÿ òî÷êà

(−1.0 < f ′(x∗) < 0.0).

f ′(x∗) > 1 Òðàåêòîðèÿ ìîíî-

òîííî óäàëÿåòñÿ

îò íåïîäâèæíîé

òî÷êè x∗ = 0.0:
lim
k→∞

fk(x0) = ±∞.

x∗ � íåóñòîé÷èâàÿ

íåïîäâèæíàÿ òî÷êà

(f ′(x∗) > 1.0).

f ′(x∗) < −1 Òðàåêòîðèÿ êîëåáà-

òåëüíî óäàëÿåòñÿ îò

íåïîäâèæíîé òî÷êè

x∗ = 0.0. Ïåðåìåííàÿ
xk ìåíÿåò çíàê íà

êàæäîé èòåðàöèè:

lim
k→∞

|fk(x0)| = ∞,

x∗ = 0. x∗ � íåóñòîé-

÷èâàÿ íåïîäâèæíàÿ

òî÷êà (f ′(x∗) < −1.0).

4. Óñòîé÷èâîñòü íåãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê
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Ìóëüòïëèêàòîð f ′(x∗) εk+1 = f(x∗ + εk)− f(x∗) ≡ f̂(εk) Óñëîâèÿ óñòîé÷èâîñòè

f ′(x∗) = 1

(a) f ′′(x∗) 6= 0 (á) f ′′(x∗) 6= 0

Òåîðåìà 2.

Ïóñòü x∗ � íåïîäâèæíàÿ òî÷-

êà f(x), òàêàÿ, ÷òî f ′(x∗) = 1.
Åñëè ïðîèçâîäíûå f ′(x), f ′′(x)
è f ′′′(x) íåïðåðûâíû â x∗, òî-
ãäà ñïðàâåäëèâû ñëåäóþùèå

óòâåðæäåíèÿ:

Åñëè f ′′(x∗) 6= 0, òî x∗ àñèìï-
òîòè÷åñêè ïîëóóñòîé÷èâà ñëå-

âà, åñëè f ′′(x∗) > 0 è àñèìïòî-

òè÷åñêè ïîëóóñòîé÷èâà ñïðàâà

åñëè f ′′(x∗) < 0.
Åñëè f ′′(x∗) = 0 è f ′′′(x∗) > 0,
òî x∗ íåóñòîé÷èâà.
Åñëè f ′′(x∗) = 0 è f ′′′(x∗) < 0,
òî x∗ àñèìïòîòè÷åñêè óñòîé÷è-
âà.

f ′(x∗) = 1

(a) (á)

• (a) f ′′(x∗) = 0, f ′′′(x∗) <
0;

• (á) f ′′(x∗) = 0, f ′′′(x∗) >
0.

f ′(x∗) = −1

(a) Sf(x∗) < 0 (á) Sf(x∗) < 0

Òåîðåìà 3.

Ïóñòü x∗ � íåïîäâèæíàÿ òî÷-

êà f(x), òàêàÿ ÷òî f ′(x∗) = −1.
Åñëè ïðîèçâîäíûå f ′(x), f ′′(x),
f ′′′(x) íåïðåðûâíû â x∗, òîãäà
ñëåäóåò ðàçëè÷àòü äâà ñëó÷àÿ:

(1) Åñëè Sf(x∗) < 0, òî x∗
àñèìïòîòè÷åñêè óñòîé÷èâà.

(2) Åñëè Sf(x∗) > 0, òî x∗
íåóñòîé÷èâà. Çäåñü Sf(x) �

ïðîèçâîäíàÿ Øâàðöà.

f ′(x∗) = −1

(a) Sf(x∗) < 0 (á) Sf(x∗) > 0
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Çàìåòèì, ÷òî ïðîèçâîäíàÿ Øâàðöà Sf(x)

Sf(x) =
f ′′′(x)

f ′(x)
− 3

2

[
f ′′(x)

f ′(x)

]2
.

Åñëè f ′(x∗) = −1, òî
Sf(x∗) = −f ′′′(x∗)−

3

2
[f ′′(x∗)]

2.

5. Çàäà÷è ê ëàáîðàòîðíîé ðàáîòå

1. Íàéäèòå íåïîäâèæíóþ òî÷êó x∗ è îòâå÷àþùèé åé ìóëüòèïëèêàòîð
f ′(x∗). Èñïîëüçóÿ ýòîò ðåçóëüòàò, îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòî-
ðûõ íåïîäâèæíàÿ òî÷êà àñèìïòîòè÷åñêè óñòîé÷èâà èëè íåóñòîé÷èâà (íåóñòîé-
÷èâà ëèáî ïîëó-óñòîé÷èâà ñëåâà èëè ñïðàâà). Íàïèøèòå ïðîãðàììó ðàñ÷åòà
èòåðàöèîííûõ äèàãðàìì (cobweb diagrams) (ñì. ëàá. ðàá. �1). Ïðîèëëþñòðè-
ðóéòå ðåøåíèå çàäà÷è íà èòåðàöèîííûõ äèàãðàììàõ.

1. xk+1 =
a · x2k
1 + x2k

≡ f(xk), a > 0.

2. xk+1 =
(1 + a) · xk
1 + a · xk

≡ f(xk).

3. xk+1 = 1− a · x2k ≡ f(xk).

4. xk+1 = (1 + a) · xk − x3k ≡ f(xk).

5. xk+1 = (1 + a) · xk + x3k ≡ f(xk).

ÓÊÀÇÀÍÈß: Ïîðÿäîê âûïîëíåíèÿ ðàáîòû

• 1. Èçó÷èòü ìàòåðèàëû ëåêöèè è ìåòîäè÷åñêèõ óêàçàíèé.

• 2. Äàíî îòîáðàæåíèå (âçÿòü ñâîé âàðèàíò)

xk+1 = f(xk). (1)

• 3. Íàéòè êîðíè óðàâíåíèÿ

f(x)− x = 0. (2)

Ïóñòü x∗ � íåïîäâèæíàÿ òî÷êà îòîáðàæåíèÿ (1), ò.å. êîðåíü óðàâíå-
íèÿ (2).
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• 4. Íàéòè ïðîèçâîäíóþ f ′(x).

• 5. Âû÷èñëèòü ìóëüòèïëèêàòîð íåïîäâèæíîé òî÷êè:

f ′(x∗) = f(x)|x=x∗

• 6. Ïðîâåðèòü óñëîâèå ãèïåðáîëè÷íîñòè íåïîäâèæíîé òî÷êè x∗:

|f ′(x∗)| 6= 1.

• 7. Åñëè íåïîäâèæíàÿ òî÷êà x∗ ãèïåðáîëè÷åñêàÿ, òî óñòîé÷èâîñòü îïðåäå-
ëÿåòñÿ òåîðåìîé 1, èíà÷å � òåîðåìàìè 2 è 3 (ñì. ïðèìåð ðåøåíèÿ çàäà÷è).

• 8. Ïðîâåðòüå ðåçóëüòàòû ðåøåíèÿ çàäà÷ ÷èñëåííî ïóòåì ïîñòðîåíèÿ èòå-
ðàöèîííûõ äèàãðàìì è ñôîðìóëèðóéòå âûâîäû.

• 9. Îôîðìèòå îò÷åò ïî ëàáîðàòîðíîé ðàáîòå.

6. Ïðèìåð âûïîëíåíèÿ ðàáîòû

• (a) Find the �xed points of the map

xk+1 = a− 1

4
− x2k ≡ f(a, xk).

(b) Then determine the values of the parameter a for which a �xed point is
asymptotically stable or unstable (unstable or semiasymptotically stable from
the left or from the right).

• (à) Íàéäèòå íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ

xk+1 = a− 1

4
− x2k ≡ f(a, xk).

• (á) Çàòåì îïðåäåëèòå çíà÷åíèÿ ïàðàìåòðà a ïðè êîòîðûõ íåïîäâèæ-
íàÿ òî÷êà àñèñïòîòè÷åñêè óñòîé÷èâà èëè íåóñòîé÷èâà (íåóñòîé÷èâà ëèáî
ïîëó-óñòîé÷èâà ñëåâà èëè ñïðàâà).

• Çàìå÷àíèå: ÷èñëåííûå ðàñ÷åòû èòåðàöèîííûõ äèàãðàìì â ýòîé ðàáîòå
íå äåëàòü (áóäåò îòäåëüíàÿ ëàá. ðàáîòà).
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6.1. Ðåøåíèå

• 1. Äëÿ çàäàííîãî îòîáðàæåíèÿ

xk+1 = a− 1

4
− x2k ≡ f(a, xk)

âûïèøåì ôóíêöèþ f(a, x):

f(a, x) = a− 1

4
− x2.

• 2. Íàéäåì íåïîäâèæíûå òî÷êè. Âñïîìíèì îïðåäåëåíèå íåïîäâèæíîé òî÷-
êè. Íåïîäâèæíàÿ òî÷êà � åñòü êîðåíü óðàâíåíèÿ

f(a, x)− x = 0 èëè x = f(a, x),

ò.å. àáñöèññà òî÷êè ïåðåcå÷åíèÿ ãðàôèêîâ äâóõ ôóíêöèé: áèññåêòðèñû
y = x è y = f(a, x).

Ðèñ. 1.

Íà ãðàôèêå (ðèñ 1) x1, x2 � íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ xk+1 =
f(a, xk), ò.å. êîðíè óðàâíåíèÿ f(a, x)− x = 0:

f(a, x1)− x1 = 0 è f(a, x2)− x2 = 0.

• 3. Ïîäñòàâèâ âûðàæåíèå äëÿ f(a, x) â

f(a, x)− x = 0, f(a, x) = a− 1/4− x2,

ïîëó÷èì óðàâíåíèå äëÿ íåïîäâèæíûõ òî÷åê:

a− 1/4− x2 − x = 0 èëè x2 + x− a+
1

4
= 0.

• 4. Ýòî óðàâíåíèå èìååò äâà äåéñòâèòåëüíûõ êîðíÿ:

x1 = −
1

2
−
√
a è x2 = −

1

2
+
√
a,

åñëè a > 0,
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îòâå÷àþùèå äâóì íåïîäâèæíûì òî÷êàì. Åñëè a = 0, òî îòîáðàæåíèå
èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó x∗ = −1/2.

• 5. Íàéäåì ïðîèçâîäíóþ f ′(a, x) =
∂f(a, x)

∂x
.

Òàê êàê f(a, x) = a− 1/4− x2, òî

f ′(a, x) =
∂f(a, x)

∂x
= −2x

• 6. Âû÷èñëèì ìóëüòèïëèêàòîðû

f ′(a, x1,2) = f ′(a, x)|x=x1,2

íåïîäâèæíûõ òî÷åê, ïîäñòàâèâ âûðàæåíèÿ x1 = −
1

2
−
√
a è x2 = −

1

2
+
√
a

â ôîðìóëó äëÿ f ′(a, x):

f ′(a, x1) = −2 · x1 = −2 ·
(
−1
2
−
√
a

)
= 1 + 2

√
a;

f ′(a, x2) = −2 · x2 = −2 ·
(
−1
2
+
√
a

)
= 1− 2

√
a.

• 7. Îïðåäåëèì óñòîé÷èâîñòü ïåðâîé íåïîäâèæíîé òî÷êè x1:

x1 = −
1

2
−
√
a, f ′(a, x1) = 1 + 2

√
a.

• Ïðîâåðèì óñëîâèå ãèïåðáîëè÷íîñòè x1:

|f ′(a, x1)| 6= 1⇒ |1 + 2
√
a| 6= 1.

• Îòñþäà

1 + 2
√
a > 1

äëÿ âñåõ a > 0. Ñëåäîâàòåëüíî, x1 = −1
2
−
√
a � íåóñòîé÷èâàÿ ãèïåðáî-

ëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà, åñëè a > 0. Åñëè a = 0, òî x1 � íåãèïåðáî-
ëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà ñ ìóëüòèïëèêàòîðîì f ′(0, x1) = +1.
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• 8. Îïðåäåëèì óñòîé÷èâîñòü íåãèïåðáîëè÷åñêîé òî÷êè

x1 = −
1

2
−
√
a, a = 0⇒

x1 = −
1

2

ñ ìóëüòèïëèêàòîðîì f ′(0, x1) = +1.

• Òàê êàê f ′(a, x1) = +1 ïðè a = 0, òî óñòîé÷èâîñòü x1 = −1/2 îïðåäåëÿ-
åòñÿ òåîðåìîé 2.

• Íàéäåì âòîðóþ ïðîèçâîäíóþ f ′′(a, x1), ïðè a = 0:

f ′′(a, x1) =
∂2f(a, x2)

∂x2
= −2 < 0.

• Ïîñêîëüêó

f ′′(a, x1)|a=0 = −2 < 0,

òî x1 � ïîëó-àñèìïòîòè÷åñêè óñòîé÷èâà ñïðàâà.

• 9. Íà ãðàôèêå (ðèñ. 2) x1 � íåóñòîé÷èâàÿ ãèïåðáîëè÷åñêàÿ òî÷êà,
f ′(a, x1) > 1, a > 0.

Ðèñ. 2.

• 10. Íà ãðàôèêå (ðèñ. 3) x1 � íåãèïåðáîëè÷åñêàÿ òî÷êà ñ f ′(a, x1) = +1 ïðè
a = 0; x1 � ïîëó- àñèìïòîòè÷åñêè óñòîé÷èâàÿ ñïðàâà, ò.ê. f ′′(a, x1) < 0
ïðè a = 0

• 11. Âòîðàÿ íåïîäâèæíàÿ òî÷êà x2

x2 = −
1

2
+
√
a

ñ ìóëüòèïëèêàòîðîì

f ′(a, x2) = 1− 2
√
a.

10



Ðèñ. 3.

• 12. Åñëè

|f ′(a, x2)| < 1, f ′(a, x2) = 1− 2
√
a

òî x2 � óñòîé÷èâàÿ ãèïåðáîëè÷åñêàÿ íåïîäêèæíàÿ òî÷êà. Îòñþäà óñëîâèå
óñòîé÷èâîñòè ñîãëàñíî òåîðåìå 2

−1 < f ′(a, x2) < +1⇔ −1 < 1− 2
√
a < +1.

Ðåøèâ ýòî íåðàâåíñòâî îòíîñèòåëüíî ïàðàìåòðà a, ïîëó÷èì îáëàñòü
óñòîé÷èâîñòè

0 < a < 1.

Íåïîäâèæíàÿ òî÷êà x2 íåóñòîé÷èâà, åñëè |f ′(a, x2)| > 1. Ïîñêîëüêó a > 0,
òî x2 íåóñòîé÷èâà, åñëè a > 1 c f ′(a, x2) < −1.

• 13. Íà ãðàôèêå (ðèñ. 4) x2 � óñòîé÷èâàÿ ãèïåðáîëè÷åñêàÿ òî÷êà, −1 <
f ′(a, x1) < 1, a = 0.8.

Ðèñ. 4.

• 14. Íà ãðàôèêå (ðèñ. 5) x2 � íåóñòîé÷èâàÿ ãèïåðáîëè÷åñêàÿ òî÷êà ñ
f ′(a, x1) < −1 ïðè a > 1.
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Ðèñ. 5.

(a) (á)

Ðèñ. 6.

• 15. Íà ãðàôèêå (ðèñ. 6(à)) x2 � àñèìïòîòè÷åñêè óñòîé÷èâàÿ íåãèïåðáî-
ëè÷åñêàÿ òî÷êà ñ f ′(a, x2) = −1 ïðè a = 1 ò.ê. ñîãëàñíî òåîðåìå 3:
Sf(a, x2) < 0 ïðè a = 1.0.

• 16.
Íà ãðàôèêå (ðèñ. 6(á)) x2 = x1 � íåãèïåðáîëè÷åñêàÿ òî÷êà ñ f ′(a, x2) =
f ′(a, x1) = +1 ïðè a = 0; x2 � ïîëó- àñèìïòîòè÷åñêè óñòîé÷èâàÿ ñïðàâà,
ò.ê. f ′′(a, x2) < 0 ïðè a = 0.0.
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