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1 Onucanue Cjy4auHOro mpoumecca ¢ nNoOMOUbIO anmapara
neneit Mapkosa

1.1 OOmmue cBegenusi 0 MapkoBCKHX mpoieccax

1.1.1 TepMuHBI 1 OnIpPeAeICHUS

MapkoBCKMM MPOLECC —  CIyYauWHBIM MPOLECC, IBOIIOLUA
KOTOPOT'O MOCJIE JIIOOOTO 3aJaHHOTO 3HAYEHUs] BPEMEHHOI'0 MapaMeTpa
HE 3aBHCHUT OT JBOJIIOIMHU, MPEIIICCTBOBABIIECH , MPU YCIOBUH, YTO
3HAQUYE€HHE TIpollecca B OTOT MOMEHT (UKCHUPOBAHO («Oymymiee»
MpoIecca HE 3aBUCUT OT «IPOIILJIOT0» MPU HU3BECTHOM «HACTOSIIEM;
Jpyrasi TPaKTOBKa): «Oyayliee» Mpolecca 3aBUCUT OT «IIPOILIOr0»
JIMIIb YEPE3 «HACTOSIIEEY ).

[Henr MapkoBa — TMOCJIE0BATEIBHOCTh CIYyYalHBIX COOBITHUH C
KOHEYHBIM HWJIM CUETHBIM YHCJIOM HCXOJIOB, XapaKTEPHU3YIOMIAACS TEeM
CBOMCTBOM, 4YTO, TOBOPS HECTPOTO, MpU (UKCUPOBAHHOM HACTOAIIEM
OyyIiiee He3aBUCUMO OT IIPOIILIOTO.

MapkoBckue mpoIecchl JeasITCs Ha ABa Kiacca:

—  JUCKPETHBIE MAPKOBCKHUE MPOLECCHl (MAPKOBCKHUE LIETN);

—  HeNpepbIBHBIE MAPKOBCKHUE MPOIIECCHI.

1.1.2 IlnckpeTHbIe MAPKOBCKHE MPOIECCOB

JluckperHass MapKOBCKasg Ue€Nb, JUCKPETHBIM MapKOBCKHUMU
MPOIECC - ATO CIyYaMHBIN MpoIecC, TPU KOTOPOM CMEHA JUCKPETHBIX
COCTOSTHUM MPOUCXOJIUT B ONPEAECICHHBIE MOMEHTHI BPEMEHH.

HenpepbIBHBIN MapKOBCKUW MPOLECC - 3TO CIYYaWHBIN IPOLECC,
IpU KOTOPOM CMEHA JUCKPETHBIX COCTOSTHUN MPOUCXOIUT B CIIy4alHbIC
MOMEHThI BPEMEHH.

Takum oOpazoM, 11000 MAapKOBCKUU MPOIECC HA caMOM Jeje -
JTUCKPETHBIN MPOIECC, HO MPOUCXOAIINMN MO0 B JUCKPETHOM BPEMEHHU
(B ICKYCCTBEHHOW YHMCJIOBON CETKE BPEMEHH), JIMOO B HEMPEPHIBHOM
(puzmyeckom) BpeMeHHU.

PaccmoTpuM cutyaiuio, Korjaa MoJIeIMpyeMbIi mpoliecc 00iaaaeT
CJEIYIOIUMHU OCOOEHHOCTSIMH.

Cucrtema S mMeeT N BO3MOXHBIX COCTOSHMH: Si, S, ..., Sp,.
Boo011ie roBopsi, Y4MCI0 COCTOSTHUM MOXKET OBITh OeCKOHEUHBIM. OJHAKO
MOJENb, KaK MPaBUJIO, CTPOUTCS 1JIsI KOHEYHOT'O YHUCJIa COCTOSIHUM.

CMmeHa COCTOSIHMI IPOUCXOJUT, OyJeM CUMTaTb, MTHOBEHHO W B
CTpPOTro OmnpeecHHbIe MOMEHTHI BpeMenn 1y, I= 1, 2,... . B nanpHelinem
OyJZileM Ha3bIBaTh BPEMEHHbIC TOUKH 1) 1aramu.



M3BeCTHBI BEPOATHOCTH IIEPEXOJA Pjj CUCTEMBI 33 OJMH ILIAr U3
COCTOSIHMA S B COCTOSTHHE ;.

Heabr MoaeJMpoBaHMs: OIPEACIUTh BEPOSTHOCTH COCTOSHUI
cucteMsl nociie K-ro mara. O6o3Haunum 31U BepostHoctu Pj(K), j=1...n
(He MyTaTh C BEPOSITHOCTAMH D).

Ecnim B cucreMe OTCYTCTBYET TMOCIEACUCTBHE, TO €CTh
BEPOATHOCTH Pjj HE 3aBUCAT OT IPEJBICTOPUU HAXOXKIEHUS CHCTEMBI B
COCTOSIHUM Sj , a OMNpEeNesioTcsl TOJbKO H3THUM COCTOSHHEM, TO
OMHUCAHHAsl CUTYaIlUsl COOTBETCTBYET MOJICNIA TUCKPETHOU MapKOBCKOMU
11(S1178

MapkoBcKkasi 1Iellb HA3bIBAETCS OMHOPOJHOM, €CIIA TEPEXOHbIE
BEPOATHOCTH Pjj OT BPEMEHM HE 3aBHUCAT, TO €CTh OT IlAara K IIary He
MEHSIOTCS. B  MNpoTHUBHOM ciay4ae, TO €CTh €CJIU IEePEeXOJHBIC
BeposTHOCTH Pjj(t) 3aBUCAT OT BpeMEeHHU, MapKOBCKasl I€TIb HA3bIBACTCS
HEOIHOPOIHOMM.

3HaueHusa Pjj OOBIYHO CBOJATCA B MaTpUIly IEPEXOIHBIX

BEPOSTHOCTEM:
P11

" Pin n
Il ={ & = ¢ ) my=1
Pn1 = Pnn j=1

3HaueHHs Pj; MOTYT TaKXKe YKa3blBaThCs Ha rpade COCTOSHUH
cuctembl. Ha puc. 1 moka3zaH pa3MmedeHHBIH Tpad Mg dYeThIpex
COCTOSIHUM crucTeMbl. OOBIYHO BEPOSITHOCTU NIEpexoa0B "B cedsa" — P11 ,
P2 U T. A. Ha rpade COCTOSIHUUA MOKHO HE MPOCTABIATH, TAK KaK HX
3HAQYEHUs JOMOJHAKT 10 | CymMMy TMEepeXOIHBIX BEpPOSTHOCTEM,
YKa3aHHBIX Ha peOpax (CTpenkax), BBIXOISAIIMX U3 TaHHOTO COCTOSIHUS.

MaremMaTU4ecKOl  MOJENBI0  HAXOXJIECHUS  BEPOATHOCTEMN
COCTOSTHUM OJIHOPOJHON MApKOBCKOHW IIETIM SIBJISIETCS PEKyppEeHTHas
3aBUCHUMOCTh

pj(k) = Z pi(k — Dp;;j (1)
i=1

rae pj(k)- BepoOATHOCTH [-rO COCTOSHMS CHCTEMBbI mHocne K-ro
mrara, j=1...n,

p;(k — 1)- BeposTHOCTH I-T0 coctosiHus cuctembl mocie (K-1)-ro
mara, 1=1...n,



N - YUCJIO COCTOSIHUM CUCTEMBI;
P;j-TICPEXOJIHBIC BEPOSTHOCTH.

Pucynok 1. Pa3zmedeHHsbIi rpad COCTOSHUI CHCTEMBI

Chopmynupyem  METOAWKY  MOJICIUPOBAHUS  TIO  CXEMeE
JTUCKPETHBIX MAPKOBCKHUX MPOIIECCOB (MAPKOBCKUX ILICTICH).

1.3adukcupoBathb HCCIIEyeMOe CBOWCTBO CHUCTEMBI.
OnpenenieHre CBOWCTBA 3aBUCUT OT LiedW ucciaeaoBanus. Hampumep,
€CIIM HCCIeNyeTcsi OOBEKT C 1EJbI0 TMOJYYEHUS XapaKTePUCTHUK
HAJIC’)KHOCTH, TO B KaUE€CTBE CBOMCTBA CIIEyET BHIOPATh UCHPABHOCTD.
Ecmu uccnemyercs 3arpy3ka CUCTEMBI, TO - 3aHITOCTb..

2. OnpenenuTh KOHEYHOE YHUCIIO BO3MOKHBIX COCTOSIHUN CHUCTEMBI
1 yOeIUThCA B MMPABOMEPHOCTU MOAECITUPOBAHHUS 10 CXEME JUCKPETHBIX
MApKOBCKHUX ITPOLECCOB.

3.  CocTtaBuTh U pa3MeTUTh Tpad) COCTOSAHMUIA.

4.  OnpenenuTh HAYAIBLHOE COCTOSTHHE.

5. Ilo pekyppeHTHOI 3aBUCHUMOCTU (1) ompeaenuTs UCKOMBIE
BEPOSITHOCTH.

B pamMKax WU3JI0KEHHOU METOIUKH MOJEITUPOBAHUSA
VCUEPIIBIBAIOIICH XapaKTEPUCTUKOW TMOBEICHUS CUCTEMBI SBJISECTCS
COBOKYIIHOCTb BeposaTHocTeH p; (k).

Hanpumep, npu HaHECEHUHU yIapOB MO 00BEKTaM, KOTOPhIE MOTYT
nepeMeniaTbes (TaHKOBasi TPYHIUPOBKA, KOPAOIH U T. 1.), TOCIEIHUE
OyIlyT IpUHUMATh MEPHI MO PACCPENOTOYECHUIO CPEACTB WUIIU JAPYTOMY
3al[ATHOMY MAaHEBpPY, BIUIOTh JIO AaKTUBHOIO MPOTHUBOJCHCTBUS
aTtakywomied cropoHe. OdYeBUIHO, BCE€ HBTH MEPHl MNPUBEAYT K
YMEHBIICHUID TOPAXKAKMIUX BO3MOXKHOCTEM CTOPOHBI, HAHOCSIIEH
yaapel, T. €. K COOTBETCTBYIOUIEMY M3MEHEHUIO TMEPEXOTHBIX
BeposiTHOCTEU. IIporecc CTaHOBUTCS HEONHOPOIHBIM, TO €CTh TEPSET
cBOMCTBO '"MapkoBocTH". EcCTeCTBEHHO, 3TO Be€JIEeT K TOMY, 4YTOOBI



MNPUMEHSATh  MOJICIM  WMHBIX, BBICHIMX  HMEPAPXUUYECKUX  THUIIOB,
YUYHUTBIBAIOIIUX OOpPATHBIE CBA3H.

1.1.3 MapkoBcKHe NMPoLecchl ¢ HellpepbIBHBIM BpeMeHeM

JI1si MapKOBCKHUX MPOILIECCOB C HEMPEPHIBHBIM BPEMEHEM, KOT]a
MEepPEX0/Ibl U3 OJHOTO COCTOSIHUS B IPYTrO€ BO3MOXKHBI B JIFOOOH MOMEHT
BPEMEHH, BEPOSATHOCTH Ilepexona M3 cocrosHua E; B cocrosnue E;
TOYHO B MOMEHT BpeMeHU { HEe MOXKET ObITh 3a/iaHa, MOCKOJIbKY TaKasl
BEPOSATHOCTh paBHA HYJIIO. B cilyyae MapKOBCKOM LENMH C HEMPEPHIBHBIM
BpEMEHEM ISl OMMCAHUS MEPEXOJI0B HCIOJB3YIOTCS HE BEPOSITHOCTHU
Mepexo0B, & UHTEHCUBHOCTHU MEPEeX0JI0oB. IHTEHCUBHOCTH Tepexoa 13
cocrossHusA E; B cocrosinue E; B MomeHT Bpemenu t, 0003Hagaemas yepes

dij(t), omnpeeseTCs CJICTYIOIITUM o0pa3oMm:
: pij(t,t+At) -
qij (1) = limp, VR 7], (2)

. pii(tt+At)—-1
qij(t) = limy0— v , (3)

IIC Pjj (t,t + At) — BepOATHOCTH IEPEX0/1a U3 COCTOSHHS | B COCTOSIHUE
] B MOMEHT BpeMeHHU t 3a uHTepBaj BpeMeHu At.

DT mpenensl UMEIOT CIEAyIoNylo HHTeprperanuto. Eciu B
MOMEHT BpeMeHM 1 mpollecc HaxXOoAWTCSs B COCTOSAHMU Ej, TO
BEPOSATHOCTh MEPEX0Jla B TeueHWe mnpomexyTka Bpemenu (t,t At) B
POU3BOJIbHOE (OTIMYHOE OT Ej) cocTossHme 3amaercs BemuauHOU -0i(t)
At. Takum oOpaszoM, BennuuHy -Qii(t) MOKHO HMHTEpPHpPETHPOBATH Kak
MHTEHCUBHOCTh, C KOTOpPOM MPOIECC YyXOIUT U3 cocTosiuus E;.
AHaOTUYHO, BEPOATHOCTD Mepexoa Mmpoiiecca B TeueHue BpeMenH (1, t
At) u3 cocrosiHusa E; B cocrosnue Ej 3amaerca BenmuuHoil (jj(t)At u
BenuunHy (Qj(t) MOXHO HHTEpHPETHPOBATh KaK MHTEHCHBHOCTb, C
KOTOPOHM IPOLECC NMEPEXOAUT M3 cocTosaHusA E; B cocrosume E;j, mpu
yciaoBuu, 4to E;j - Tekyiiee cocrosHue mpoiiecca. Tak kak Bcerjaa
YicoPij(t, t + At) = 1, To u3 paBeHcTs (2) u (3) cieayeT, 4To

> ay® =0 @
i=0

Ecin  BepostHocTu  mepexomoB  p;i(t,t + At), a, 3HauMT, WU



MHTEHCUBHOCTHU 1nepexofioB (j(t), He 3aBUCAT OT BpeMEHH, T.€. OT TOroO,
B KaKOM MOMEHT HauYMHACTCS MPOMEKYTOK Al, TO MApKOBCKHI MPOIECC
Ha3bIBACTCS OJHOPOIHBIM, B IPOTHBHOM CITydac - HEOAHOPO HBIM.
Jlanee, paccMmarpuBasgs MAapKOBCKHE CIIy4aWHBIC IIPOLECCHI C
HEIMPEPBHIBHBIM BPpEMEHEM, OyIeM CUMTATh UX OJHOPOIHBIMHU.
MHuTeHcuBHOCTH mepexonoB (i, 1,j=0,n, MoxkHO 3amaTe B BHIE
KBajapaTHOU Matpulibl Q pasmeproctr (N+1)x(n+1):

Eo El En
Ey 4o 90 " Yon
E] g0 49 " 4y,
Err qrrO qnl qnn

Ha3plBaeMasi MaTpULIE WHTEHCUBHOCTEN MEPEXOJ0B. JIEMEHTHI
MaTpuilbl TepexoqoB Q yaoBieTBOpsitoT ycioBuio (4) (cymma
AJIEMEHTOB CTPOKM paBHA HYJI), M TakKas MaTpuila Ha3bIBACTCS
nuddepeHanbHoM.

PaccmoTpuM  Temepp  3ajady  ONPENENICHUST  BEPOSITHOCTEU
MapKOBCKOTO CIIy4alfHOT'O MpOoliecca C HEMPEPHIBHBIM BPEMEHEM.

BeposiTHOCTh TOTO, YTO MapKOBCKHM MPOLIECC B MOMEHT BPEMEHHU
t+At okaxercs B coctossHuu E;j, onpenensercs kak

C (5)
Pt +40) = ) py(©)py (DAL
j=1

rae i=1...n. [leficTBUTEIbHO, MAPKOBCKHUI MPOIIECC B MOMEHT BPEMEHHU
t+At okaxerca B cocrosHuu E;, ecntu oH B MOMEHT BpemeHu t
HaxoauTcs B cocTosiHuU E; (c BepostHOcThIO Pj(t)) 1 3a mpomexyTok
BpeMeHH At mepeliner ¢ BepoATHOCTbIO Pji(At) u3 cocrosnus E; B
coctosinue E;. CyMmupys Npou3BEEHHS BEPOSITHOCTEM HITUX [IBYX
HE3aBUCUMBIX COOBITHI 10 BCEM BO3MOKHBIM COCTOSIHMSIM Ipoliecca B
MOMEHT BpeMeHH {, morydum paBeHCTBO (5).

Ecimu Beruects Pj(t) oT oOoux cropon paBeHcTBa (5), a 3arem
pasnenuTh Ha At ¥ onIpefIeuTh COOTBETCTBYIOMIME Tpeaesbl pu At—0,
TO TIOJTYYUM:



dP(t) X
at Z) Pi(t)q;: )
j=

rae 1=0,n
Pemass mpannyio cucrteMy auddepeHIaibHbIX YpaBHEHUM MpH
sagmanHoMm pacmtpeneneaun P(0)={Py(0), P1(0), ..., Py(0)} HauampHbIX

BEPOSTHOCTEH MOKHO onpeaenuTs BepositHoctH Pj(t), i=0,n, cocrosuuii
MAapKOBCKOT'O CIIy4ailHOTO IMpoliecca B 1000 MOMEHT BPEMEHH.

B caydae 3progmyHoCTM MapKOBCKOTO CIYYaWHOrO IPOIECca
CYIIECTBYIOT MpeaeiabHble (MpH [—>00) BEPOATHOCTH COCTOSHUM Pj,
iI=0,n, ¥ OHM HE 3aBUCAT OT HAYaJbHBIX YCJIOBHH W BPEMECHHOI'O
napamerpa. Torma mpousBogubsie dP;(t)/dt=0, i=0,n, u cucrema
nuddepeHIManbHbIX ypaBHeHHH (6) I CTAIlMOHAPHOTO PEKHUMA
MpeBpaIacTcs B CHUCTEMY JMHEHHBIX alreOpanvyecKux ypaBHCHUM:

n
Z P;(t)g;; =0
=0
. tae 1=0,n

uiau B BektopHoM Buje PQ=0.

[Tocnennsis cucreMa COBMECTHO C HOPMHUPOBOYHBIM YCIOBHEM
JaeT E€IUHCTBEHHOE pENICHUE JJIsl CTAlMOHAPHBIX BepoATHOCTEN Pj,
i=0,n.

Cucremy ypaBHEHMH ISl BEPOSITHOCTEW COCTOSHUW PaBHOBECHS
MAapKOBCKOT'O Ipolecca ¢ HEMPEPHIBHBIM BPEMEHEM MOKHO COCTAaBUTH
HETMOCPEJICTBEHHO 10 Tpady NEepexoJ0B, UCIOIL3YS MPUHIIUIM
PaBEHCTBA MOTOKOB BEPOATHOCTEM, KOTOPBIA COCTOUT B CICAYIOIIEM: B
COCTOSIHUM PAaBHOBECHSI MAPKOBCKOTO ITPOLIECCA MTOTOK BEPOSITHOCTEN B
T1000€ COCTOSTHUE pPaBEH IMOTOKY BEPOSTHOCTEW M3 3TOTO COCTOSHHS.
IIpyu »>TOM mNOA IIOTOKOM BEPOSTHOCTEW, HAIPUMEP, B JAHHOE
COCTOSIHME, TIOHUMAETCS CyMMa [MPOU3BEACHHN WHTEHCUBHOCTEU
MEPEX0JI0B B 3TO COCTOSIHUE HA BEPOSITHOCTH TE€X COCTOSIHUM, OTKYy[a
MPOUCXOJAT 3TH Nepexoabl. [I[puHIUN paBEeHCTBA MPUMEHUM HE TOJIBKO
K TMOTOKY BEPOSATHOCTEU IJISi OTAECIBHBIX COCTOSHUW, HO U K TOTOKY
gyepes 00y 3aMKHYTYIO TPaHUILy.

1.2 3anaHue HA MPAKTHYECKYI0 padoTy

1)B cooTBeTCTBUM ¢ WHAMBUAYAJIHLHBIM BapHAaHTOM IIOCTPOUTH



rpa¢p uenu MapkoBa i Tpoliecca € HENPEePbIBHBIM BpPEMEHEM
(HEO00X0IUMO OTOPOCUTDH BCE AYTHU C HYJIEBBIMU MHTEHCHUBHOCTSIMHU )

2)3amnucarh CHCTEMY JIMHEWHBIX AU(depeHIInaIbHbIX YPaBHCHUH
JUTsl BEPOSATHOCTEN MPEOBIBAHUS CUCTEMBI B KaXKJOM U3 COCTOSIHUM

NuauBryaibHbIN BApUAHT

MapkoBckuit nporuecc 3aaad rpadhoM U3 7 BEPIIMH — COCTOSIHUM,
COCAUHEHHBIX  AyramMu.  VHTEHCHUBHOCTH  TIEPEXOJOB  MEXKIY
COCTOSIHMSIMU 3aJaHbl B Tabnuie 1 (BbIOMparoTCsi CTYIEHTOM B
COOTBETCTBUHM CO CBOMM BapMaHTOM). B Tabmuie Aj; — MHTEHCUBHOCTb
nepexoga Mexay cocTosHueM | u |. HyneBble 3HaueHHS B TaOIUIE
COOTBETCTBYIOT OTCYTCTBUIO JaHHOW Ayrd B Tpade MapKOBCKOTO
nporecca. Bektop wHawaneHbIX BepostHocTer P=(1,0,0,0,0,0,0) -
cucTtema nmpeObIBaeT B COCTOSTHUM 1.

Pucynok 2 — I'pad MapkoBcKoro nporecca

Tabnuua 1- THTEeHCUBHOCTH NEPEXOI0B MEKIY COCTOSHUSIMU

Bapuanr | 1 2 3 4 3 6 7 8 9 10 |11 |12
M2 0 0 02 |0 0 0 0 0 0,150 0 0,15
M3 0 0 0 0 0,3 |0,05|0 0 0 0 0 0
Ma 0 0 0 0 02 |0 0 01 |0 0 0 0
s 0 0 0,05]0 0 0 0 0,15]005]0,1 |0 0
M6 0 0 0 02 1015/0,15|0,15|0 0 0 0 0




M7 0 0 0 0 0 0 0251025/03 [0,15]|0 0,15
A2t 0 03 |01 |02 |0 0 0,150 0 0 0,050
23 0 0 0 03 |0 0 0 0 0 03 |0 0
Aoa 0,15(0,15 |0 0 0,050 0 0 0,25]0,15 |0 0,2
Aos 0 0 0 0,15]0,15 |0 03 |0 0 03 |0 0,05
A6 0 0 0 03 |0 0 0 0 0 0 0 0,25
Aoz 0 0 0 0 0 0,25 |0 0 0 0 0 0,3
A31 0,050 0 0 0 015]0 0,05|0 0 0 0,15
A32 0 0 0 0 0 0 0 0 0,25 |0 0 0
Aa4 02 |0 0 0 0 0 0,15]0 0 0 03 |02
A3s 02 |0 0 0 0 0 0 0 0 0 0 0,1
A36 0 0,050 0 0 0 0 0,150 0 0 0
A3z 0,2 1005]005|0 0 0 02 |0 0 0 0 0
Aat 0 0,050 0 0,25 |0 0 02 |01 |O 0 0
haz 005|025 |0 0 0 0 0 0 03 |0 0 0
a3 0,050 0 01 |0 0 0 0,15 |0 0 0 0,3
has 0 02 |0 02 |1005]02 |0 0 0 0,15 |0 0,05
hap 0 0,150 0 0 02 |0 0 0,15|0 0,150
A4z 0 0 0 0 0 0 0 0 02 |0 02 |0
As1 0 0 0 0 0 0 0 03 |0 0 0 0,1
As2 03 |0 0 0 01503 |0 015/0,2 |0 0 0
As3 0,150 0 0 0250 025102 [0,05]|0 0 0
As4 0 0 0 0 0 0 0 0,15 |0 0050 0,25
Ase 0 0 0 0 0 0 0 03 |01 |015]|0 0
As7 0 0 0 0 0 03 |0 0 02 |0 0 0
he1 0 0 03 |015]0,15]|0 0 0 0 0 01 |0
h62 0250 0 02 |0 0 0 0 0 0 0 0
h63 0 0,1 0 0 0 0,25 |0 0 0,15 |0 0,05
0
he4 0 0,25 |0 0,15]0,1 |0 0 0 0 0 0,3 10,25
he5 0 0 02 |0 0 0 0 0 0 0 0,15 0,1
he7 0 0 0 02 |0 0 0 0 0 0 0 0
A1 0,25 |0 0 0,25 |0 0 0 0,150 0 0 0,3
A72 0 0 0,150 03 |0 0250 0 0 0,15 0,2
A73 01 |0,15]|0 0 0 0 0 0,15 |0 0,05
0 0
74 0 0 0 0,150 0,25 |0 0 0 0
0 0

A7s 0 0 0 0 0 0 0 0 015/01 |0 0
A6 0 0 03 |0 0,150 0 0 0 0 0 0

1.3 PexomeHaanuu 1Jisl CAaMOCTOSATEILHOM PadOTHI

[Ipu wu3ydyeHun pazgena «3agayv, OOBEKTbI U  IPOIIECCHI,
MOJIEkKAIINE MAaTEMAaTHYECKOMY MOJICIMPOBAHUIO» PaCCMaTPUBACTCS
WCIIOJIb30BAaHUE amliapata MapKOBCKHUX LENEd JJIs1 MOJCIUPOBAHUS U
MOJYYECHUSI YUCICHHBIX XapPaKTEPUCTHK CIYYAaHBIX IPOLECCOB,



MPOTEKAIONIUX B MH(DOPMAITMOHHBIX CUCTEMAaX, KaHajdaxX CBSI3H, a TAKXKe
U1 MOAEIWPOBAHUA ITPOLECCOB BO3HUKHOBEHUS — MPEAOTBPALICHUS
yrpo3 uHpopMalroHHON Oe3omacHocTH. B mocieaHeM ciydae MOKHO
WCMOJIb30BaTh OTJIMYUTEIBHOE CBOMCTBO MApKOBCKHX MPOIECCOB —
OTCYTCTBHE MPEABICTOPUH, KOTOPOE MOYKHO TOJIKOBATh, KaK CIy4alHOE
BO3HUKHOBEHHE YTPO3, CIy4alHOE MPEOJOJICHUE — HEMPEOJOJICHUE
CUCTEM 3allUThI, CIy4allHOE MPUUYUHEHHKE ylIepoa.

OneIT 1OKa3bIBAa€T, YTO MCIIOJb30BAHUE MAPKOBCKHX IIENEN
MO3BOJIACT TMOJIYYUTh aJCKBATHBIC YHUCJICHHBIE XapaKTEPUCTUKH
(GYHKIMOHUPOBAHUS MH(OPMAIMOHHBIX CHCTEM B YCIIOBUAX HaJIMYMS
yrpo3 uH(OpManMOHHONW 0€30MacHOCTH, MOJEIUPOBATh IOBEJACHHUE
HapyIIUTENs U pab0OTy CUCTEM 3aIlUThI JAHHBIX.

OCHOBHBIE TOJIOKEHUSI TEOPUU CIYyYAMHBIX IPOLECCOB H, B
YaCTHOCTH, MApKOBCKHUX IPOLECCOB, NOCTATOYHBIC IS TEXHUYECKOTO
ClieMaiucTa MW HucciaenoBarens, u3noxeHsl [1]. Ha nHam B3rasin
MaTepuall, KOTOPbIA H3J0KEH B JITAHHOM HCTOYHHUKE JOCTATOYECH IS
MPOBEJICHUS  CEPhE3HBIX  HAYYHBIX  HM3BICKAHMH B oOJacTw
MaTeMaTUYECKOTO0 MOJCIIMPOBAHUSA TEXHUYECKUX cucteMm. s Oosee
NETATBHOTO  M3YYE€HUsS  CBOWCTB  CJIIyYalHBIX  MPOLIECCOB, UX
«MapKoOBOCTH» cieayeT obparuthes K [2] u [3]. Ecaum B pe3ynbrare
M3YyYEHUS] JTUCUUIUIMHBI, BBIIOJHEHUS HAYYHO-UCCIIEIOBATEIbCKOM
pabOThl WM BBINOJHEHUS TEXHUYECKHUX Pacy€ToB MOTpeOyeTcs
M3y4YeHUE (PyHIAMEHTAIBHBIX OCHOB CIIyYallHBIX MPOIECCOB, TO MBI
peKoMeHIyeM 00paTuThes K [4] u [5].

1.4 KoHTpoJbHBIE BONPOCHI

1)Kakoe 0CHOBHOE CBOMCTBO MapKOBCKOT0 mporecca?

2)I1osicHuTE HA MMPAKTHYECKOM MPUMEPE HE3aBUCHMOCTD Pa3BUTHS
CIIy4alHOT0 MPOLECCa OT MPEAbICTOPUHN

3) i1 KaKuX CHTYaIMil OAXOAUT OOJIbIIE MAPKOBCKUM IPOIIECC C
JTMCKPETHBIM BPEMEHEM, a JIJISI KAKUX — C HEMTPEPBIBHBIM?

4)OxapakTepu3ynTe OCHOBHBIC THUITHI MAPKOBCKHUX IIPOIIECCOB

5)Kak mpoucXoauT MaTeMaTHYECKOE OIHMCAHWE MAapKOBCKOTO
npoiecca?



1.5 bubdauorpadpuyeckunii CNUCOK

1)Bentuens, E. C Teopus ciay4ailHBIX TIPOIIECCOB U €€
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3)A.B.bynunckuii, A.H.IIIupsieB. Teopus ciydaliHBIX IPOIIECCOB.
®duzmariut, 2005.

A)Hymmenun D., OOmue HENpuBOAMMEBIC Ienmu MapkoBa u
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2 Pemienne cucrem JuHeHHBbIX AUPPepeHIUATBHBIX YPABHECHUU
OIepPaTOPHBIM METOI0M
2.1 Teopus

OmnepaliOHHBI METOJ| PEIICHHS COCTOMT B TOM, YTO MbI
cunTaeM Kak  uckomyiro  ¢yHknmo X(t), Tak W mpaBylo
yacte f(t) opurmHamamu w  mepexomuM  oT  ypaBHenus (1)
CBSI3BIBAIOIICTO OPHUIHMHANBI, K YPaBHEHMIO, CBS3BIBAIOIIEMY HX
uzoopaxenus X(p) u F(p), torma X(t) =X(p), a f(t)=F(p).
Bocnoas3yeMcst Teopemoit o auddepeHIIMpoBaHUN OpUTHHANIA:

x'(t) + pX(p) — xo,

x'(t) +~ p*X(P) — pxo — x o,

MIPUMEHSIS CBOWCTBO JTUHEUHOCTH MoJy4yaem BMECTO
ypaBHeHHs (1) anreOpamdeckoe COOTHOIICHHE, KOTOPOE Ha30BEM
M300pKEHUEM, W ONEpPaTOPHBIM YpaBHEHUEM:

PX(P) P o — x5+ ay (p“‘lX (®) —p"*xo = =

) 4t ana(p X() — x0) + anX(P) = F(p)

B pesynprare wMbBl monyuunud  yxe He auddepeHnuanbHoe, a
anredpandyeckoe ypaBHEHUE OTHOCHUTEJIBHO HEW3BECTHOTO
nzoopaxenus X (p).

Q@)X () = F(p) + Rn-1(p)
rne Qu(P) =p" +aip" T 4+ anap +ay,
Ro_1(p) =p" 'xo + -+ x(()n_l) +a, (Pn_zxo — xé”_z)) + -
+ An-1Xo
Q,(p) nu R, _;(p)-anrebpanuccKkre MHOTOYICHBI OT P CTCHCHU N M N-
1 COOTBETCTBEHHO.
M3 mocienHero ypaBHEHHS HaXOIUM
F(p) + Rn-1(p)
X(p) =
Qn(p)
[TonydyeHHOE paBEHCTBO HA3BIBAIOT OIEPATOPHBIM PEIICHHEM
muddepenimanbHoro ypaBHeHust (1). Ocrtaercs 1O MOITYyYEHHOMY
n3o0pakennto X (p) Havitm opuruHan x(t), HpUMEHSAS IS 3TOTO




COOTBETCTBYIOIIIHE IIpaBuiIa ONEPAMOHHOTO VICYUCIICHUSL.
Haiinennbiii opuruHan x(t) OymeT SBISATbCS YAaCTHBIM PEIICHUEM
mudpepeHInanbHOTO ypaBHEHUS

2.2 Ilpumep

Pemenue cucrem JIHMHEWHBIX AUdPEepeHIUaTIbHBIX YPaBHEHUM C
MOCTOSIHHBIMU KOO PUIIMEHTAMH  TIPU  YCJIIOBUU  BBITIOJIHEHUS
HAYAJIbHBIX YCJIOBUM MPOU3BOJUTCS IO TOU KE CXEME, YTO U PEIICHUE
YpPaBHECHUM:

1. ITpumenseM K cucteme npeodOpazopanue Jlamiaca u monxydaem
OIIEPATOPHYIO CUCTEMY;

2. Pemlaem omnepaTtopHyr0 CHUCTEeMY U HaXOIUM ONEPaTOPHOE
peleHue;

3. Jlng omepaTopHOro PEIIeHUs HAXOJUM OpPUTHHAT U TOJydaeM
penieHue ucxoanou quddepeHimanbHoi cucteMsl (3agauun Korm).

Haiiném pemenue cucteMbl auddepeHInanbHbIX YpaBHEHUM,
YAOBIIETBOPSIOIIEE HAYAJIbHBIM YCIOBHSM :

{ x =x+2y

y =2x+y+1

1. IlpumenseM k cucreme auddepeHIUATBHBIX YpaBHEHUM
npeoOpaszoBanue Jlamiaca u mojiydaem onepaTtopHyIO CUCTEMY:

PX—-X-2Y=0
{PX—ZX—Y= 1/p
2. Pemaem omnepaTopHyr0 cuUCTEMYy (HampuMmep, O MPABUIY

Kpamepa) n HaxoauM onepaTopHOE pelieHne
1

X e rDe-3)
Y = p_1

r(p+1(—-3)
Metonom HEOIPEAECIEHHBIX KO3(PUIIMEHTOB HaxXO0JuM
pazioKeHus

x(0) = 0,y(0) = 0

(2 1 1
3 2 6

X = + +

< 14 p+1 p-—3
1 -1 1

x=342Z . B

\ p p+1 p-—3
[To nzo0OpaxkenusiMm X u Y HaxXOoJquM OPUTHUHAIIBI



2 1 1

e TP - 1
X 3+Ze +6e
1 1 1
_ — _ -ty _,3t
y 3 2e +6e

2.3 3anaHue HA MPAKTUYECKYIO padoTy

1.TIpeoOpazoBath cucremy auddepeHIuaibHbIX YypaBHEHUH,
MOJYYEHHBIX B PAaMKax BBIINOJHEHHUS MPEAbIAYIIEH TPAKTUYECKOU
paboOThI, K CUCTEME JTUHEUHBIX C MOMOIIBIO ONEPATOPHOTIO METO1A

2. AHaTUTUYECKU PEUIUTh CHUCTEMY JIMHEHWHBIX TMOJYyYEHHBIX
YPaBHECHUM.

3.IlonyuuTs pelieHue CUCTEMbl JUHEHHBIX TuddepeHInaIbHbIX
YpaBHEHUI.

4. Tloctpouth rpaduku 3aBUCUMOCTH (PYHKIMN BEpOATHOCTEH
JIAY ot mapameTpa

24 PexkoMeHIAIUU JJIS CAMOCTOSITEIbHOI PadoThI

OCHOBHO€ HAa3HAYEHHE ONEPATOPHOrO METOJAa — 3TO CBEICHUE
MpoIecca PeIIeHUs CUCTEM JIMHEUHBIX TU(dEepeHIINaTbHBIX YPaBHEHUM
K QHAJIMTUYECKOMY PEILICHUI0 CUCTEM JMHEWHBIX ypaBHeHHUl. Cienyer
MOHWMAaTh OTPAHUYEHHOCTh MPUMEHUMOCTH JAHHOTO METOJIa — €CJIH
PEIINTh aHATUTUYECKU CUCTEMY JIMHEWHBIX YPAaBHEHUU Pa3MEPHOCTHIO
10 10 smemMeHTOB emié BO3MOIKHO, TO JJIS OOJIBIIIETO YHCjIa DJIEMEHTOB
ATO MPEACTABIAECT COOOM JOCTATOYHO TPyJA0EMKOE 3aHsaTue. I Takux
CUCTEM  TMPEANMOYTUTEIIBHBIMU  SIBJIAIOTCS  YUCICHBI  METOJBI.
EnuHCTBEHHOE HCKIIIOUEHUE — OOJbIIasi pa3peKeHHOCTh WIIM cliadast
CBSI3aHHOCTh 3JIEMEHTOB, KOTJa B Matpuile K03hPUIIUEHTOB OOJIBIITYIO
4acTh 92JIEMEHTOB COCTaBJIsitoT Hynau. Cieayer OTMETUTh, YTO B
pEeaIbHbIX CUCTEMAX 3TO BCTPEYAETCS JOCTATOUYHO YaCTO.

K mnpeumyliecTBaM OMNEpaTOPHOTO METOJA MOXKHO OTHECTH
BO3MO>XHOCTh MOJTy4YeHUS TOYHOTO penieHust CUCTEMBI
mudpepeHnanbHbIX YpPaBHEHUM — TOJy4YeHUsS TOYHBIX (OpMy
3aBUCUMOCTH (DYHKIIMOHAIBHOM BEJIMUMHBI OT nmapamerpa. Kpowm Toro, B
Clly4ya HAJIMYMS PEIICHUs, TaHHBIN METO] BCET1a CXOIUTCS

JJIsT AHXKEHEPOB M HMCCIEIOBATENICH, MEpPeN KOTOPBIMUA CTOUT
3ajlaya OIKMCAHUS MOJICIIMPYEMOM CHUCTEMBI CUCTEMOW JIMHEWHBIX
ONEPAaTOPHBIX ypaBHEHUM MaTepuan, HU3J0XKEHHBIM B [l1] u [2] Ham
OPEACTABISIETCA JOCTATOYHBIM. B  3TUX MCTOYHUKAX H3JIOKEHBI
OCHOBHBIC TIOHATHSI OMEPATOPHOTO METOJa, OCHOBHBIE (HOPMYIBI IS



CBEPTKM (YHKIMM M HX o0O0paTHOro ImpeoOpa3oBaHUs, OCHOBHBIC
METOJIbl, HCIOJb3yEMBIE JUISl AHAIUTUYECKOTO PEHIEHUS CHUCTEM
JIMHEWHBIX YPABHEHUU

Inst Gonee TIyOOKOTO H3Yy4YEeHUsS MaTEMaTHYECKOro armmnapara
OTIEPaTOPHOTO MCYHCIICHUS MBI peKoMeHIyeM oOpatuthes K [3] u [4], B
cily4ae, €CJIM CTOSIIIME Mepe] BaMU 33/1aul MaTEeMaTUYECKOTO OMUCAHUS
peabHbIX TEXHUYECKUX CUCTEM TPEOYIOT CEpPhE3HON MaTEeMaTHYECKOM
MOATOTOBKH

2.5 KoHTpOJIbHBIE BONIPOCHI

1. Onumure 00111y10 CXEMY pelIeHus JVHEMHBIX
mudepeHInanbHbIX YPaBHEHUM OMepalliOHHBIM METOIOM.

2.Kakue ycrmoBHUs HaKJIaIbIBAlOTCS HA CHUCTEMbI, pellaeMble
oTepaliOHHBIM METOA0M?

3. OnummuTe 1TpoOJIeMbl, BO3HUKAIOIINE TIPH PEIICHUU CHCTEM
mudepeHanbHbIX YPAaBHEHUM ONepalmOHHBIM METOI0M

4.Yto Takoe «CBEPTKA» QYHKIHUU?

5. [MoaxoauT M1 onepanMoOHHbIA METO/ I PEIICHUS] HETMHENHBIX
ypPaBHEHUM

2.6 bubauorpadus

1)ApamanoBuy W.I'., Jlynn I'.JI., Dnbcrompn JI.D. ®yHKIUN
KOMIUIEKCHOTO TiepeMeHHoro. OmnepanuoHHoe ucuuciienue. Teopus
yctounBocTd. -M., ['maBHag pemakuus (U3MKO-MATEMaTUYECKON
autepatypsl, 1968 r., — cr1p. 416. — U30panHbIe TJaBbl BBICIICH
MaTeMaTHKU JUIsi UHXXEHEPOB M CTYJEHTOB BTYy30B. — 263—268 c.

2) {utkuH B.A,, IIpynHukoB A.IL HNuTerpanpHbie
npeoOpa3oBaHusl W OINEpalMoHHOE wucyuciaeHue. M.: dDuszmarrus,
1961. — 127—132 c.

3)locrak P.SI. OmneparmonHoe wucuucienne. Kparkuii Kypc.
N3a. BTopoe, nom.YueObHOoe mocobue s By3oB M. «Bpicmias
mkona», 1972 — 126—139 c.

4) llITokano M.3. OmnepauroHHoe wucYuciaeHue (00001eHUus u

npunoxenus) Kues, WM3nmarenbctBo «HaykoBa Jlymka», 1972 —
131—144 C.



3 Pemienue cucreM JIMHelHbIX M @epeHIHATbHBbIX
YPABHEHHMH YMCJICHHBIM METOIOM

3.1 Kparkas teopus

CucrteMolt TuHEeWHBIX qUuddepeHInaIbHbIX YPaBHEHUN HA3bIBAIOT
CHUCTEMY BUA

(dy,
E - fl(x;yll "-;yn)
<dy .
kd_; = fu (6, Y1) s V)
7€ X - HE3aBUCHUMBII apryMEHT,
Yi - 3aBucuMas pyHkus, i =1, ... n,

Yilx=xo =Yio - HaYaJIbHBIC YCIOBUSI.

®yukiuu Yi(X), Mpu MOACTAHOBKE KOTOPOW CHCTEMa ypaBHCHUI
oOpamaercsi B  TOXJECTBO, HAa3bIBACTCS  PEIICHUEM CHUCTEMOWU
aruddepeHnnaIbHbIX YPaBHEHHUIA.

Uucnennple MeETOABI pemIeHUS cucTteM auddepeHIInaaIbHbIX
YpaBHEHUI.

MeTo1 Diinepa.

Yiprr=Yithfi(Xiyy Vi Ym), 1= 1, ..

] - HOMEDp 11ara.

Xj+1:Xj+h

MoandunmupoBaHHBIIA METO Dijepa.

Kia=h*fi(Xj,Y1j.-Ynj)

Kiz=h*fi(x;+h,y1+Kiz..ynj+kKi2)

Yij+1=Yij+(Kis+Ki2)/2

Xj+1:Xj+h

Metoa Pynre-KyTTa 4yeTBepTOro mops,aKa.

Kis=hfi(X;,y1j.-Ynj)

kigzhfi(Xj'Fh/Z,y2j+ki1/2,..,ynj+kn1/2)

kigzhfi(Xj+h/2,y2j+ki2/2,..,ynj+kn2/2)

Kia=hfi(X;+h,y1j+Kiz,..,Ynj+Kns)

Yij+1=Yij+ (Kir+2Kio+2Kiz+Kis)/6

Xj+1:Xj+h

[Ipumep peanuzanuu MeTona Juepa Ha s3bike [lackanb

program Euler Koshi;

var T:Text;

x,h,a,b,vyl, vy2, vy3, vy4, yl 1, vyl 2,




vl 3,y1l 4,

vll, yl12, y13, yld:real;

function F(x, vl, V2, v3,

n:byte) :

real;

begin

end;
begi

y3:10:5,

X*Ccos (xX)

case n of

1: f:=-vy2;
2: f:=y1;

3: f:=yl-v4;
4: f:=y2+y3;
end;

n

assign (T, 'd:\euler k.txt")
rewrite (T) ;

a:=0; b:=2*pi; h:=pi/160;
yl:=1; y2:=0; y3:=0; vy4:=0;
X:=a;

while x<=b+h do

begin

v4: real;

4

writeln(T, x:10:5, vy1:10:5, vy2:10:5,

yv4:10:5,
cos(x):10:5,
:10:5, x*sin(x):10:5);
yl 1l:=yl+h*f(x
vyl 2:=y2+h*f (X
yl 3:=y3+h*f (x
yl 4:=y4+h*f (X
(f

vlil:=yl+h/2* (f(x, vy1,

1)+f(x+h,y1 1, v1 2, y1 3, y1 4, 1)

v12:=y2+h/2* (f(x, vy1,

2)+f(x+h,y1 1, yv1 2, y1 3, yl1 4, 2)

y13:=y3+h/2* (f(x, vy1,

3)+f(x+h,y1 1, vyv1 2, y1 3, yl1 4, 3)

yld:=y4+h/2* (f(x, vy1,

4)+f (x+h,y1 1, yv1 2, y1 3, yl1 4, 4)
yl:i=yll; y2:=y12; y3:=y13; vyéd:=y14;

X :=X+h;

r Y1, v2, yv3, v4, 1
r Y1, v2, y3, v4, 2
r Y1, v2, yv3, v4, 3
o ¥l, v2, y3, v4, 4

sin(x) :10:5,

vZ, y3, v4,
;;, v3, v4,
;;, y3, v4,
;;, y3, v4,
) ;



end;
flush(T); close(T);
end.
3.2 3agaHue HA NPAKTHYECKYIO padoTy
1. B COOTBEeTCTBMM ¢ HWHAMBUJYaJbHbIM BapUAaHTOM BBIOpATh
YU CIICHHBIN METO]T pelIeHus CUCTEMBI JIMHENHBIX
muddepeHImanbHbIX YpaBHEHHM
Pemmth 4YHCIEHHO cHUCTEMY JIMHEHHBIX JuddepeHimaibHbIX
YPaBHEHHH, MTOJYYEHHBIX B PAMKAX BBIIIOJHEHUSA NIEPBOM MPAKTUYECKON
paboThI
NuauBuayanbHbIE BApUAHTHL

Bapuant HucnenHb MeTO A pemeHns cucteMsl JIJY

1. MeTton Diinepa

MoaudurmpoBanHbiil MeTO ] Ditsiepa

Merton Pynre-KyTTel

Meton Dusnepa

MoauduimpoBanHbiil MeTo ] Ditlsiepa

Merton Pynre-KyTThl

Meton Dusnepa

MoaudunupoBaHHbI METO Diepa

© 0N 0N

Merton Pynre-KyTTbl

10, Meton Ditniepa

11, MoaudunmpoBanHbIil MeTO ] Dilsiepa

12, Meton Pynre-KyTTh

3.3 PexoMeHIanuu JJisl CAMOCTOSITEJIbHOU PadOTHI

YucieHHble METOAbI pa3pelieHus JIMHEHHBIX TU(depeHITnaTbHBIX
ypaBHEHMI SBIISIIOTCA HaumOosiee MOMYJISIPHBIM CPEJACTBOM IOJTYyYEHUS
YUCJICHHBIX PE3YyJIbTATOB MAaTEMAaTHYECKOro MojenupoBanus. [lpu
W3YUYCHUH JAHHOTO paslielia cieayeT oco0oe BHUMaHUE YIEIUTh
BbIOOpPY MeTona. Mertoapl Disiepa SBIAIOTCS 0o0Jie€ MPOCTHIMU B
IpOTpaMMHON  pealn3allii, HO O00JIaal0T MEHBIIUM  TOPSIAKOM
TOYHOCTH. CoOOTBETCTBEHHO, TpeOyIOT MEHBIIIETO mara
UHTETPUPOBAHUST W OoJbIIEro uuciaa urepamuid. Ha mnpakTtuke 53TO
MOKET BBIJIIMTHCA JAKE B 60J'IBIJ_II/IC 3anaTBI MAIIUHHOT' O Bp@MeHI/I, qcMm
IPpA MCIOJIL30BAHUM CJIOXHOTrOo merona Pynre-Kyrrel. I[lostomy mipu
BBIOOpE METO/Aa CAeyeT yUecTh Pl (PaKTOpOB:



Pa3Mep ucuucisieMmoit cuctembl ypaBHeHui. UeM oH OoJibliie, TeM
CJIO’KHEE PEATTU30BBIBATH JIByX3TAMHBIE METObI.

HeoOxoaumas TouHOCTh. {7151 mosiyuyeHust pe3yJibTaTOB C BHICOKOM
TOYHOCTBIO MPOCTHIE METOJIBl MOTYT OBITh COBEPIIEHHO HEMPUTOJHBI,
TaK KaK HE MO3BOJIAT MNOJYYUTh MPUEMIIEMBIN pE3yNbTaT Jaxe IpHU
OYEHb MaJIOM Illare UHTerpupoBanus. Kpome Toro, He CTOUT 3a0bIBATH,
YTO KaXKJas UWTepalusi B YUCICHHOM METOJE CO3Aa€T ONIMOKU
BBIYMCJICHUM, TOATOMY, YEM MEHBIIIE BHIYMCICHUI MbI BBIIIOJHSIEM, TEM
JIOCTOBEpPHEE pe3yIbTaT

CBSI3HOCTH 3JIEMEHTOB CHUCTEMBbI. UeM OHa BBIIIE, TEM OIATH XKE
Oosee TpyA0EMOK OyIEeT MPOIeCC MOMyISHUS pe3yabTaTa.

HeoOxoaumMocTh MOIU(PUIIUPOBATE MATEMATHYECKYIO MOJEIb.
[Ipy WCMONB30BAHUM CJIOKHBIX UYHMCICHHBIX METOJOB 3a4acTyl0 MpH
COCTAaBJICHUU NPOTpaMMBbI pacueTa YUHUTHIBAIOT CTPYKTYPY MAaTPHIIBI
K03 (HUIIMEHTOB (HampuMep, HEMOJHYIO CBA3HOCTb 3JIEMEHTOB, UYTOOBI
HCKJIIOUYUTh MHOTOYMCIICHHBIE YMHOXKE€HHUSI Ha HoJib). Ho 3TO Benér k
HEBO3MOKHOCTH HUCIIOJb30BaTh pa3paO0TaHHBIA aJIrOPUTM JJIsI MAaTPUII
WHOW CTPYKTYphl, KOTOPbI€ MOTYT TOJYYUTbCS B Ppe3yjibTare
HEOO0XOAMMOCTH U3MEHUTh MAaTEMATUUYECKYIO MOJIEb.

[Ipn u3ydeHHH IUTEPATyphbl, HAauOOJIee MPEANMOYTUTEIBHBI JIs
WHXKCHEpA WK HcclieaoBarelis KHurd [1-5]. B HUX omucaHbl OCHOBHBIC
YUCJICHHBbIE METOAbl  pa3pelICeHUs] MaTEeMaTHYECKUX YpaBHEHHIA,
OMUCaHbl YCJIOBUS MPUMEHEHHUSI T€X WM UHBIX MeTonoB. [[ns Oosee
JETaTbHOT0 U3YYEHUS UCIIOJIB3YEMBbIX B pacueTaX YHUCICHHBIX METOJIOB
ucnoyib3yute maureparypy [6-11]. Ocoboe BHHUMaHHME 3aciay>KHBalOT
BOIIPOCHI  MPAKTUYECKOW  peanu3alud  aJTOPUTMOB  YHUCJIEHHOIO
penrenns audQepeHnranbHbIX ypaBHeHUH, paccMoTpernHbie B [9, 10]

3.4 KoHTpOJbHBIE BONPOCHI

1)UTo Takoe CXOIUMOCTh YHCICHHOTO METO1a?

2)Kak pactér CcI0XHOCTHP MeTona OHjiaepa C POCTOM dYHCia
MEPEMEHHBIX B TMHEUHOM AU PepeHINAITBHOM ypaBHEHUN ?

3)UTo Takoe MopsA0K TOYHOCTH?

4)CpaBHUTE BBIYHCIUTEIBHYIO CIIOKHOCTh METOJOB Diiyiepa U
Pynre-KyTtsl

5)Kakue cBolicTBa MOACIUPYEMOW CHUCTEMBI MOTYT TIOBJIUATH Ha
BBIOOP UMCJIEHHOTO METOJa PAa3pelIeHHs] CUTCEMbl JIMHEWHBIX
mudpepeHanbHbIX YPaBHEHUM?
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4  AHaJu3 TOYHOCTHU BbIYHCJICHUI

4.1 Kparkasa Treopus

[TorpentHOCTh pelieHust 3ajlaud 00YCJIaBIMBACTCS CJICAYIOIUMHU
MPUYUHAMU:

1) maTeMaTH4YeCKOE€ ONMUCAHHWE 3aJauyM SIBJISIETCS HETOYHBIM, B
YaCTHOCTHU HETOYHO 33JIaHbl KCXOJIHBIC JJAHHBIC OMHUCAHUS;

2) nOpuUMEHSIEMBbIH JUIsi PEHIEHUs] METOJ 4YacTO He SBISETCS
TOYHBIM: MOJy4YECHUE TOYHOTO peueHus BO3HUKAIOILIEH
MaTeMaTUYeCKOM 3a7jauu TpeOyeT HEOTPAHUYEHHOTO UM HEIPUEMIIEMO
OOJIBIIIOrO0 4YHCla apuPMEeTHUUecKuX oOmepaluil; MO3TOMY BMECTO
TOYHOTO PEIICHUS 3a]1a4i IPUXOUTCS MpUOEraTh K MpUOINKEHHOMY;

3) mnpu BBOJE [JAaHHBIX B MAallUHY, TMPU BBITOJTHEHUU
apuMEeTUYECKUX OIepalii U TPU BBIBOJAEC JaHHBIX ITPOU3BOIATCSA
OKPYTJICHHUS.

[TorpentHoOCTH, COOTBETCTBYIOIIHNE ITUM MPUUNHAM, HA3bIBAIOT:

1) HEyCTpaHUMOW MOTPEIIHOCTEIO,

2) HOTPEIIHOCTHIO METO/IA,

3) BBIYUCIUTEIBHON NOTPEITHOCTHIO.

YacTo HEeyCTpaHUMYIO MOTPENTHOCTD MOPA3ACIISIIOT Ha IBE YACTHU:

a) HEYCTPAHUMOM MOTPEIIHOCTHIO HA3bIBAIOT JIMIIb MOTPEIIHOCTD,
SBJISIIOIIYIOCS CIICJICTBUEM HETOYHOCTHM 3aJaHUSI UYMCJIOBBIX JaHHBIX,
BXOJSIIMX B MATEMATHUECKOE OMMCAHUE 3aaUH;

0) NOTpEIIHOCTh, SBISIONIYIOCS CJEACTBUEM HECOOTBETCTBUS
MaTeMaTUYeCKOTO  OMUCAaHUs  3aJadyd  pPeajbHOCTH, HAa3bIBAIOT,
COOTBETCTBEHHO, MTOTPEITHOCTHIO0 MAaTEMATUYECKON MOJIEIIH.

JInsi OUEHKM TOYHOCTH BBIUYMCICHUW WCIONB3YIOT JBa BHUJIA
MOTPEIIHOCTEN — aOCOMIOTHYI0O W OTHOCUTEIBHYIO. AOCOJIOTHOM
NMOTPEIIHOCTBI0 TPUOIMKEHHOTO PEIICHUS Aa  Ha3BIBAIOT MOJYJIb
Pa3HOCTHU MEK]ly TOYHBIM U MIPUOIUKEHHBIM 3HAUCHUSIMU Aa = |a- a*|:

Kak BuUIHO, ©3 BEJIMYMHBI AOCOJIOTHOM  MOTPEIIHOCTH
HEBO3MOKHO OIpPEIEIUTh KauecTBO NpuOImxeHus. s onpeneneHus
KaueCcTBa MPUOIUKEHUS BBOJAT OTHOCHUTEJIBLHYI) MOTPEIIHOCTDH (TpH
a=0)pBuge da =|a-a |/ 4]

AHaJN3 TOTPENIHOCTEN HAa YHUCICHHBIC BBIUMCICHUS OIUCAH BO
MHOTHUX CHEHUAIM3UPOBAHHBIX TPYAaX U ClpaBOUYHUKaX. OrpaHUUUMCS
TOJIKO HEKOTOPBIMH ITpaBHIIaMU 00paOOTKH MPUOTMKEHHBIX TAaHHBIX.

[Ipu cymmupoBaHuu NMpUOIUKEHHBIX YUCET OJHOTO 3HAKA MOTEPU
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TOYHOCTH HE MPOUCXOJIUT, & MPU BBIUUTAHUU MPUOIUKEHHBIX UYHCEN
OJIHOTO 3HaKa OIIMOKAa BO3pacTaeT B HECKOJIBKO pa3 M BO3MOXKHA
CYIIECTBEHHas MoTepsi TOUHOCTU. Hanpumep, ecinu yucna 9 u b 61u3ku
HACTOJIbKO, 4TO |@ + b|>>|a — b|, He McKIOYeHA MOJHAS WM MOYTH
MOJIHAsL TOTeps TOYHOCTU. Takum 00pa3oMm, MpU TMOCTPOCHUH
YUCJIEHHOTO METOja CileAyeT u30erarb BBIYMTAHUS OJM3KUX YMCEN.
Ecnu Takoe BbIUMTaHME HEU30€KHO, TO HEOOXOJAMMO YUHUTHIBATH
MOTEPIO TOYHOCTH.

AHanu3upys MOTPELIHOCTH, CJIEAYeT CKa3aTh U O HETOYHOCTSX
BbIUHCICHUM Ha DBM, BHOCHMBIX MalllMHHOW apudmeTukoi. Ciemyer
OTMETUTH JIBE UX npuunHbl. [lepBas — 9BM paboraetr B JBOUUHOM (WU
KpaTHOM JIBOMYHOMY) Kojie. BTopasi — KOHEUHOE KOJUYECTBO Pa3psiioB,
UCIIOJIb3yEMbIX JJIsI 3amucu uyucen. llepBas 0ocOOEHHOCTh MPUBOJIUT K
TOMY, YTO TAKOE€ JIOCTATOYHO MPOCTOE YMCJIO B JABOMYHOM KOJAE OyAeT
MMETh BUJI IEPUOANYECKON IpoOu. BTopas 0cOOEHHOCTH MPOSBIISIETCA B
TOM, YTO TIPYU YMHOKEHUU 3HAYUTEIBHOTO KOJIUYECTBA YHCENT OOJIBIITNX
€IUHULIbI, MOPOUCXOJUT  TNEPENOIHEHHE  pa3psanoB  (MallMHHAsA
OCCKOHEUYHOCTh), @ MEHBIIUX EIUHUIIBI — HCUYE3HOBEHHUE MOPsIaKa
(MaIIMHHBIA HYJIb).

JIpyruM HCTOYHHMKOM TOTPEIIHOCTEN SBISETCS TO, YTO YacTo
petienne AudPepeHInaIBLHOTO YPAaBHEHUS OTHICKUBAETCSI HA OOJIBIIIOM
npomMexxyTke. Torna B MoJiydeHHbIE OLIEHKH MOTPEIIHOCTH BXOJUT Kak
MHOKUTEJIb OYEHb O0JblIoe uucio. [Ipu 3ToM MOXKeT oka3aThbCsi, 4TO
JTOCTHUKEHHUE HY>KHOM TOUYHOCTH TpeOyeT CTOJIb MEJIKUX IIIaroB M CTOJIb
MaJIOl BEJIWYUHBl BBIYMCIUTEILHONW TMOTPEIIHOCTH Ha Iare, 4ro
MCIIOJIb30BAaHUE PACCMATPUBAEMOTO MeToAa OyAeT HelenecooOpaszHo.
[TosToMy XapakTEepUCTUKAa METOJOB IO MPU3HAKY — CXOAUTCA JIH
MPUOIMAKEHHOE PENICHUE K TOYHOMY IMPU U3MEIbUYCHHUM IlIara U IMpH
JOCTATOYHO OBICTPOM YMEHBIIEHUU BBIYMCIUTEIBHOW MOTPEIIHOCTH
WJIM HE CXOJUTCS — SIBJISIETCS €111€ HEOCTAaTOUHOM

@opmanbHO 3Ta OILICHKA HE 3aBHCUT OT JJIMHBI ITPOMEXKYTKA
UHTETPUPOBaHMUS X, OJIHAKO JJIMHA MPOMEXYTKAa HWHTETPUPOBAHUS
MOXXET HESIBHO BJIMATh Ha 3HaueHUE Kod(PQuUlIMeHTa dYepe3 OIEHKU
POU3BO/IHBIX.

Hanmvuuve OIEHKM MOrpemHOCTH, HE  YXYAIIAKIIeHcs C
YBEIIMUCHUEM MPOMEKYTKa UHTETPUPOBAHUS, TTO3BOJISIET UCIOJIb30BATh
TaKue METONbl JUIsl OTBICKAHMS, HAIlpUMEpP, YCTOMYMBBIX PEIICHUM
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mudepeHImanbHbIX YpaBHEHU TyTeM YCTaHOBIIeHHs. HaunHaem
YUCJICHHOE MHTEIPUPOBAHKUE C MTPOU3BOJIBHBIX HAYAIBHBIX JAHHBIX U C
TEUEHWEM BPEMEHHM BBIXOJIMM Ha YCTOMYHMBOE peIIeHHEe. DTOT IPHEM
4acTo ymoTpeOsseTcss MpU OTHICKAHWW YCTOWYMBBIX TIPEIEIIbHBIX
IIUKJIOB CUCTEM OOBIKHOBEHHBIX MU depeHInaIbHbIX YPAaBHECHUH.

B ¢Bsi3U ¢ OIyYEHHOM OLIEHKOW MOTPEUIHOCTA U BO3MOKHOCTBHIO
MOJIYYCHUS AHAJIOTUYHOW OLEHKW IS Cydas YHUCICHHOTO PEeIICHUS
3anaun Komm anst cucrem muddepeHnmanbHbIX YPaBHEHUN ¢ OBICTPO
COMIKAIONIMMUCS ~ PEIICHUSIMH  OJHOIIArOBBIE  METOJbI  HAXOJST
IIMPOKOE MPHUMEHEHUE B BBIYHCIHMTEIBHOW MpakTHKe. B TO ke Bpems
METOBI, NI KOTOPhIX B TMOAOOHOW CHUTyallUW MOTPEIIHOCTH PAaCTET
HEOTPAaHWYCHHO, MPAKTUYCCKH HMCYE3IH W3 yHOTpeOJeHUsA. 3aMeTHM,
4TO B ClIyda€ B COOTBETCTBHUH C YTBEPKICHHEM JIEMMBl PCIICHHUS
PacxoATCs C HKCIIOHEHIIMAIBHOM CKOPOCTHIO, U TIOATOMY TOTPEITHOCTh
JTH000T0 METO/Ia I0JHKHA HEOTPAaHUYEHHO PACTH.

JIpyruM  JTOCTOMHCTBOM  OJIHOIIATOBBIX  METOJIOB  SIBJISACTCS
yA00CTBO M3MEHEHHS Ilara WHTETPUPOBAHUS U  OJHOTHUITHOCTH
BBIYHCJICHUH BO BCEX PACUETHBIX TOYKaxX (y KOHKYPHPYIOIIHUX C HUMH
METOZOB AjjaMca HW3MEHCHHE Illara WHTETPUPOBAHUS H  HAYaJo
BBIYHMCJICHUN TMPOU3ZBOAATCA C TIOMOIIBI0 HEKOTOPBIX CHEIUATBHBIX
IPOMO3JKUX (GOpMYII).

42 3agaHue HA MPAKTHYECKYIO padoTy

1) IToayuuTh peIICHUS CUCTEMBbI JIMHCHHBIX JTH(GEpPEHIIUATBHBIX
YPAaBHEHUN YHUCJICHHBIM METOJIOM B COOTBETCTBUM C NPAKTUUYECKOU
paboToit Ne3

2)CpaBHUTH TOJYYCHHBIA PE3yJIbTAT MOJYYCHHBIM aHATUTHUYCCKH
TOYHBIM pelieHrueM. HallTh OTHOCHUTENBHYIO MOTPEIIHOCTh U MHTEPBAI
HAHOOJIBIIETO OTKJIOHEHHS OT TOYHOTO 3HAUECHUS

3)IIpoaenarh TO e caMoe JUIsSl BABOE, BTPOE, BUSTBEPO MEHBIIIECTO
mara uHTerpupoBanusi. CpaBHUTH pE3YJIbTAThI

4)CpaBHUTh BpEMEHHBIC 3aTpaThl Ha PEIICHUEC C Pa3IMUYHBIMU
maramy MHTETPUPOBAHUS

4.3 PexoMeHJalMU JJI51 CAMOCTOSATEIbHOM PadoOThI

[Ipu uzydeHun mnpoOIEeMbl TOUHOCTH PE3YJIbTaTOB BBHIUYHUCICHUM
HE00XO0IUMO OTTAJIKMBAThCS oT CBOICTB HCYUCISIEMOU
MaTeMaTH4YeCKO MO W CBOWMCTB BbIOpaHHOro Metojaa. Ilpexne



BCEr0, MOXHO IPOBEPUTh BO3HUKHOBEHHWE TMOTPELIHOCTEN HA
HEOONBIIOW  MOJENHW, TMONBITABIINCH MHUHUMHM3UPOBaTh B  HEH
BBINIOJIHEHUE apU(PMETUUECKUX OlNepaldii U CpPaBHUB IOJYYECHHBIE
pE3yIbTaTHI.

CnenyeT MOMHHUTb, YTO OLIMOKM YHUCJIEHHOI'O PELICHUS CUCTEM
JUHENUHBIX JudPepeHIuanbHbIX YpaBHEHUW 3aJl0)KE€Hbl B CaMOM
BBIODAHHOM METOJI€ YHUCJIEHHOTO PEIIEHUS W HE MOTyT ObITh
NOJIHOCTBIO yCTpaHEHbl. boibllioe BIMAHME Ha pa3Mep OUIMOKHU
OKa3bIBa€T BBIOPAHHBIN IIAr UHTETPUPOBAHUA, B YEM CTYIECHT MOMKET
yOeIUThCS  CaMOCTOSITENIbHO, BBIMOJNHSAS IPaKTUYECKyr0 paloTy.
BaxxHbIM MOMEHTOM TMpU CaMOCTOSITeNIbHOM paboTe  sBIseTCA
dbopmMupoBaHusl Yy OOy4YaloIIerocs MPeJICTaBICHUSI O B3aMMOCBS3U
BPEMEHHBIX 3aTpaT Ha YUCIEHHOE Pa3pelICHHUE MOJETU U TOYHOCTH
oJIyyaeMoro  pesynbrata.  HaxoxzaeHue — ontuMyma — MEXIy
BPEMEHHBIMU  33J€P)KKAMH M TOYHOCTBIO — YMEHHE, KOTOpOE
dopMupyeTcs MpU MPAKTUYECKOM PEUICHUWU 3a7ad MaTeMaTUYECKOro
MozaenupoBanus. s oOydaromierocs Ba)XHO IOMHHUTb, 4YTO €CIIH
MOBBIIIEHUE TOYHOCTH Ha 5% NPUBENO K POCTY 3aTpaT BPEMEHHBIX
pecypcoB Ha 100%, TO 3TO B IPUHIIUNE MOXKET CHIEIaTh UCIOJIb30BaHUE
YUCJICHHBIX METOJIOB HEMPUEMJIEMBIM, TaK KaK CIIOXHOCTb PEAbHBIX
3a/1a4 UCYUCISETCA YacaMU U JIaXe JHSAMH MAIllMHHOTO BPEMEHHU.

Jnst  caMOCTOATENIBHOTO ~ HM3YyYEHHS  NpPOOJEMBI  TOYHOCTH
pPE3yIBTATOB BBIYMCICHUN PEKOMEHIYETCS OOpaTUTBCS K JMUTEPATYpE
[1-3]. B Helt mnpuBencHsl OCHOBHBIC (OPMYJIBI JJIT  OIICHKH
MOTPEIIHOCTEN KaXKJI0r0 METO/A, MPUBEAEHA UX 3aBUCHMOCTH OT LIara
UMHTErpupoBaHus. Eciau cBeoeHHWH B YKa3aHHBIX HCTOYHUKAaX OyAeT
HEJIOCTaTOYHO, TOTIa MOYXKHO 00paTuThes K [4-8], KOTOphie MOTYT OBITH
MIOJIE3HBI I aHAJIN3a PEAKUX CUTyalui CO CXOJUMOCTBIO pE3yJIbTaTOB,
CUTyalluH, CBSI3aHHBIX C «OMEHHEM» PELIEHUs, KOT/Ia C YMEHBIIEHUEM
mara aOCOJIOTHAs TMOTPEIIHOCTh HE MEHAeTCs B aOCOJIOTHOM
3HAYEHUU, MEHSS JIUIIb 3HAK

44 KoOHTpOJbHBIEC BONPOCHI

1)Kakue CymiecTBYIOT TNPUYMHBI BO3HUKHOBEHHUS  OITHOOK
YUCJIIEHHOT O pa3pelIeHuss MaTEMaTUHYECKNX MOJENEH?

2)Kak BrusieT mIar WHTETPUPOBAHUS HA OIIMOKUA YHCIIEHHOTO
pazpenieHus?

3)Kakne MeToapl MOXKHO WCIONB30BaTh I MUHUMH3AIUH



MOrPEIHOCTEN pacuera’?

4)Bcerma M yMCHBIIIGHWE IlIara WCYUCICHUS BEIET K
MOBBIIIEHUIO TOYHOCTH?

5)BausieT 11 Ha MOTPENTHOCTh MHTEPBAJI, HA KOTOPOM PEIIAeTCs
cUCTeMa JTUHEHUHBIX AU(depeHIINATBHBIX YpaBHEHUN
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