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HEJII/IHEIZIHOE INPOI'PAMMUPOBAHUE. METO/I
MHOKHUTEJIEN JIAT'PAH/KA. TPAJUEHTHBIN METO/I.

1. Ieanb 3aHaATHS

[lenpr0 MPaKTUYECKOTO 3aHATUSA SBJISECTCA IIOJIyYEHUE HABBIKOB
UCIIOJIb30BaHusl MeToAa Jlarpanxa v rpaJu€HTHOTO METOAA Il PELICHUS
3aJ1a4 YCJIOBHOM HEJIMHEMHOU ONTUMU3ALMH.

3ananue. /[aHHYIO HEIMHEWHYIO 3a/1ady YCJIOBHOW ONTHMM3ALUU
pElIUTh TPaIUEHTHBIM METOJIOM K00 1 MeTonoM Jlarpanxa.

2.KpaTkue TeopeTudeckue cBeeHUs1

Knaccuueckon 3amadyel  MaTreMaTH4YeCKOro  MPOrpaMMHUPOBAHUSA
Ha3bIBa€TCS  3aJaya OTBICKAHMS SKCTpeMyMma LeneBod  (yHKIUU

f (Xl' R, Xn) HECKOJIBKHUX HepeMeHHBIX HpI/I HaJIOKCHUU AOITOJIHUTCIIbHBIX
m<n OFpaHI/IIICHI/ISIX, HMCHOIIIaAa BU.
f (X, . X, ) > max(min),x e R";

g(x) =0,

gl(x)

1)

— BEKTOp (PYHKIMI OrpaHUYECHUN B BUJIC PABEHCTB.

rae g(x)=
O (%)

B »9sroM ciyyae [OMyCTUMBIM MHOKECTBOM 3aJlayd  SIBJIAETCS
MHOXECTBO X = {X lg(x)= O} :

IIpu pemenun 3agaun (1) wucnons3yercss Meron Jlarpanka
(ppaniy3ckuit matematuk 19 Beka). IIpu sToM mMbl hopmupyem GyHKIUIO
Jlarpamxa Buna L(x,A) = f (X)—KT g(x),xeR",LeR™.

KoMIoOHeHTBI BEKTOpa A Ha3bIBalOTCS MHOXUTENISIMU Jlarpanixka.

Jlanee Mbl HCTIOJIb3yeM HEOOXOAUMBIEC YCIOBUS SKCTpEMyMa B BUJIC:

VL(x,%)=Vf(x)-A' Vg(x) =0,
9(x)=0;

HeoOxoauMble yCIOBHS TO3BOJISIIOT HAWTH BCE TOYKH JIOKAJIBHOTO
skcTpemyma. M3 HHUX MBI BbIOMpaeM HEOOXOAWMBICE HaM TOYKH
rJ100aIbHOTO MAKCUMyMa 1 MHHUMYMa.

[ToBepxuocts §(X) =0, Ha KOTOPOH MBI HIIEM DKCTPEMYM, IOJKHA

YAOBIIETBOPATH YCIOBUIO PETYISIPHOCTH, KOTOPOE BBIPAKAETCSA PABEHCTBOM



0% OX,,

rangf -«-- -+ - [=IM, TO €CThb IrpaguCHTbI GbyHKIUMA
Gn ... DGn
0% )

0i(x),i=1..,m, BXOAANMX B OrPAHMUYCHHMS 3aJa4H, IOIDKHBI OBITH

JIUHEUHO He3a8UCUMDL.

Cxema omwviCKauusi YCA08HO20 JOKANbHO20 IKCMPEMYMA MemoooM
Axobu.

1.TIpoBepsieTcst BBIOJIIHEHUE YCIOBUS KOO

rank(g’(x))=m, Vxe X ={x|g(x) =0},

(Y
0% OX,
rae g'(x): ;
on Oy
0% OX,,

J1J1s1 5TOrO BBIYUCIISIIOTCS MUHOPBI TTOPSIIKA M MaTPUIIbI g’(x). Eciu

JUISL KOKIOM TOYKH X € X XOTsI Obl OJIMH MUHOP JAaHHOTO BUA OTJIUYEH OT
0, To ycnoBue fIxkoOu BeINONHAETCS. ECiM B KaKOW-TO TOYKE X, € X BCE

MUHOpPBI mopsjika M paBHbl 0, TO B 3TOM TOuke ycioBue SAKoOM HE
BBITIOJIHSIETCS, U OHA JIOJDKHA OBITh paccMoTpeHa oco0o. Ecim ycioBue
SAxoOu He BBITIOIHAETCS HU B OJTHOM TOUYKE, TO HEOOXOAUMO MEPECMOTPETh
bOopMyITMPOBKY OrpaHUYCHUH 3a]1a4uu.

2.Cocrasnsercs ¢pynkius Jlarpanxka

L(x )= f (x)-ATg(x) = f(xl,...,xn)—ikjgj(xl,...,xn)

3. BeimuchIBaIOTCS  HEOOXOAMMEIC  YCIIOBHS — IIEPBOIO  IMOPSAKA
L(,x,k) (XO, ko) =0 , WIN B KOOPIUHATHOM 3aIUCH
L)’(1 =0,..., L)’(n =0, Lil =0,..., Lim =0. Tem CaMBIM HAXOIATCS

CTallMOHAPHBIE TOYKH, MOJO3PUTEIbHBIE Ha YCIOBHBIM 3JKCTPEMYM H
3HAYCHUS MHOXKUTENEHN Jlarpanka 1ist KaKJ0M TaKOM TOYKHU.
4. CtpouTtcs okaiiMiieHHast Matpuiia [ 'ecce Buaa:



I:I( ) 0 P
X, — ]
P! HX’X(X’K) m-+n,m-+n
Vg, (X,1)
rne P= f — MaTpHIla, CTPOKAMH KOTOPOH  SIBIITIOTCS
V0 (X2) o

IpaiMEeHThl PYHKIUNA — OTPAaHUYEHU.

ITycTh MMeeTCs CTAalMOHapHAs To4ka (Xg,Aq) GyHkmmE Jlarparmka
L(X,?») ¥ OKaMMJICHHAs MaTpHLA I:I(x,k) BBIYKCJICHA B TOYKE (Xo,ko).
Touka X,aBisgeTcs:

A). Toukol MakcuMyMa, €CJIM HauuHas C YIJIOBOTO MUHOpPa MOPsaKa
2m+1 mocnexyroume N—M YrIOBBIX MHHOPOB MaTpuipl H (xo,ko),

YMHOCHHBIE Ha (—1)m, 3HAKOUYEPEAYIOTCS, HAUMHAS C OTPULATEIBLHOTO
3HaKa.

b) Toukoilt MuHMMyMa, €CJIM HauyWHAs C YIrJIOBOIO MHHOpa MOpsIKa
2m+1 mnocnenytomuye N—M YrIoOBBIX MHHOPOB MAaTPHUIIbI H (Xo,ko),

m
YMHOXXCHHBIC Ha (—1) y SHAKOITIOJIOKHUTCIIbHBI.

B ocranbHbIX citydasix TpeOyeTcs TOMOJHUTEIbHOE UCCIIEIOBAHME.
Meroa npuBeeHHOrO rpagueHTa SJkoOu ocHOBaH Ha (POPMHUPOBAHUU

npuseneHHoro l'eccuana ¢ynkuun Jlarpanxa H, =ZTV)2(XL-Z B TOYKE

(Xo,ko), MOJO3PUTEILHOM HaA JKCTpeMyM. 31aech Z — MaTpuUIa

n,n—m
COCTaBJieHHass U3 JOOBIX N—M 0a3UCHBIX BEKTOPOB MPOCTPAHCTBA
0°L

. . _ 2 = -
pemennii oxHopongHoW cucremMsl Pv=0, a VL= ow, (Xo.o)

matpuna ['ecce ¢pynkuuu Jlarpanxka B KpUTHUECKOM TOUKE.
Ecimm wmartpunma H, MOJIOXKUTENBHO OIpEAENeHa, TO €CThb €€

AUAroHaJIbHBIC MHWHOPbBI ITOJIOKUTCIIbHBI, TO KPUTHYCCKAsA TOYKaA (XO’}\‘O)

SABIACTCA TOqKOﬁ MI/IHI/IMYMa.
ECHH MartTpuiia H oTpHULIATCIBHO OoIIpecaAciICHa TO CCTb
Z )
JAUAaroHaJlbHbBIC MHHOpI)I 3HaKOqepeI[YIOTCH, HA4YHMHAasiAa C OTpI/IHaTeJIbHOFO, TO

KPUTHUYECKAS] TOYKA — TOYKA MAKCUMYMa.
B octanbHbIX citydasx TpeOyeTcs TOMOJHUTEIbHOE UCCIIEIOBAHMUE.
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Kputnueckne Toukd Haxomum wu3 ycnous Z'VF(x)=0, rze
ZTvf (X) — IpUBEICHHBIA TIpagueHT SkoOM, HO I HaXOKIAEHHs

KPUTUYECKUX TOUEK y100HEE UCTI0JIb30BaTh PyHKIMIO JlarpaHika L(X, 7»).

3. Ilpumep BbINOJHEHUS 3aAaHUSA

Meronom Jlarpanka HaMTH TOYKHM YCIOBHOIO DJKCTpEMyMa U
AKCTpEMasIbHbIC 3HAUCHUS PYHKIUU Z = 2X — Y TIPHU YCIOBHUH 2x% +y? =1.

Pemennue.
Umeem g(X,y) = 2x° + y? —1.
1.TIpoBepum BBITIOJTHEHHE YCIIOBHS SIkoowu:

V(Zx2 +y? —1) = (4X, 2y) =0=x=y=0, 4TO HEBO3MOXXHO, TaK KakK B

3TOH TOUKE He BBIMONHACTCS yeiioBue 2X° + y° =1.
YcnoBue SIkoOu BBITOIHIETCS BO BCEX TOUKAX JOIMYCTUMON 00JIaCTH.
2.BoinucsiBaem ¢ynkuuto Jlarpanxa:

L(x,A)=2x~ y—k(zx2 +y? —1).
3.HaxoguM YacTHble Npou3BOAHbIE (QyHKIMU Jlarpamxka IO BCEM

NEePEMEHHBIM U MpUpaBHUBAEM UX K 0, HAXOJUM TOYKH, MOJIO3PUTEIbLHbBIE
Ha SKCTPEMYM:

L, =2—-4xA=0;
¢ Ly =-1-2yA=0;

L =1-2x*-y*=0;

-

1
X=—
" Lulyg
:%y:—az
3 1 1
3 KZZ_T’MZE__’_]
1=— 3 3
4)

Ny

— 08e Kpumu4decKkue mou4Ku n0603pumeﬂbeze HA JSKCcmpemym.

HccnenyeM HallIcHHbIE KPUTUYECKHAE TOYKH HA MAKCUMYM-MUHUMYM.
4. BeimuceiBaem Matpuily ['ecce :

o[ b by (0
Ly L) Lo -2



g’(x,y,k)z[g—i(x,y,x) %(x,y,k)j:@x 2y).
’ ( 0 g'(x,y,x)} 0 4x 2y

| ; =|4x -4 0 |;
g'(xy,A)  H(xy.A) 2y 0 2

5. Beruncisiem ACTCPMHUHAHTBI B COOTBCTCTBHHU C IIapaMCTpaMH

3aJlayu, UMEEM:
m=1 2m+1=3, To ecTh HaM HEOOXOIUM MUHOP TPETHETO MOPSIKA.

(-1)" Ay =—(162y? +320x? ) = =164 y? + 2x ) =

=—16x[ 12 i}:-&%:-i
42 4 H2 2

PaccMOTpUM TepBOE 3HAYCHUE k1=73. Torna (—1)m A3:—3\/§ .

DTO 3HAYEHUE OTPULIATETHLHO, TIOATOMY Mbl UMEEM CUTYaAlLIUIO A) TEOPEMBI,

)
J3

PaccMoTpuM IiepBO€ 3HayeHUE A, =—7. Torma (—1)m AW :3\/§ .

YTO O3HA4YacT, 4TO HaI/I,Z[eHHaH Touka M ( SIBJISICTCSI TOYKOH

MaKCUMyMa.

DT0 3HaYEHUE MOJIOKUTETBHO, TIOATOMY MBI UMEEM CUTYallHio b) TeopeMsl,

1 LJ
V3 3
MWUHHUMYMaA.

[IpumMeHMM METON MPUBEACHHOTO TPAAUEHTA MJIsl ONPEIACIICHUS
XapakTepa HAWJEHHBIX KPUTHYECKHX TO4YEK. PaccMOTpuM  TOUKY

1 1
My| <= === |
1(@ V3 j
BKCTpEMyMaA. B nannou TOYKE MMEEM

[ Diny) Dy |=(ax 29)=(35 2135)

YTO O3HAYACT, YTO HaAWJEHHAs TOYKa Mz(— ABJIAETCS TOYKOM

HaWJICHHYI0, KaK W paHee, U3 HEOOXOJMMBIX YCIOBUH

\\/lljzo. Tak kak rg(P)=1, o
2

pPa3MEpHOCTb  MPOCTPAHCTBA pelieHWd ypaBHeHuss Pv =0 paBHa

Paccmotrpum ypaBHeHue PV = P[
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n—rg(P)=2-1=1, To ecTh JOCTATOYHO HAWTH OJMH TaKOil Ga3UCHEIN

BEKTOP.
HNmeeM 0THOPOAHYIO CUCTEMY

Pv = P(Vlj = (4143 —2/\/5)-(\’1] =0,

Vs \Z

1
Bospmem V; =1= v, =2—>\7:(2j.

Takum o6pazoMm, Z = (2) Nmeem I'eccuan ¢pynknuu Jlarpanxa

o[ by _[—4x 0 ]_ 23 0
Ly Ly 0 -2x 0 3/
Haxonum nipuBenennsii ['eccuan

H,=2"V2LZ =(1, 2)-(_25§ _f’@}(g =(—2\/3_,—2\/§)-[3=
= —64/3<0

IIpuBenennbli ['eccuaH OTpPUIIATENBLHO OINPENECICH B KPUTHUYECKOU
TOYKE, CIICOBATEIBLHO JaHHAsg KPUTHYECKAas TOYKA — TOYKA JIOKAJIbHOIO

MaKCUMyMa.
J3

! j, Ay =—7. B nanHon TOuke

1
BN
MMeeM Pz(g—g(x,y,x) (%g(x,y,x)j:(% 2y)=(—4/\/§ 2/x/§).

Paccmorpum TOUKy Mz(

V.
Paccmorpum ypaBHenue Pv=P (Vlj =0. Tax kak rg(P)=1, To
2

pa3MEpPHOCTh  NPOCTPAHCTBA  pelieHWHM  ypaBHeHus Pv=0 paBHa
n—rg(P)=2-1=1, 1.e. HOCTATOYHO HANTH OJUH TAKOW OA3HCHBIN BEKTOP.
NmeemM 0THOPOAHYIO CUCTEMY
Pv = P(W] =(-4/\3 2/\/§)-(V1] =0,
v, v,
-2V, +V, =0;
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BospmeM Vv, =1=V, =2 >V =(2j.

1
Takum obpazoMm, Z = [2) Nmeem I'eccuan dynkimu Jlarpanxka

H_[L;’X L;'y]_(—zm o]_(zﬁ OJ
Ly L) Lo -2a) | o 3

Haxonum nipuBenennsii ['eccuan

H,=2"V2LZ =(1,2).{2°(;/§ %ME}( \/3_2\/§)(;j=
=64/3>0

[IpuBenennbd ['eccuad MONOXKUTENBHO OMPEIEIIEH B KPUTUYECKOU

TOYKE, CJICIOBATEIbHO, JAaHHAsA KPUTHUYECKAs TOYKA — TOYKA JIOKAJIBHOTO
MaKCUMyMa.

4. MaauBUAyaJIbHbIE 32 IaHUSA

No YcaoBue No YciaoBue
1 |z=2x+y—omax, xX>+y?=1.| 2 | z=2xy —>max, x*+y?=1.
z=2xy >max, x> +2y?=1. | 4 | z=2y >max, x*+2y?=1.
5 | z=2x—>max, x*+2y°=1 | 6 | z=2x—y—max, x*+y*=1
Z=2X—Y—max, Z=3X—Yy—max,
7 2 2 8 2 2
2X°+y =1 2xX°+y =1
Z=3X+Yy—max, Z=3X+Yy—max,
9 2 2 10 2 2
2X°+y =1 2X°+y =2
Z=3X+2y —> max, Z=3X+2y — max
2X°+y =2 2xX°+y- =1
z=3x*+2y*> > min , z=3x*+2y* > min ,
13 14
2X+Yy=2 2X+y=4
15 Z=x*+2y? >min, 16 Z=Xx*+2y* > min
2X+y=4 2X+Yy =2
T Z=x*+2y* > min 10 Z=Xx*+2y* > min
2X+Yy =5 2X+Yy =6
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No YcinoBue No Ycinosue

19 | z=x*+y* > min, 2x+y=2| 20 | z=x*+y*> >min, 4x+y=2

_ 2 2 :
21 | z=x*+y® >min, 4x+y=8 | 22 Z=X"+3y" —>mn,

4x+y=8
z=x%+y* > min z=x*+2y* - min
23 ! 24 !
4x+y=10 4x+y=10
2 2 :
Z=X"+Yy —mn, U2 2 . _
25 2%+ y =10 26 | z=X"+y —>mn, 2x+y=9

5. KOHTpoJIbHBIE BONIPOCHI

1.Kak 3amnuchiBaeTCsi HEIMHEHWHAs ONTHUMHU3AILMOHHAs 3ajada ¢
OTpaHUYCHUSIMU PABEHCTBAMU ?

2.Kaxoit Bun umeetr pynkuus Jlarpanxa?

3.Kakoil BuJ1 uMEIOT HEOOXOAMMBIE YCIOBHUSI SKCTpEMyma?

4.Yto Takoe okaitmiieHHbIM ['eccuan? CdopmyaupoBaTh TEOpPEMY O
JOCTAaTOYHBIX YCIOBHUSX AKCTPEMyMa C HCIIOJIb30BAHUEM OKAMIIEHHOTO
reccuaHa.

5.Yto takoe npuBeneHHbll ['eccuan? ChopmMyaupoBaTh TEOPEMY O
JOCTaTOYHBIX YCIOBHUSAX 3KCTPEMyMa C TOMOLIBIO MpUBEAEHHOro I'eccuana.




