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BBenenune

3ajadya JaHHOTO MOJYJIS - aKTUBU3UPOBATh CAMOCTOSITEILHYIO pa-
00Ty CTyACHTOB INpu u3ydeHuu paszzaena "duddepenuuanpuas reomer-
pus" Kypca BbICIIEH MAaTEMAaTUKH C LIEIbI0 MPUOOPETEHNS UMHU HABBIKOB
NPUMEHEHUS TEOPETUUECKUX 3HAHUHN K PEIICHUIO MPAKTHUYECKUX 3a/1a4.

PaboTa coepKUT TEOPETUUECKHUE yIPaKHEHUS, IPAKTUYECKUE 3a-
JIaHUs U MOAPA3EISAETC Ha TPU YPOBHS CIOKHOCTH.

[lepBblii (BBICIIEH CIIOKHOCTH) YPOBEHb MPEIOIAraeT BHIOJIHE-
HUE JIBYX TEOPETHUUECKUX YIPAKHEHUM U BCEX MPAKTUYECKUX 3a]1ad.

BTopoil ypoBEHb — BBIIIOJIHEHUE OJTHOW TEOPETUUYECKOU U MPAKTU-
yeckux 3ama4 4.1, 4.2(a, 0, 1), 4.3, 4.4(a, 6, 1).

Tpertnil ypoBeHb — BBINIOJIHEHUE TIpaKkTUUecKux 3a1ay 4.1,4.2(a, 0),
4.3(a), 4.4(a, 0, B).

TeopeTnueckue ynpakHEHHsI W MPAKTUUECKHE 3aJa4dl BBITIOJIHSI-
IOTCA CTYJEHTOM COTJIACHO YKa3aHWSIM, W3JIO)KEHHBIM B II. 2 "NHauBU-
IyalabHOE 3a1aHue".

[IpenBapuTenbHO PEKOMEHIYETCS M3YyYEHHE OCHOBHBIX IMOJIOXKE-
Hui paszzaena "uddepennmansuas reomerpus’ u pa3doop pemieHui 3a-
Ja4 1Mo CIAEAYIOIIUM UCTOYHUKAM:

[1] 1 IO §§ 26, 27; rn. VI§§ 1-7; ri. IX §§ 1-6.
[2] 1 V§S5, no. 1-5.

[3] 1. VII§§ 3-6.

[5] 1o XVIInmo 17.1,17.2.

[IpenonaBarens OLEHUBAET pabOTy B 3aBUCUMOCTH OT BEIOPAHHOTO
CTYJICHTOM YPOBHS CJIOKHOCTHU. [Ipu 3TOM CTYyAEHT JIOJKEH MPABUIBHO
OTBEUaTh HA KOHTPOJIbHBIE BOMPOCHI, MOSCHITh XOJ PEIICHUS BBITIOJ-
HEHHBIX UM 33JIaHUl, YMETh peliaTh 3a/1aud aHAJIOTUYHOTO THUIIA, a TaK-
e rpaMOTHO 0OPMUTH padoTy.



1. MlapuBuayanbHoOeE 3a1aHKue

NunuBuayanbHOE 3a1aHUE BBIOMPAETCS CTYICHTOM B 3aBUCHUMOCTH
OT HOMepa n ¢haMuIuU CTyJAEHTa B CIIUCKE XypHaia, N — mocieaHen
nudpbl HOMEpPA CBOEH aKaJIeMUUECKON TPYIIIIBI.

Homepa TeopeTnueckux yrnpaxHEeHUH BEIOUPAOTCS TaK:

K;=mod (n, 14) + N ; K, =13 + mod (n, 13).

Hanpumep, crynent rpynmnsl KC-14 ¢ nopsakoBeiMm HOMEpOM 7 TI0
CIIHCKY TPYIIIbI PEIIAET TEOPETUUECKHUE YIIPAKHEHUS 10T HOMEPAMH

Ki=mod (7,14)+4=7+4=11

K; =13 +mod (7, 13) =13 + 7 =20,
rae mod (p, q) - IeTOYMCICHHBIA OCTATOK OT JICJICHUS YKcClia p Ha (.

Ecnu cTyaeHT BRINOHAET paboTy MEPBOr0 YPOBHS CIOKHOCTH, TO
OH BBIOMPAET TEOPETUUECKUE yNPaKHEHUS 1tog Homepamu 11 u 20, ecnu
BTOPOTO YPOBHS — MO HOMepoM 11.

JIJ1 TpakTUYECKUX 3a1aHU

K=mod (N—-1+n, 13), rne K — HoMep 3a71auu B KaXKJIOM U3 4e-
TBIPEX PA3JEIOB.

Ecii n =7, N =4, TO CTyA€HT JJ11 IEPBOTO YPOBHS CJIOKHOCTH
JOJDKEH PEIIUTh 3aJa4i U3 BCEX PA3/IENIOB 110 HOMEPOM

K=mod (4-1+7,13)=10.

BrinonHstomuii paboTy Mo BTOPOMY YPOBHIO CJIIOKHOCTH pEIIaeT
3agauy 10 u3 pasznaenos 4,1; 4.2(a, 0, 1); 4.3 u 4.4(a, 0, B), a 10 TpETheMy
— TOJbKO U3 paznaeinoB 4.1; 4.2(a, 0); 4.3(a); 4.4(a, 0, B).

2. Teopernueckue ynpas;kHeHUs

1. BeiBecTu ypaBHEHHME KacaTelbHOW K KpPUBOHM y = f(x) B TOYKE
M (xy,y,) . llpuBectu npumepsl.
2. BelBecTH ypaBHEHHE HOpMaJiu K KpUBOU y = f(x) B Touke M (x,, ).

ITIpuBecTu npumepsl.
3. Jlng kpuBoi y=f(x) HAWTHU JJIUHY KacaTeJIbHOM, 3aKIIOUCHHON MEX-
oy Toukou kacanus M (x,,)y,) nocsto OX.

4. BwiBecT ¢GopMyiy AIMHBI HOPMaIW KpUBOM y = f(X) B TOUKe
M(xy,y,)-



5. BeiBecTn (opMyny IMHBI TOJAKAcaTEeIbHOM KpUBOM )y = f(x) B
Touke M (xy,,)-

6. BoiBecTd (hopmyiy JIMHBI MOJHOPMAIIN JJISI KpUBOH Y = f(X) B TOUKE
M (xq,¥0) -

7. Tlokasatk, 4TO HOAKACATENbHAS apabombl y° =4 px B T000M TOUKe
JCIIATCS BEPIIMHOM TOMOJIaM.

8. ITokasaTh YTO MOJHOPMANb Mapaboisl y> =4 px MOCTOSHHA M paBHA
2p. Cnenatph 4epTeK.

9. IlokasaTh, yTO KacatejibHasi K KpuBou (x/ a)? +( v/ b)*> =2 B TOUKE
M(a, b) ectb x/a+y/b=2.

10. TTokazaTh, 4YTO 3aKJIFOYEHHBIN MEXITY OCSIMUA KOOPJIMHAT OTPE30K Ka-
caTelbHOM K rumnepbosie x/y =m JOEeTUTCAd TOYKON KacaHus MOmo-
Jam.

11. Jloka3aTh, 4TO 3aKJIFOUYCHHBIA MEXY OCSIMH KOOPJAUHAT OTPE30K Ka-
., 23 . 23 2
CaTeJIbHOM K acTpOUJIE X =a”” umeer MOCTOSIHHYIO JIJIH-

+y7T =
HY.
12. Iloka3aTh, 4TO AJIMHA IOJKACATEILHOM I JJUIMIICA X = d - COS{,
y=b-sint B Touke M(x;,y;), A1 KOTOpoil t=rm/4, paBHa

al/~2 .

13. Jlokazath, 4TO JJIMHA MOJHOPMAJIHN AJUIMIICA x> /a’+ y2 /b*=1 B

TOYKE M(a/\/f, b/\/f) paBHa b* /a~/2.
14. Haiitu jyiMHy KacaTelbHOM 3JuIMnca X =a cost, y=bsint B Touke
M (x;,y;), Ayid KOTOpou t=1/4.

15. JTokasars, 4TO JUIMHA HOPMAJIH utmica x° /a’ + y* /b* =1 B Touke

M(a/\/z,b/\/i) pasHa (b/a~2)Va* +b*.

16. BoiBecT hopMyy KpUBU3HBI KPUBOM, 3aIaHHOU SIBHO.

17. Iloka3zath, 4YTO KpWMBHU3HA KPUBOW, 3aJaHHOM NApPaMETPUYECKH
x=x(t), y=y() BBIUHCIIACTCS o dbopmyiie
K = (‘xry” . yrxn‘) /(xr2 4 yr2)3/2 .

18. BoiBeeTe popMyiy [ BBIUUCICHUS] KPUBU3HBI KPUBOM, 3aJaHHON B
HOJISIPHBIX KOOPIMHATAX.

19. Iloka3zate, 4YTO B Ka»IOM TOYKE JIEMHUCKATHI P = a’ cos 2¢ Kkpu-
BH3HA MPONOPLUAOHAIBHA PAANYC-BEKTOPY ITOM TOUYKH.



20. Jokazarb, 4TO IS TOYEK cniMpaiu Apxumena p=a@ Ipua ¢ —> o0

BEJIMYMHA PA3HOCTU MEXAY PaJUyC-BEKTOPOM M PAAUYCOM KpH-
BU3HBI CTPEMUTCSA K HYJIIO.

21. Iloka3atb, 4yTO paguyC KPUBHU3HBI IUKIOUIBI B JIIOOOW €€ TOUKe
BJIBOE OOJIbIIIE ITTMHBI HOPMAJIA B TOM K€ TOUKE.

22. Jloka3aTb, 4TO HOPMaJIb K JAHHOM KPUBOM, SIBJISIETCS KaCaTEIbHOU K
€€ HBOJIIOTE.

23. Jloka3aTh, 4TO KpuBas

+(ay 1> +by t+cy)k
IIJI0CKasl.
24. BeiBecTu (QopMyiny KpPUBH3HBI IIPOCTPAHCTBEHHON KPUBOM, 3aJlaH-
HOM IapaMETPUYECKU.
25. BeiBectu (popMyny MJis BBIYMCIEHUSI KPYUEHHUS MPOCTPAHCTBEHHOM
KPUBOW, 3aIaHHOM [TapaMETPUYECKHU.

3. PacueTHble 3a1aHUA
3.1. KacareqbHasi 1 HOPMAJIb K IVIOCKON KPUBOM

1. Hanucare ypaBHEHHMs KacaTelIbHOM W HOPMaJId K KPHUBOWU
Y= x* —=3x? —x+5 B TOUKe M(3, 2).

2. CocTtaBuTh ypaBHEHUS KacaTeIbHOM W HOPMaJIM K KpPHUBOU
x* +2xy* +3y* =6 B TOUKe M(L, —1).

3. Kakoit yronm oOpasyer ¢ ocbio aOCIUCC KacarelbHas K mapadolie
Y= x*=3x+5 npoBeqeHHas B Touke M(2, 3)? HamwucaTts ypaBHe-
HUE 3TOMN KacaTeJIbHOM.

4. Haiity yroa Mesxy mapabomamu y =8—x> u  y=x°.

5. Haiitu ypaBHEHHE KacaTeabHOW M JUIMHY MOJKACATEIIbHOM OKPYXK-

Hocth x° + y> =4 BTOUKe M (X[, ).

6. Haltn ypaBHEHHE HOpPMaid WU JUIMHY NOJHOPMAIH OKPYKHOCTHU

x?+ y2 =9 BTOUKE M(X0, Vo).



7. COCTaBHTb YpaBHEHHE KacaTeNbHON K rumepbome x°/9—y*/8=1,

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.
22.

23.

poBeJICHHOM B Touke M(—9, —8).
CocTraBuTh ypaBHEHHsSI KacaTelIbHOM W HOPMalld K AacTPOUIE
x=\/§ cos’ Z, y=\/§ sin’ {, TPOBENECHHBIX B TOUYKE, /I KOTOPOU

t=m/4.
CocTaBuTh ypaBHEHHUSI KacaTeIbHOM W HOPMaMU K IIUKJIOHUJE
X=t—sint,y=1—cost, TPOBEACHHBIX B TOYKE, JJs1 KOTOPOU

t=m/2.

IToka3atb, YTO HOpMaJlb K KPUBOWU 3y:6x—5x3, IIPOBEJCHHAs B
touke M(1, 1/3), npoxoauT yepe3 Havyaio KOOpIMHAT.

Kakoii mopsiiok KacaHusi MMeeT IenHas JuHus y= (e’ +e *)/2 ¢

mapa6omnoit y =1+x?/2 B Touke X =0?

Haiitu ypaBHeHUE TOM KacaTelbHOM K MapadoJe y2 = 20x, koTopas
obpasyet yroia 45° ¢ ocbro OX.
Haiitu ypaBHEHHs KacaTeJIbHBIX K OKPYKHOCTH X%+ y2 =52, na-
paJuIeNbHBIX IpsIMOU  2x+3y =6.

Hantu ummHBI KacaTeldbHOM M IIOJKAcaTEIbHOM IIMKJIOUIBI
X =t—-sint, y=1—cost B ToUuke, i1 KOTOpor ¢=m/2.
CocTaBUTh ypaBHEHUS KacaTeJIbHOM U HOPMaJM K MOJIYKYyOUUYECKOM
napaboie x =¢%, y=¢ B TOUKe, Il KOTOPOH ¢ =2.
Kakoif yron oOpasyer ¢ ochl0 aOCLUCC KacaTelbHas K KPUBOU
y=shx B Touke O(0, 0)?
CocTaBUTh YpaBHEHUs KacaTeJIbHON W HOpMau K IEMHOW JMHUM
y=ch(x/2)B Touke, rie x=2In2.
Haitty yros Mmexay KpuBou y = x — X u npaMon y =5x.

3

Haiitu yron mexay KpuBbIMUA y=x" U y =1/ x7.

Haitty 1imvHBI HOpMaiid U IOAHOPMAJIA KPUBOU

X =t—sint,y=1-cost B Touke, /i1 KOTOpOr ¢ =m1/2.
Haiitu yron mexnay nuausimu y=1+sinx u y=1.

Havtu pnuHbBl mopkacatenpbHOM W IOJHOPMAJIM JJISL ACTPOMIBI
x=4cos’t, y=4sin’¢.

Haiitu miMHBI KacaTeJqbHOM W HOPMald  JUIA  aCTPOMJbI
x=4cos’t, y=4sin’¢.



24. CoctaBUTh ypaBHEHUE KacAaTEIIbHOM W HOPMalld K KpPHUBOU

y=8(4+ xz) B TOUYKE, T/IE X =2.

25. Haiitu yrost MeXX1y KpUBBIMHU ) = J2sinx, y= V2 cosx.

3.2. KpuBH3HA I10CKO KPUBOM

Haiitu cnepyromue XxapakTEpUCTUKU IJIOCKOM KPUBOW B YKa-

3aHHOM TouKe (Tabimna 1):

a) KpUBU3HY JINHUM;

0) paanyc KpUBHU3HBI;

B) KOOPJIMHATHI LIEHTPA KPUBU3HBI;

I') COCTaBUTh YPaBHEHUE IBOIIOTHI KPUBOM.

Tabmnura 1
YpaBHEHUE IUIOCKOW KPUBOM
n YpaBHEHUE TUIOCKON KPUBOM Koopaunatsl Touku
1 2 3
1 4X2 + y2 =4 (Oa 2)
2 xy =12 (3,4)
4 16y2 =4x* —x° (2,0)
5 X2/3+y2/3 _1 ( 1 j
2427242
6 y2 = X3 (49 8)
8§ | y=Inx (1,0)
9 y =sinx (n/2,1)
10 | x =3¢, y=3t-t’ pu ¢ =1
11 p=1-coso npu ¢ =71
12 y® =4x (1, 1)
13 1 x=3t,y=t*-6 npu £ =1
14 y=xInx (1/e, —1/e)
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[Tponomxenue Tadi. 1

1 2 3

15 X =cos’ t,y=sin’ t npu ¢ =1 /4
16 | 42 —6x (72,3)
17 X =t—sint;y=1-cost (X0 Yo)
18 X =2cost; y=3sint (X0, Yo)
19 y2:16x (4, 8)

20 | x%+9y*=9 (3,0
21 x2 —xy+y2 =1 (1, 1)
22 | x=t*y=1-1/3t rpu ¢ =1
23 p=sin2@ npu ¢ =1/4
24 | y=3x (1, 1)
25 p = COS2¢ npu ¢ =1/4

3.3. BekTop-QpyHKIMS CKAJSAPHOTO APrYMEHTA U ee
NMPOU3BOIHAA

JI71st IpUBEAEHHBIX HUXKE BEKTOP-QYHKIMMA T = T(t):

a) noctpouTh JuHUIO I'-rogorpad BeKTOp-QyHKIIHIA;

0) HaillTK TPOU3BOAHYIO BeKTOp-(yHKIMM dr/dt .

KakoBa cBs3p Mexay BektopoM dr/dt m nunamen I'. [lokazats Ha

PUCYHKE.

. r=Qt-1)i+(-3t+2)j+4tk, teR
2. r=3ti+2j+5k, teR
3. r=3i+2tj+5k, teR
4. r=A1-2 it 1482, telo,1]
5. r=2costi+sint j+3tKk, teR
6. r=4chti—j+3shtk, teR
7. r=3ti+(2t-t);j, teR
8. r=t(i+]+k), teR
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9. ;=T+j+tf<, teR
10. ;:chtﬁ-shtj, teR
11. ;:2cos3tf+2sin3tj, te0, 2]
12. r=ti+t? j+t3 Kk, teR
13. r=costi+3sint j+tk, teR
14. t=cos’ti+sintcost j+sintk, tel0, 2x]
15. ;:SCostT+4sintj+2E, telo, 2x]
16. r=(sht—1)1i+ch’tj+3k, teR
17. r=4t1+(2-3t)]+2t-1k, teR
18. r=3tj+(t+t)k, teR
19. r=3ti-4t], teR
20. r=2(t—sint)i+2(1-cost)], te0, 2]
21. r=3ti—4t], teR
22, r=t>T+t> j+tk, teR
23. r=e1j-(t+8)*?], teR
24. r=(t>+10)i+1t%], teR

25. r=sinti+cos’tj+sintcostk, t€ [0, 2]

3.4. ConpoBoXIa0IIMNA TPEXTPAHHUK MPOCTPAHCTBEHHOM
KpuBoi. KpuBu3Ha u Kpy4eHnue

a) HaliTu riiaBHbIe €IMHUYHBIC BEKTOPHI KACATEIBHOM T, TJIABHOM
HOpMaJIM V ¥ OMHOpPMaiu 3 mMpOCTPaHCTBEHHOM KpUBOM T = T(t) B TOU-
ke M(xy,¥9,Zy) (Tabnuua 2);

0) Hall'TW KPUBU3HY U KPYyUYECHHUE KPUBOM;

B) COCTaBUTh YPaBHEHUE COMPUKACAIOLIEHCS MIIIOCKOCTH;
I') COCTaBUTh YPABHEHUE CIPAMIISIONIEH TIIIOCKOCTH;

1) COCTaBUTh YPaBHEHHUE HOPMAJIbHOM MIOCKOCTH.



12

YpaBHEHUs NPOCTPAHCTBEHHON KPUBOU

Tabmnuiia 2

n YpaBHeHUE KpUBOM T = r(t) t=tp
1 x=e',y=e',z=t t=0
2 X =t—sint,y=1-cost,z=4sint/2 t=m
3 x=2t,y=Int,z=t" t=1
4 x =t> +1, y=cost, z=¢" t=0
5 X =t//2,y=t//2,z=Insint t=m/2
6 x=({t+D)% y=t, z=t>+1 t=0
7 X =1-sint,y=cost,z=t t=0
8 x=e'-cost,y=e'-sint,z=¢" t=0
9 x=e',y=e ', z=t/2 t=0
10 | x=ty=t*z=t t=0
T | x=3t-t}, y=3t?, z=3t+ ¢ t=1
12 x=2t,y=Int,z=1t" t=1
13 X =cost,y=sint, z=2t t=t,
14 X =2cost,y=2sint,z =6t t=t,
I5 | x=ty=t*z=t t=3
16 X =cost+sin’ t; y =sint(l —cost); z = —cost t=m/2
17 x=t'/4;y=t/3;z=1t*/2 t=1
18 X =cost, y =sint, z=sht t=t,
19 x=¢ '-sint;y=e ;z=¢"" t=1
20 x=e¢';y=2t;z=Int t=1
21 x=t>, y=-1/t,z=1/t t=1
22 x =5t;y=12cost; z=12sint t=m/2
23 | x=cos?(t/2); y=1/2-sint; z=sin(t/2) t=m/2
24 X =t-sint+cost; y=t-cost—sint;z=1t>/2 t=m/2
25 X:6t;y:3t2;z:t3 t=1
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KonTpoJibHbIE BONIPOCHI

3anucaTh ypaBHEHUE KacaTeIbHOM K KpUBOHM )y = f(X)B TOUKE

M(xy, o).
KakoBo ypaBHEeHHE HOpMaH K KpuBOM y = f(x) B Touke M (xy,yy)?

3. Uto Ha3bIBaeTCs MOJKAcaTeIbHOU KpuBOM? DopMysa i BBIYUCIIC-

HUS JUIMHBI TI0JKAacaTEIbHOM.

4. Yto Ha3pIBaeTCS MOAHOPMAJIBIO KpruBOM? DopMylia Il BEIYUCIEHUS

8.

JUTUHBI TTOAHOPMAJIH.
YTo Ha3pIBaeTCs yIriioM MEXAy ABYyMs KpuBbiMu? dopmyna 1 BbI-
YUCJIEHUS 3TOTO yIJa.

. Onpenenenre KpUBU3HBI MIIOCKOW KPUBOM.

@opMyIIbl J1s1 BBIYMCIICHUS KPUBU3HBI KPUBOM, 3aJaHHOMN SIBHO, TIa-
paMETPUUYECKHU, B MOJAPHOU CUCTEME KOOPAUHAT.
Yto Ha3bIBAETCSA PAInyCOM KPUBHU3HBI?

9. Kak HaillT KOOpJMHATHI IEHTPA KPUBU3HBI JIUHUU y = f(x)?

10.
11.
12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

YTt0o Ha3bpIBA€TCSA PBOJIIOTOMN JIMHUH, YBOJIHBEHTOM?

Yto noxpaszymeBaeTcs noj "mopsaAKoM KacaHus' TIOCKUX KPUBBIX?
Onpenenennsi BEKTOP-QYHKIIMU CKAIAPHOIO apryMeHTta 7 =r(t) u
€€ MPOU3BOIHOM.

Yrto HazbiBaeTcs rogorpadom BeKTop-pyHKIUU 7 = 7 () ?

Kak HampaBiieH BEKTOp NpOU3BOAHON BEKTOP-DyHKIIUN?
CdopmynupoBaTh OCHOBHBIE TpaBwia Iu(hepeHInpOBaHUS BEK-
TOP-(PYHKIIUM CKAJISIPHOTO apryMEHTA.

3anucarb ypaBHEHUE KacaTeJIbHOW K IPOCTPAHCTBEHHOM KPHBOU
7 =7(t) BTOuke M(xy, 0,20 )-

KakoBo ypaBHEHHE HOPMAIBHOMN MIJIOCKOCTH?

YTo Ha3pIBaeTCs CONPOBOKIAKOIIMM TPEXTPAHHUKOM IMPOCTPAHCT-
BEHHOMN KpUBOM?

OrnpeneneHnss KPUBU3HBI U KPY4YEHUSI KpUBOU B Touke. Dopmyiibl
IUISl X pacyeTa.

OnpeneneHre €AMHUYHBIX BEKTOPOB KAacaTEIbHOW T, HOPMAIIHA V,
OnHOpMAaIIU B IIPOCTPAHCTBEHHOW KPUBOU B 3aJIaHHOM TOYKE.

3HaTh, KaK COCTAaBUTh YPABHEHUS CONPUKACAIOUIEHCS, CHPSMILIO-
1€ 1 HOPMAJIBHOM TUIOCKOCTEN KPUBOM 7 =7 (1) TIpU t = 1,,.
dopmynsl DPpene-Ceppe.
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